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A free surface problem arising in the Czochralski (CZ) crystal growth process is considered. A
mathematical model accounting for the interaction of the molten material with applied and induced
magnetic fields, temperature-induced convection, rotating boundaries and a free surface is given. The
model described avoids some common simplifying assumptions and allows for more general geome-
tries, and non axisymmetric (fully three-dimensional) and time-dependent flow fields. It accounts for
the induced magnetic field and avoids nonrealistic idealized boundary conditions on the magnetic
field. The use and limitations of the model in optimization of crystal growth are also discussed.
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1 Introduction

In this paper we consider some aspects concerning the mathematical model-
ing of free surface problems arising in technical processes which involve the
interaction of electrically conducting fluids and magnetic fields, described by
the equations of magnetohydrodynamics (MHD). To focus the discussion, we
restrict ourselves to the Czochralski (CZ) process in crystal growth. However,
our model can be readily extended to, e.g., continuous casting problems which
are described in [1, 3,29, 30], and the references therein, and to aluminum
reduction cells, see, e.g., [2,6,8].

The CZ crystal growth process is used, for instance, to grow silicon crystals
for the semiconductor industry. The silicon is melted inside a crucible before a
seed is lowered into the melt to initiate the crystallization process. The seed is
slowly pulled upwards, and the pulling speed determines the diameter of the
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Figure 1. Schematic of the CZ process and geometry of the free surface problem.

ingot. A schematic of the CZ process is shown in Figure 1. For a review paper
describing this process, we refer to [27].

Due to temperature gradients in the hot melt, a strong buoyancy-driven flow
can develop. In the presence of a free surface, surface tension and its variation
with temperature also drive fluid motion, known as the Marangoni effect. In
addition, both the seed and the crucible are often rotated. Rotating or steady
magnetic fields may be applied to influence the fluid motion in a favorable
way. Some of the concerns during the production process are non-uniform
dopant distribution and impurity striations. Desired properties, in order to
obtain high quality crystals, include reduction of radial and axial temperature
gradients and a flow field close to an axisymmetric configuration, in order to
homogenize solute concentration. In addition, it is desired to damp out flow
instabilities, or to overpower turbulence which otherwise lead to deterioration
of the final crystal’s properties, see, e.g., [11,13,32-34,37,39,40].

The current work differs from prior work in a number of aspects. One main
feature of the model presented is the use of the electric current density rather
than the magnetic field as the primary electromagnetic variable. This is known
as the velocity-current formulation of the MHD equations (see [21] and [22]).
Here the induced magnetic field is recovered from the current density via
the Biot-Savart law making idealized or artificial electromagnetic boundary
conditions unnecessary. This allows us to account for the interior and exterior
magnetic fields even though the equations are posed on the (bounded) fluid
and conductor regions. It also allows for coupling between the conducting fluid
and external conductors (the electromagnetic principle of action at a distance).

In addition, we do not assume that the equations decouple or partially de-
couple, allowing for separation of fluid field, electromagnetic field, and tem-
perature field computations. Some earlier work, in particular in the context
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of crystal growth problems, is restricted to situations without such coupling
and requires some unrealistic simplifying assumptions, e.g., small magnetic
Reynolds number, and vessels with perfectly conducting or insulating walls.
Moreover, we do not neglect the induced magnetic fields, the electromagnetic
interaction of the melt with other conductors in its vicinity, or buoyancy due
to temperature fluctuations.

In contrast to most prior work we do not assume that the flow is two-
dimensional and allow for fully three-dimensional flows. Note that even in the
very simple situation of a rotating cylinder in the presence of a transverse mag-
netic field, the flow is fully three-dimensional (see [23]). Hence we describe a
fully coupled three-dimensional model consisting of the full system of hydro-
dynamic and electromagnetic equations under realistic interface conditions for
the magnetic field.

This work is an extension of [10], where the stationary case was considered.
In addition, we devote Section 3 to a brief discussion of the model’s use and
its limitations in optimization problems for crystal growth.

2 Mathematical Model

The growth of an actual crystal in practice is a tremendously complicated
process, therefore we focus here only on some of the aspects, for which we
give a mathematical model. In particular, we include the interaction of the
conducting melt with magnetic fields, the temperature-induced convection,
the free surface, and the rotation of the solidified crystal and the crucible. To
emphasize these ideas we omit the detailed modeling of heat sources which
are needed to maintain the melt temperature, and neglect the interaction of
the magnetic fields with the crucible, the heater, and other components of
an actual crystal growing device. However, the model can be generalized to
account for these additional effects. We refer for instance to [14, 15, 26] for
models including heat transfer by radiation and induction and their numerical
realization.

Since the growth proceeds slowly and we consider only a time window [0, tepq)
of the lengthy process, we may neglect the pull velocity. The pull velocity
is usually much smaller than the rotational velocity of the crucible or fluid
velocity in the melt. However, we allow for a fully instationary flow, which may
develop, e.g., in the presence of a transverse magnetic field, or non-constant
rotational velocities of the crucible or crystal.

As shown in Figure 1, the electrically conducting fluid occupies a bounded
domain Q; C R3. We further assume that the fluid may be under the influence
of applied magnetic fields, some of which may be the result of electric currents
flowing in various conductors €. C R3. Thus the region of space we include in
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this model is Q = Q¢ U Q. C R3, a bounded domain which contains the fluid
domain and the various electrically conducting regions which we account for.

We further assume that the fluid partially fills a container, and the fluid
region is in part bounded above by the solid crystal (the solidification front
is denoted by ¥s) and in part by a free surface ;. The surface ¥ is not
prescribed and so we are dealing with a free boundary (free surface) problem.
For a brief introduction to capillary surfaces see [7] and the references therein.
In the configuration depicted in Figure 1, the container is cylindrical in shape.
We denote by I' = I't UTs the base of the container, where T is the projection
of X5 onto the container’s base and I'; is the projection of the free surface onto
the container’s base. All three, (I', Ty, and T'y) are open sets in R

2.1 The Equations for a Fixed Fluid Domain

To set the stage we begin by considering the MHD equations on a fixed domain
(where the fluid completely fills the container and there is no free surface). The
equations, in the fluid region €, are the MHD equations, that is the Navier
Stokes equations coupled to the quasi-stationary form of Maxwell’s equations
via Ohm’s law (and the Lorentz force)

0
p&u—nAu+p(u~V)u+Vp—JXB:F,

V-u=0.

Here u is the fluid velocity, p the pressure, J electric current density, B mag-
netic field (actually magnetic induction), F a body force (addressed later), n
the fluid’s dynamic viscosity, and p the fluid’s density.

Maxwell’s equations hold on all of R3

Vx(p'B)=1J, V-B=0, (1)
OB
V x 50 v 0, (2)

where the charge density is neglected as is usual in the MHD approximation.
Here p is the magnetic permeability (assumed constant) and E the electric
field. If p is not a constant, the Biot-Savart and vector potential formulas
below need to be extended [21].

Ohm’s law takes on various forms in the various sub-domains under consid-
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eration

o(E+uxB) in ), the fluid region
J=<Jo in Q¢, external conductors (3)

0 elsewhere.

Here o is the electrical conductivity of the fluid or the external conductors,
respectively, and Jg is a prescribed electric current density. The current in
external conductors €2 is usually driven by a current or voltage source. If
this is included in the model, the current density in the external conductors
becomes an additional unknown, and the second equation in (3) is replaced by
J = oE in Q.. Compatible boundary conditions for the above equations are,

e.g.,
ulpn, = up(x,1) with / u, -n=0 (4)
o

at all times ¢. Throughout, n will denote an outward pointing unit vector nor-
mal to the fluid domain Qf. Boundary condition (4) allows for rotation of the
crucible. Other boundary conditions involving the stress, or a combination of
stress components and velocity components may be prescribed and are needed
in order to include the free surface into our model, see Section 2.2. General
boundary conditions that result in well posed problems were formulated and
studied in [4]. Finally, initial conditions for the fluid velocity are imposed:

u(x,0) = u.(x). (5)
As boundary conditions for the current we have

J- Il|aQf = 07

(6)

J'Il|3QC =0

at all times ¢. In the second equation, n exceptionally denotes an outward nor-
mal to Q. According to (6), the fluid container and the external conductors are
insulated and there is no current flow through their boundaries. In case some
of the external conductors are attached to the fluid region €, these bound-
ary conditions must be changed to ensure continuity of the current across the
attached areas, see, e.g., [4,22,23]. As for the fluid velocity, initial conditions
are given for the current density on Q¢ U Q.:

J(x,0) = J,(x). (7)
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The electric field and magnetic field must satisfy the following interface
conditions:

[B - n]pn, =0, [E]oq, =0,

[lu’_lB X n]aﬂf = _J89f7

where []s denotes the jump across the surface s, and Jyq, is a given surface
current. The surface current Jpq, can be assumed zero. This is evident if the
fluid container is an electrical insulator. Otherwise, if the container’s wall has
finite thickness, we can treat it as an additional conductor, solve Ohm’s law
(3) there as well, and alter the boundary conditions (6) to reflect continuity
of the current across the fluid/container interface.

Moreover, we have radiation conditions at infinity

B = B.., E=E..

In order to simplify numerical simulations for the above system, avoid having
to explicitly solve Maxwell’s equations on all of space, and reduce the compu-
tations so that only unknowns defined on the bounded domain 2 are involved
one can employ the, so-called, velocity-current formulation, see [22]. This for-
mulation takes into account the fact that the magnetic field B is induced by
the current J in the fluid and in the external conductors, see (1). This induced
field can be obtained by employing the Biot-Savart law,

B = BA)(x) = —1= [ ZYp ) dy.

Note that since the current J vanishes outside the conductors, the integral
actually extends only over the bounded set €2 U{2.. The Biot-Savart operator
ensures that

V x B =puJ, V-B=0 onR?
[Blaq, = 0, B=0 at infinity.
Since B(J) is divergence-free, one may define its vector potential A(J) satis-

fying V x A(J) = B(J). To ensure uniqueness, we gauge it with V- A(J) = 0.
Note that A(J) is explicitly given by

A (x) u/ J(y) Py .

T am Je k-
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From (2) it follows that E + 0.A(J)/0t is curl-free, hence

DA(J)

E
T

= -V¢

for some scalar function ¢, called the electrostatic potential. Now the equa-
tions, in the fluid region (2 are

p%u—nAu+p(u~V)u—l—Vp—JXB(J):F, V-u=0, (8)
;A(J)+01J+V¢—uxB(J)—O, vV-J=0, (9)

see [31] for their derivation and analysis.

In case an additional applied magnetic field B is present, such as a field
generated by a permanent magnet, we replace B(J) by B(J) + By.

In order to model convection-driven flows, we also add an equation for the
temperature (energy equation) and couple it to the momentum equation using
the Boussinesq approximation. That is, the density dependence on the tem-
perature is neglected except in the buoyancy term. The right hand side of the
momentum equation becomes

F:p[l_ﬂ(T_Tref)]g'

Here T is a reference temperature, 3 is the thermal expansion coefficient,
and g is the acceleration of gravity.
The energy equation is

pcpgtT — RAT + pep(u- V)T =Q in Q, (10)

where r is the fluid’s thermal conductivity, ¢, is its specific heat at constant
pressure, and @ is some heat source. The heat source can be

Q:J_l\J\Q—i—%an—i—(Vu)T\Z—i—q, (11)

where the first term on the right is due to Joule dissipation, the second due to
viscous heating, and the third can account for additional heat sources. In many
situations, the first and second term in @ are negligibly small, see, e.g., [28].

The boundary condition for the temperature can of course be of Dirichlet
type (prescribed temperature), Neumann type (prescribed heat flux through
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the boundary), or (mixed) Robin type representing Newton’s law of cooling

—k(VT) -n=a(T — Texs) on 0€. (12a)
The latter is a linearization of Boltzmann’s law of radiation

—k(VT) -n=oge(T* -T2, on 00 (12b)

with Boltzmann constant og and surface emissivity €, which will be more
appropriate when the relevant temperature range is large. Both terms in (12)
represent local boundary conditions. However, in situations where the melt
experiences significant emmission of thermal energy from other parts of the
growing device, a description by non-local radiation boundary conditions is
more appropriate. We refer to [19] for details.

Finally, the temperature satisfies the initial condition

T(x,0) = T (x). (13)
For convenience, we write
T =0(u,J)

where O is the solution operator of the temperature equation (10) subject
to boundary and initial conditions (12)-(13), for a given velocity and current
density. Thus we write F as

F = p[l— B(0(u,J) - Tis) 8- (14)

Now the equations, in the fluid region §2; are

0
Pat nAu-+p(u-Vu+Vp—-JI x B(J) =p[l - 5(0(u,J) — Tref)] 8,
V-u=0,
9 1
aA(J)—I—J J+Vo—uxBJ)=0,
V-J=0.
These must be complemented by appropriate boundary and initial conditions

for the velocity (4)-(5) and for the current density (6)-(7). We emphasize
that the various coefficients in our equations may be temperature-dependent.
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In particular, this applies to the conductivity ¢ and the thermal conductivity
k. We also remind the reader that A, B and © are integral operators (defined
above).

2.2 The Free Boundary Value Problem

We now consider the free boundary value problem where part of the fluid’s
top surface Y is a free surface, see [7] and the references therein, as well as, [5]
and [20]. To be precise, the free surface extends from the lateral container walls
inward to the solidified ingot, see Figure 1. For simplicity we assume that the
crystal-melt interface Y is known and constant during the time window under
consideration. Of course more generally one can find the position and shape of
this interface by also solving the heat equation in the crystal and employing
a Stefan-type condition at this interface, see, e.g., [12].

For the free surface problem, we modify the previously given boundary con-
ditions, e.g., (12a) or (12b) and impose

T = Thelt on Y, (15)

i.e., on the interface separating the solidified crystal from the melt, see Fig-
ure 1. Here, The1 is the melting temperature of the respective material. On the
free surface and the rest of the fluid domain’s boundary (that is on 9§ \ %),
the previously given boundary conditions apply, e.g., Dirichlet, Newton’s law,
or Boltzmann radiation type boundary conditions.

We now address the characterization of the free surface and appropriate
boundary conditions. Let us denote by

T =—pl+n(Vu+(Vu)")

the total stress tensor of the fluid. We recall our equations on )¢

au—nV'(Vu—i—(Vu)T)—l—/)(u-V)u+Vp—J><B(J)

ot

=p[1=B(0(u,J) - Te)] 8,
V-u=0,
0 .
aA(J)—i—U J+Vop—uxBJ)=0,
v.J=0,

where for convenience we replaced the Au term in the momentum equation
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by the equivalent term V - (Vu + (Vu)T) so that the conditions imposed on
the stress below become natural boundary conditions.
As in Section 2.1, we impose a Dirichlet boundary condition on the velocity

ufy0,\5, = Ub (16)

at the crucible and crystal surfaces, where the given boundary velocity u;, may
be time-dependent and accounts for possible rotation of the crucible and the
crystal ingot. We again impose (6) as boundary conditions for the current.
We describe the deviation of the free surface ¥¢ from a flat surface (the
fluid’s top surface when at rest) as the graph of some time-dependent function
H which is defined on T’y x (0, tenq), where I't is the projection of ¥¢ onto the
crucible’s base I', see Figure 1. In order to determine H and to specify the
fluid boundary conditions on the free surface, we need to provide four scalar
equations, see, for example, [5,20]. For free interfaces, conditions on the jump
of the stress tensor across the interface are appropriate. The equilibration of
forces across the free surface is modeled as being instantaneous, in accordance
with previous work, see for instance [5,8,16]. Note that since the surrounding
atmosphere is at rest, its total stress tensor is simply —patml where paty is
the atmospheric pressure. The surface curvature is given by the expression

, V'H

1+ [ VHE

where V' - (-) and V'(-) are the surface divergence and gradient, respectively.
The first equation is the Laplace-Young equation which states that the jump
of the normal stresses across the interface is equal to the product of the surface
tension coefficient v and the curvature of the interface

V'H
—’}/v/ L) + Patm = —(TII) -n
1+ |V'H| (17)

=p—n ((Vu + (Vu)T) n) -n on If.

Note that in the above equation, we abuse notation since some of the terms
are to be evaluated on the free surface ¢ rather than on its projection I't.
The second and third conditions determine the jump of the tangential
stresses across the free surface by equating it with the gradient of the sur-
face tension . In our model, we account for variations in vy with temperature.
These variations give rise to the so-called Marangoni effect, which can be sig-
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nificant in crystal growth problems [16,17]. We obtain

Tn— ((Tn) -n)n = %(V@(u,.]) — (VO(u,J) - n) n) on X. (18)

Note that (18) yields non-trivial conditions only in directions perpendicular to
the surface normal n and that if v is constant the tangential stress vanishes.

As the fourth and final condition, we impose the kinematic constraint that
the fluid velocity on the free surface is equal to that of the free surface, in the
direction normal to the surface, i.e.,

OH T
‘n=— nT.
u-n=-— (0,0,1) " -mn,

_ (=V'HD)T . . N
where n = ~—====.= is the surface unit normal vector. This yields
V14|V H[?

%71;[+(U1,UQ)'VIH—U3 =0 (19)
for all times t.

The above equations must be complemented by a boundary condition, an
initial condition, and a constraint (which enforces mass conservation). In par-
ticular, equation (17) is a second order equation which must be complemented
by a boundary condition

V'H

V1+ |VH?

-n'|gr, = cosa(6(u,J)) (20)

at all times, see [7]. Here Ot is the projection of 9%¢ onto I' and n’ is the
planar outward pointing unit normal vector to I't. The curves 0% are the so-
called contact lines, i.e., the curves along which the fluid’s free surface comes
in contact with the container wall and the solid crystal, see Figure 1. Thus
the condition (20) is a condition on the contact angle, which is in general
temperature-dependent. It is also a material property which may be affected
by surface treatments, see [7]. Equation (19) must be complemented by the
initial condition

H(x,0)=0 onI}. (21)
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The constraint alluded to above

H(x,t)dx =0 (22)
¢

for all times t, enforces the conservation of the fluid volume. Together these
equations determine the location of the free surface.

Note that here we continue to employ the underlying assumption from the
Boussinesq approximation, that the density is constant except in the buoyancy
term. In addition, we have assumed that the consumption of melt due to
crystallization, in the time window under consideration, is negligible compared
to the volume of the liquid pool. If the consumption of melt cannot be neglected
the constraint (22) must be adjusted to account for the loss of fluid which is
related to the pull velocity.

3 Optimization

The free surface model described above can serve as the basis for numerical
computations. Note that due to the velocity-current formulation, all unknown
quantities are confined to the fluid domain Q¢. On the one hand, numerical
simulations can improve the understanding of the complex phenomena and
interactions in the Czochralski growth process, compare, e.g., [16,17].

On the other hand, there is a strong interest in optimizing crystal growth
processes with respect to production rate and product quality. To this end,
one has a number of parameters and time-dependent control functions at one’s
disposal. These include

e the heat sources, modeled either through ¢ in (11), or an additional source
term in the boundary condition (12),

e the crucible and crystal rotation speeds, represented by uy in (16),

e an electric potential difference applied to some electrodes attached to the
fluid container, or a normal current injected into the fluid through these
electrodes,

e the location, strength and configuration of applied magnetic fields By, see
(8)-(9),

e the initial conditions, in particular T, for the temperature in (13),

e the geometry of the crucible 2,

e the pulling speed of the growing crystal.

For details and examples we refer to [11,24,25,35,36,38]. Clearly, most of the
variables above appear directly in our model described in Section 2. However,
an applied magnetic field By can not be shaped at will. Therefore, a more
detailed model of available coils etc. must be set up if these are subject to
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optimization in a concrete situation. Likewise, an extension of our model is
necessary in order to use the pulling speed as an optimization variable.

The optimal control of a crystal growth process has product quality and
production rate as its ultimate objectives, and suitable optimization criteria
need to be defined. So far, the attempts at optimizing CZ and related processes
seem to be based on indirect quality indicators (which are to be maximized
or minimized). Indirect indicators include, e.g., the deviation of the flow field
from a desired one (known to produce favorable growth conditions), expressed
by the objective functional

tena
min / / lu — ug|?dz dt,
0 Q

where uq is a desired velocity field, e.g., that of rigid body rotation, compare
[39]. To promote undisturbed growth, the reduction of “vorticity” may be

desired, which leads to
tend
min / / |V x ul®dzdt.
0 Qg

Recently, also different vorticity-related functionals have been proposed for
optimization in [18]. Since large temperature gradients may have an adverse
effect on the growing crystal, one may also consider

tena
min / / |VT|* dz dt
0 Q¢

as an objective. The optimization of all of these and similar objectives may be
carried out using the model in Section 2, which focuses on the fluid/magnetic
field interaction as stated in the introduction. For details concerning the anal-
ysis for a generic optimal control problem in the stationary case, including the
derivation of adjoint equations, we refer to [9].

The use of direct quality indicators, such as dopant distribution, as the basis
for optimization is major challenge which requires more advanced mathemat-
ical models.
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