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Abstract. Krylov subspace methods, viz. CG and MINRES, for the solution
of linear systems Ax = b in a Hilbert space X are considered. The operator A
is self-adjoint and it maps X into its dual X∗. This setting is natural for vari-
ational problems such as linear partial differential equations. The derivation
of the two methods in Hilbert space shows that the choice of a preconditioner
is equivalent to the choice of the scalar product in X.

In this note we consider Krylov subspace methods for the solution of self-adjoint
linear equations

Ax = b (1)
in a Hilbert space X. The bounded linear operator A maps X to its dual X∗, i.e.,
A ∈ L(X,X∗), and the right hand side b belongs to X∗. This is the natural setting
with variational formulations of, e.g., second-order partial differential equations in
mind, as illustrated by the examples below.

We shall consider the solution of (1) by the conjugate gradient and minimal residual
methods, depending on whether or not positive definiteness (coercivity) of A is
assumed. These methods were originally introduced in [9, 12], respectively, for the
case X = Rn. Generalizations to infinite dimensional Hilbert spaces have been
considered in [1,3,5–7,11] and the references therein. In these publications, A was
assumed to map X into itself. By contrast, the setting adopted here has a number
of advantages. Besides being more natural in the context of variational problems,
it also leads directly to a simple but important observation.

In a nutshell, this observation shows that selecting a preconditioner for problem (1)
is the same as selecting the scalar product in X (or X∗). If X = Rn, an ’unpre-
conditioned’ method is one where implicitly the Euclidean scalar product is used.
In addition to this insight, we obtain an elegant derivation of the preconditioned
conjugate gradient and minimal residual methods, which avoids altogether the tem-
porary use of Cholesky factors. Finally, our work also explains why the solution of
self-adjoint indefinite problems in Minres requires positive definite preconditioners.

An essential role in the presentation is played by the Riesz map. As a matter
of fact, Krylov methods in Hilbert space for (1) cannot be formulated without it.
The significance of the Riesz map was recently also emphasized in [10], where its
importance was substantiated by the part it plays in the proof of the Lax-Milgram
lemma, which applies to the case of positive definite but possibly non-self-adjoint A.
Also recently, [14] studied appropriate scalar products which can guide the choice
of block-diagonal preconditioners for symmetric saddle-point problems.

The following two protypical examples illustrate that considering A ∈ L(X,X∗) is
natural for variational problems. The first example is Poisson’s equation −4u =
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f , endowed for simplicity with homogeneous Dirichlet boundary conditions. Its
variational formulation is given by (1) with X = H1

0 (Ω) and

〈Au, v〉 =

∫
Ω

∇u · ∇v dx and 〈b, v〉 =

∫
Ω

f v dx.

This problem gives rise to a positive definite operator so that (1) is amenable to the
solution by the conjugate gradient method. The Stokes problem in fluid dynamics,
by constrast, leads to an indefinite system which can be solved by Minres. Its
variational formulation is given by X = H1

0 (Ω)× L2
0(Ω) and

〈A(u, p), (v, q)〉 =

∫
Ω

∇u · ∇v dx−
∫

Ω

p div v dx−
∫

Ω

q div udx

and b as above, see, for instance, [4, Section 5]. While we focus here on self-adjoint
operators A, we mention that the considerations in this paper can be easily extended
to Krylov methods for non-self-adjoint problems, such as Gmres [13], in Hilbert
space.

Throughout, 〈·, ·〉X∗,X or, for short, 〈·, ·〉 denotes the duality pairing of the Hilbert
space X and its dual X∗. Moreover, we shall denote by R ∈ L(X∗, X) the Riesz
map. Given b ∈ X∗, it is defined by 〈b, x〉 = (Rb, x)X for all x ∈ X, where (·, ·)X
is the scalar product in X. Clearly, R depends on the scalar product.

Conjugate Gradient Method. In this section, A ∈ L(X,X∗) is assumed self-
adjoint, i.e., 〈Ax, y〉 = 〈Ay, x〉, and positive definite (coercive), i.e., 〈Ax, x〉 ≥
δ ‖x‖2X for some δ > 0 and all x, y ∈ X. This implies that A induces a norm,
‖x‖A = 〈Ax, x〉1/2, which is equivalent to the norm ‖·‖X . The unique solution of
(1) is denoted by x∗.

The conjugate gradient method (CGM), developed by [9], can be conceived in
one of several ways. We follow here the derivation based on the one-dimensional
minimization of the error in the A-norm for a predetermined search direction, and
the update of these search directions using the direction of steepest descent, while
maintaining A-conjugacy of subsequent search directions.

Given an iterate xk ∈ X and a search direction pk ∈ X, the CGM seeks to minimize
the value of

φ(x) =
1

2
〈Ax, x〉 − 〈b, x〉 =

1

2
‖x− x∗‖2A −

1

2
‖x∗‖2A

along the line xk + αpk. This minimum is attained at

αk :=
〈rk, pk〉
〈Apk, pk〉

,

where rk := b−Axk ∈ X∗ denotes the residual.

The search direction pk is chosen as a linear combination of the previous direction
pk−1 and the direction of steepest descent dk for φ at xk. It is now important to
realize that the steepest descent direction depends upon the scalar product in X.
Indeed, by definition,

dk minimizes φ′(xk) d = 〈Axk − b, d〉 = −〈rk, d〉 (2)

over all d ∈ X of constant norm. To solve problem (2), we apply the Riesz map to
obtain

φ′(xk) d = −(Rrk, d)X ,

which readily shows dk = Rrk to be the direction of steepest descent for φ at xk.
Since the Riesz map depends on the scalar product in X, so does the direction of
steepest descent dk.
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Using a linear combination of dk and the previous search direction pk−1, i.e.,

pk = Rrk + βk pk−1, (3)

the requirement 〈Apk, pk−1〉 = 0 of A-conjugacy of subsequent search directions
leads to the choice

βk := − 〈Apk−1, R rk〉
〈Apk−1, pk−1〉

.

The procedure outlined above generates the following iterates and Krylov spaces:

pk ∈ Kk(RA;Rr0) = span{Rr0, (RA)Rr0, . . . , (RA)kRr0} ⊂ X,
xk ∈ Kk(RA;Rr0) + x0,

rk ∈ Kk(AR; r0) = span{r0, (AR) r0, . . . , (AR)k r0} ⊂ X∗.

We point out that the primal and dual Krylov spaces are related by Kk(RA;Rr0) =
RKk(AR; r0).

It follows by standard arguments that the iterates also satisfy

〈Apk, pj〉 = 0 for all j = 0, 1, . . . , k − 1,

〈rk, pj〉 = 0 for all j = 0, 1, . . . , k − 1,

and that xk minimizes φ over the entire affine space x0 +Kk(RA;Rr0). Using these
relations one arrives at the final form of the CGM in Hilbert space, see Algorithm 1.

Algorithm 1 Conjugate gradient method for (1) in Hilbert space

Set r0 := b−Ax0 ∈ X∗

Set p0 := Rr0 ∈ X
Set k := 0

while not converged do

Set αk :=
〈rk, R rk〉
〈Apk, pk〉

Set xk+1 := xk + αk pk

Set rk+1 := rk − αkApk

Set βk+1 :=
〈rk+1, R rk+1〉
〈rk, R rk〉

Set pk+1 := Rrk+1 + βk+1 pk

Set k := k + 1

end while

Comparing Algorithm 1 to standard forms of the CGM in the literature, it stands
out that the Riesz map R takes precisely the role of a preconditioner P−1. Recalling
that the Riesz map depends on the scalar product, we conclude that the choice of
a preconditioner in the traditional preconditioned CGM is actually equivalent to
the choice of the scalar product in X. Even if X = Rn, the preconditioned and
unpreconditioned variants of the CGM are one and the same, they merely differ in
the choice of the scalar product in X. The unpreconditioned CGM corresponds to
the implicit choice of the Euclidean scalar product.

In infinite dimensions, the use of the Riesz map is essential in formulating the CGM
for the solution of (1). Without it, the residual rk ∈ X∗ cannot be used in (3) to
update the search direction pk ∈ X since the two of them belong to different spaces.
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The convergence properties of Algorithm 1 in Hilbert space depend on the eigen-
values of the operator pair (A,R−1), i.e., the solutions of

Ax = λR−1x in X∗, or equivalently, RAx = λx in X.

This eigenvalue problem is analogous to the eigenvalue problem for P−1A appearing
in the classical convergence analysis of the preconditioned CGM. The significance
of (the inverse of) R as a preconditioner was recently also pointed out in [10].
Good preconditioners (Riesz maps) are those which are induced by scalar products
in X close to the A-scalar product. This statement continues to hold when X is
replaced by one of its finite dimensional subspaces, as one does, e.g., in finite element
discretizations of (1). More details will be given in a forthcoming publication [8].

Minimal Residual Method. In this section, A ∈ L(X,X∗) is assumed self-
adjoint but it may be indefinite (non-coercive). Note that X∗ is naturally endowed
with the R-scalar product, i.e.,

(·, ·)X∗ = (·, ·)R = 〈·, R ·〉.

The minimal residual method, introduced by [12], uses the same Krylov spaces as
the CGM, but it seeks to minimize the R-norm of the residual rk ∈ b−Axk ∈ X∗,
i.e.,

‖rk‖R = 〈rk, R rk〉1/2,

over the dual Krylov space Kk(AR; r0) ⊂ X∗. To carry out this minimization,
Minres builds an orthonormal basis of this space. This growing basis at iteration
k is denoted by Vk ∈ L(Rk, X∗) with ’columns’ vi ∈ X∗, i = 1, . . . , k.

Orthonormality, i.e., 〈vi, R vj〉 = δij , is obtained via the Lanczos recursion

ARVk = Vk Tk + γk+1 vk+1 ~e
>
k = Vk+1 T̂k, (4)

with ~ek = (0, . . . , 0, 1)> ∈ Rk and a coefficient matrix of the form

T̂k =


δ1 γ2

γ2 δ2 �
� � γk

γk δk

0 γk+1

 ∈ R(k+1)×k.

The matrix Tk ∈ Rk×k in (4) equals T̂k without the last row.

Using the basis Vk, the iterates xk ∈ x0 + Kk(RA;Rr0) = x0 + RKk(AR; r0) can
be written as

xk = x0 +RVk ~y for some ~y ∈ Rk.

The objective of minimizing the residual in the R-norm can thus be expressed as
the minimization over all ~y ∈ Rk of

‖b−Ax0 −ARVk ~y‖R
=
∥∥r0 −ARVk ~y

∥∥
R

=
∥∥r0 − Vk+1T̂k ~y

∥∥
R

by (4)

=
∥∥‖r0‖R v1 − Vk+1T̂k ~y

∥∥
R

since v1 = r0/‖r0‖R
=
∥∥Vk+1

(
‖r0‖R ~e1 − T̂k ~y

)∥∥
R

where ~e1 = (1, 0, . . . , 0)> ∈ Rk+1

=
∥∥‖r0‖R ~e1 − T̂k ~y

∥∥
Rk+1 by orthonormality.

We conclude that the minimization of the residual in the R-norm leads to a least
squares problem in Rk+1 with respect to the Euclidean norm. Therefore, from here,
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the derivation of the Hilbert space Minres parallels the derivation of the classi-
cal finite dimensional method. We only mention that the least-squares problem is
solved by maintaining a QR factorization of the matrices T̂k by means of Givens
rotations. For convenience, we state the complete algorithm as Algorithm 2. It
coincides with the (preconditioned) implementation given in [4, Algorithm 6.1] ex-
cept that in Algorithm 2, we scale both quantities vk and zk such that ‖vk‖R = 1
and zk = Rvk are maintained throughout. We mention that the quantity

ηk = ‖rk‖R
gives access to the R-norm of the residual, which is minimized over the sequence of
growing Krylov spaces.

Algorithm 2 Minimal residual method for (1) in Hilbert space

1: Set v0 := 0 ∈ X∗ and w0 := w1 := 0 ∈ X
2: Set v1 := b−Ax0 ∈ X∗
3: Set z1 := Rv1

4: Set γ1 := 〈v1, z1〉1/2

5: Set z1 := z1/γ1 and v1 := v1/γ1

6: Set η0 := γ1, s0 := s1 := 0, c0 := c1 := 1
7: Set k := 1
8: while not converged do
9: Set δk := 〈zk, zk〉

10: Set vk+1 := Azk − δk vk − γk vk−1

11: Set zk+1 := Rvk+1

12: Set γk+1 := 〈vk+1, zk+1〉1/2

13: Set zk+1 := zk+1/γk+1 and vk+1 := vk+1/γk+1

14: Set α0 := ck δk − ck−1 sk γk and α1 := (α2
0 + γ2

k+1)1/2

15: Set α2 := sk δk + ck−1 ck γk and α3 := sk−1 γk
16: Set ck+1 := α0/α1 and sk+1 := γk+1/α1

17: Set wk+1 := (1/α1)
[
zk − α3 wk−1 − α2 wk

]
18: Set xk := xk−1 + ck+1 ηk−1 wk+1

19: Set ηk := −sk+1 ηk−1

20: Set k := k + 1
21: end while

As we observed for the CGM, we conclude that the choice of the preconditioner
is equivalent to choosing the Riesz map, i.e., equivalent to choosing the scalar
product in X. This observation also recently guided the study of appropriate scalar
products for symmetric saddle-point problems in [14]. Finally, the exposition above
explains why indefinite systems, which are to be solved by Minres require self-
adjoint positive definite preconditioners, compare, e.g., [2, Table 9.1].
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