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Abstract. Semilinear elliptic optimal control problems involving the L' norm of the control in
the objective are considered. Necessary and sufficient second-order optimality conditions are derived.
A priori finite element error estimates for piecewise constant discretizations for the control and piece-
wise linear discretizations of the state are shown. Error estimates for the variational discretization of
the problem in the sense of [13] are also obtained. Numerical experiments confirm the convergence
rates.
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1. Introduction. In this paper we consider an optimal control problem subject
to a semilinear elliptic state equation. The objective functional contains the L' norm
of the control and it is therefore non-differentiable. Problems of this type are of
interest for two reasons. First, the L' norm of the control is often a natural measure
of the control cost. Second, this term leads to sparsely supported optimal controls,
which are desirable, for instance, in actuator placement problems [17]. In optimal
control of distributed parameter systems, it may be impossible or undesirable to put
the controllers at every point of the domain. Instead, we can decide to control the
system by localizing the controls in small regions. The big issue is to determine the
most effective location of the controls. An answer to this question is given by solving
the control problem with an L' norm of the control.

However, the non-differentiability of the objective leads to some difficulties. While
first-order necessary optimality conditions can be derived in a standard way via
Clarke’s calculus of generalized derivatives, second-order conditions require additional
effort. From the first-order optimality conditions, we deduce a representation formula
(see (3.5¢)) for the sub-differential A of the non-differentiable term at the optimal
control @, i.e., A € d||tl| 1 (). This formula is new and it has some important con-
sequences. First, it proves the uniqueness of A, which is not usually obtained for

a non-differentiable optimization problem. Second, it proves that A is not only an

L°°(€2) function, but it is a Lipschitz function in €, which implies, with formula
(3.5a) for the optimal control, that @ is also Lipschitz in Q. This extra regularity for
the optimal control is essential in deriving the error estimates. We should underline
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that there are no error estimates if we do not have extra regularity of the optimal
control. Moreover, the representation formulas (3.5a) and (3.5¢), along with their
discrete counterparts, allow us to derive L error estimates for @ — @, and X — A,
which is important for this problem because it shows that we can identify in a precise
way the region where the optimal control is vanishing by solving the discrete control
problem.

An important part of the paper is devoted to the second-order optimality con-
ditions. Since the partial differential equation is not linear, the control problem is
not convex in general, therefore we have to determine second-order conditions to deal
with local minima. It is well known that the sufficient second-order condition is a
crucial tool in proving error estimates. In the second-order analysis, due to the non-
smoothness of the problem, the most delicate point was to discover the correct cone of
critical directions Cy, see (3.6). We found the correct one, allowing us to prove both
second-order necessary and sufficient optimality conditions with the minimal gap.

The second-order sufficient conditions are subsequently put to use to derive a
priori error estimates for a finite element discretization of the problem at hand. We
employ piecewise linear and continuous elements for the state and adjoint state and
piecewise constants for the control. We obtain an estimate of order h w.r.t. the
L*> norm for the control, state, and adjoint state. The proof of these estimates
requires a deeper analysis than the one used in smooth optimal control problems,
and it is not a straightforward extension of the techniques established for smooth
problems. The proof exploits the W?2P regularity of the optimal adjoint state, and
the consequential Lipschitz regularity of the optimal control, which hold under the
assumption of a smooth boundary of the domain 2. Since smooth domains cannot
be triangulated exactly, the error estimate takes into account the additional error
from replacing €2 by a polygonal approximation §2,. As mentioned in Remark 2.4, all
results remain also valid for a convex polygonal domain of R?. Numerical experiments
verify the theoretical convergence order for both cases, smooth and convex polygonal
domains. Finally, we derive error estimates for a variational discretization of the
control problem. More precisely, we discretize the states and the state equation, but
there is no discretization of the control. This procedure suggested by Hinze [13] leads
to optimal error estimates (order h?) and the discrete problem can still be solved
numerically.

Let us put this work into perspective. A problem with an L'-term in the objective
was analyzed in [17], subject to a linear elliptic equation. Second-order conditions
are not required there since this problem is convex. A priori and a posteriori error
estimates for this case were provided in [19]. The authors in [9] analyze algorithms for
optimal control problems which involve the norm of a non-reflexive control Banach
space.

This paper is organized as follows. We present the problem setting and some
preliminary results in Section 2. Section 3 is devoted to the development of first-
and second-order necessary and sufficient optimality conditions. We study the finite
element error for the case of full discretization in Section 4 and in Section 5 for the
case of variational discretization. We report on numerical experiments which confirm
our results in Section 6.

2. Setting of the Problem and Preliminary Results. In this paper, 2 will
denote an open bounded subset of R?, n = 2 or 3, with a C"! boundary I'. In this
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domain we consider the following control problem

{ min J(u)

a <u(x) < g foraa. xzeN

(P)
where J(u) = F(u) + pj(u), with F: L2(2) — R and j : L' () — R defined by

F(u):/QL(x,yu(x))derg/

w?(z)dz and j(u) = u(zx)|dz
[ a)da and () = [ juta)]do.

Y, being the solution of the state equation

(2.1) {Ay+a(x,y) —u in,

y=0 onl.

A is the linear operator

Ay == 0, [aij(x) Oa,y] + ao(2) y.

ij=1

We make the following assumptions on the functions and parameters involved in the
control problem (P).

Assumption 1.— The coefficients of A have the following regularity properties: ag €
L>(Q), a;; € C*1(Q) and

(2.2) ap(z) >0 and Z aij() &€& > A|E]? for aa. 2 € Q and VE € R™.

4,j=1

Assumption 2.— a : 2 x R — R is a Carathéodory function of class C? with respect
to the second variable, with a(-,0) € LP(2) for some n < p, and satisfying

d
8—;(1‘,24)20 fora.a. x €Q and Vy e R

(2.3) 2
VM >03Cy >0st.
j=1

o7
8;(56,3;)‘ < Cpy foraa. xzeQ and |y < M.

Assumption 3.— We also assume —o00 < a < 0 < f < 400, 4 > 0, v > 0, and
L: QxR — R is a Carathéodory function of class C? with respect to the second
variable such that L(-,0) € L'(Q) and for every M > 0 there exists a function
Yar € LP(R), with n < p < +o0, satisfying

&L

(2.4) aj(x,y)‘ <¢up(x) Y|yl < M and for a.a. x €€Q, with j=1,2.
Y

In the sequel, we will denote the set of feasible controls by

K={ueL*():a<u(zr) < foraa. zecQ}
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Let us notice that the usual function L(z,y) = 3(y—ya(z))? satisfies Assumption 3
if yqg € LP(Q).

REMARK 2.1. In Assumption 3 we made the hypothesis a < 0 < . In the case
where 0 < a < B ora < B <0, the L' norm is linear, hence the cost functional J
is differentiable and the control problem (P) falls into the framework of well studied
optimal control problems. Here we are interested in analyzing the non-differentiable
case.

Moreover, since we are looking for sparsity of the optimal control, it does not make
sense to consider 0 < a or 8 < 0. However, the cases « =0 or =0 are frequent in
practice. In these situations, the sparsity of the optimal control is also induced by the
presence of the term pllul|1(q), see Remark 3.3.

The next theorem states that the control-to-state map is well posed and differen-
tiable.

THEOREM 2.2. The following statements hold.
1. For any u € LP(R2), with n/2 < p < p, there exists a unique solution of (2.1)
yu € W2P(Q).
2. The mapping G : LP(Q) — W2P(Q) defined by G(u) = vy, is of class C2.
Moreover, for v € LP(Q), z, = G'(u) v is the unique solution of

(2.5) Az + g—;(x,y) z=wv in

z=0 onl,

and given vy, vy € LP(Q), Wy, v, = G (u)(v1,v2) is the unique solution of

0%a

da .
(26) Aw+87y(x’y)w+87y?(x’y) Zoyzvy =0 in €Y,

w=0 onl,

where z,, = G'(u)v;, i = 1,2.

The existence and uniqueness of a solution of (2.1) in Hg (£2) N L>(€2) is obtained
by classical arguments; see, for instance, [4]. The W2P () regularity follows from the
CY! regularity of T', Assumptions 1 and 2 and the result of Grisvard [11, Theorem
2.4.2.5]. The differentiability of G can be obtained from the implicit function theorem
as follows. We define the nonlinear operator

F[W2P(Q)n WP (Q)] x LP(Q) — LP(Q), Fly,u) = Ay +a(-,y) — u.

Then, it is immediate to check that JF is of class C? and F(G(u),u) = 0 for every
u € LP(Q2). Using [11, Theorem 2.4.2.5] again, we deduce that

OF

a—y(G(u), w) : WHP(Q) N W, P(Q) — LP(Q)

is an isomorphism. Thus, the assumptions of the implicit function theorem are fulfilled
and some simple calculations prove (2.5) and (2.6).

As an immediate consequence of the previous theorem, we get that the smooth
part F of the objective functional enjoys the following differentiability result.
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THEOREM 2.3. Functional F : L*(Q) — R is of class C* and the first and
second derivatives are given by

(2.7) F’(u)v:/Q(goquyu)vdx

0%L 0%a
(2'8) F//(u)(vlav2) = /Q {Tyg(qj)yu) Ry Rug aiyg(xvyu) Pu Zoy 2oy T+ VUL U2} dI,

where z,, = G'(u)v;, i = 1,2, and ¢, € W?P(Q) is the adjoint state defined as the
unique solution of

da oL
Ao+ —(2,y,) o = —(2,9,) in Q,
(2.9) ¢ ay( Yu) ¢ 6.y( Yu)
p=0 on T,

A* being the adjoint operator of A.

Finally, it is obvious that problem (P) has at least one global solution, which
belongs to L>(2) because of the control constraints. The reader is referred to the
book by Troltzsch [18, Chapter 4.4] for the proof of these results.

Note that under some extra assumptions for L the existence of a solution of (P)
in L?(Q) can still be proved for a = —o0o or 3 = +o0. For instance, if L is bounded
from below, i.e. L(z,y) > Cf, with C1, € R, then the cost functional J is coercive and
consequently (P) has again a global solution in L?(Q2). Indeed, from the first-order
optimality conditions we can deduce that this solution is not only in L?(Q) but it
belongs also to L ().

REMARK 2.4. Theorem 2.2 is also valid for convex polygonal domains Q C R2.
The only difference is that p is not only bounded above by p, it also depends on the
angles of the polygon Q. Indeed, let w be the biggest angle of Q. Using the results of
Grisvard [11, Chapter 4], if w < w/2, then p can be chosen as in Theorem 2.2, only
bounded by p. However, if w > /2, then n/2 < p < min{p, ﬁ} is the correct
interval. With this modification, also Theorem 2.3 is valid as well as the rest of the
results in this paper.

3. First- and Second-Order Optimality Conditions. In this section, we
will derive the necessary first- and second-order optimality conditions and also we
will provide a sufficient second-order condition with a minimal gap with respect to
the necessary ones. Since (P) is not a convex problem we will deal with local solutions.
As usual, @ is said to be a local solution of (P) in the L7(2) sense, 1 < ¢ < +o0, if
there exists € > 0 such that @ is a solution of the problem

(Pe) min  J(u),
uw€KNB. ()

where B.() denotes the closed ball of L(Q2) with center at @ and radius . The
solution is called strict if @ is the unique global solution of (P.) for some € > 0. It is
immediate to check that if @ is a local solution in the L%(2) sense for any 1 < ¢ < oo,
then it is also a local solution in the L*°() sense. On the other hand, since K is
bounded in L*>°(Q), if @ is a local solution in the L9(2) sense, for some 1 < ¢ < oo,
then @ is also a local solution in the LP(£2) sense for any 1 < p < oco. Therefore, we can
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distinguish two different notions of local minima: L?(£2) sense or L> () sense. The
results proved in this paper will hold for either of these two notions of local minima.
Therefore, we will not distinguish between these two notions and we will simply speak
about local minima.

In the study of the optimality conditions there is a difficulty coming from the non-
differentiability of the function j(u) = ||u[|z1(q) involved in the objective function of
(P). Since j is convex and Lipschitz, we can apply some classical results to deduce
the first-order conditions. However, the second-order necessary and sufficient opti-
mality conditions, as presented here, are new to our best knowledge. The sufficient
second-order conditions will be used in the next section to derive the error estimates
of finite element approximations, which shows their utility. Before stating these op-
timality conditions we recall some properties of the function j. Since j is convex
and Lipschitz, the subdifferential in the sense of convex analysis and the generalized

gradients introduced by Clarke coincide. Moreover, a simple computation shows that
A € 9j(u) if and only if

AMz) =+1 if u(z) >0,
(3.1) AMz)=-1 if u(z) <0,
AMz) € [-1,41] ifu(x)=0

holds a.e. in Q. Also j has directional derivatives given by

(3.2) j'(u;v) = lim jutpo) = jw) :/ vdx 7/
Qf Q

PO p

vdzx + / |v| da,
Q)

for u,v € L*(2), where Q.F, Q. and Q0 represent the sets of points where u is positive,
negative or zero, respectively. Finally, the following relation holds

u

(3.3) max /)\vdxzj'(u;v)gj(u+pv)_j(u) Vo<p<l.
AEDj(u) Jo p

We refer to Clarke [8, Chapter 2] and Bonnans and Shapiro [2, Section 2.4.3]
for more details. Necessary optimality conditions can be deduced from the abstract
results presented in these references and Theorem 2.3.

THEOREM 3.1. If @ is a local minimum of (P), then there exist §, @ € WP (Q)
and X € 9j(u) such that

(3.48) { Ay + a(a:,gjz =u 1in§,
Y= on T,
da oL
A g == Q
(3.4b) ot 5, @Pe=—o-(x,9) inQ,
p = onT,
(3.4¢) /((ﬁ—l—uﬂ—i—u;\)(u—ﬂ)dsz Yu € K.
Q

COROLLARY 3.2. Let @, @ and X\ be as in the previous theorem, then the following
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relations hold:

(3.5a) u(x) = Proji, g ( — %(@(x) + uX(x))),
(3.5b) u(z) =0 <« |p(@)] <p,
(3.5¢) Mz) = Proj_; 41 ( - i@(m)).

Moreover, from the first and last representation formulas it follows that 1, A€ C%(Q)
and X\ is unique for any fized local minimum u.

Proof. The derivation of the formula (3.5a) is standard in control theory. Now,
from (3.1), (3.5a) and the fact that a < 0 < 5 we get

a@) =0 = pa)+pA@) =0 = |p(e)] < p

a(z) >0 = AMz)=+41and g(z) + pA(z) <0 = @(x) < —p,

and analogously we deduce that if @(x) < 0, then @(x) > p. These three properties
are equivalent to (3.5b). Let us prove (3.5¢). Taking into account (3.1), (3.5b) and
(3.5a) we obtain

For the case ¢(x) < —p we can proceed as for the case ¢(x) > p, which completes
the proof of (3.5¢).

The Lipschitz property of A follows from (3.5¢) and from the fact that @ €
W2P(Q) < C(Q). Finally, (3.5a) leads to the Lipschitz regularity of 4. O

REMARK 3.3. Let us point out that the relation (3.5b) implies the sparsity of
local optimal controls. This property was observed by [17] and it continues to hold in
the cases o = 0 or B = 0. Indeed, if « = 0, it is easy to deduce from (3.5a) that
a(x) = 0 if and only if ¢(x) > —p, which also implies the sparsity. For § = 0, we
have that u(x) = 0 if and only if p(x) < +u.

In order to address the second-order optimality conditions we need to introduce

the critical cone. Given a control @ € K for which there exists A € 9j(u) satisfying
(3.4), we define

(3.6) Cy = {v € L*(Q) satisfying (3.7) and F'(@)v + puj'(2;v) = 0}
with

v(z) >0 if a(z) = «,
(3.7) {v(m) <0 ifa(z)=p.

PROPOSITION 3.4. The set Cy is a closed, convex cone in L*(Q).

Before proving this proposition we have to establish the following lemma.
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LEMMA 3.5. Let @ € K satisfy (3.4) along with some A € 0j(u). Let v € L?(Q)
fulfill (3.7). Then

(3.8) F'(a)v+ pj'(u;v) > F'(u) v+ u/Qj\(a:) v(z)dz > 0.

Moreover, if v € Cy, then

Mz)v(r)dz =0 and j’(ﬂ;v):/g/\(a:)v(x)dx.

3.9  F(a)v+pu /

Q

Proof. The first inequality of (3.8) is an immediate consequence of (3.3). Let us
prove the second inequality. For every k € N we define

1 1
£ _ 1 .
() = 0 1a<u(a:)<oz—|—k or 3 k<u(x)<ﬁ,

Proj [—k,+k] (v(z)) otherwise,

and pr = 1/k?. Then it is easy to check that 4 + pvp € K for every 0 < p < pr. On
the other hand, |vi(z)] < |v(x)| and vg(x) — v(z) hold for almost all z € Q, therefore
v — v in L?(Q). Now, from (3.4c) we infer

p(F'(u)vk—i—u/Q)\(ac)vk(x)dx) :/Q(@+Vﬂ+ujx)([ﬂ—l—pvk] —a) > 0.

Finally, dividing the previous expression by p and passing to the limit as £k — oo, we
obtain the second inequality of (3.8).

Identities (3.9) are an obvious consequence of (3.8) and the equality satisfied by
the elements of C;. O

REMARK 3.6. Let us observe that for any v € L?(Q) satisfying

the relations (3.1) and (3.2) imply that
/ |v(z)|de = / Az)v(z)dr = (Jv(z)| = A(z) v(z)) dz =0,
Qf Q5 Qg

which leads to |v(z)| = Nx)v(z) for almost all x € Q2. In particular, (3.9) implies
that this identity holds for all the elements of Cy.

Proof of Proposition 3.4. Tt is obvious that Cj is a closed cone of L?(Q). Let
us prove that it is convex. Given vi,v2 € Cz and 0 < t < 1, it is clear that v =
tvy + (1 —t) vy satisfies (3.7) and using the convexity of j we get

Fl(@)v+ pj(av) <t [F'(@) vy + pj'(Ge1)] + (1= ¢)[F'(@) va + pj' (@ v2)] =0.

The contrary inequality is a consequence of Lemma 3.5, hence v € Cy. O

Let us introduce some notation. We define

(3.10) d(z) = ¢(x) + vi(z) + pA(z) € C*1(Q),
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the Lipschitz regularity of d being a consequence of the regularity properties estab-
lished in Corollary 3.2. From (3.5a) we deduce as usual

i(z)=a = d(z)>0, ) )
(3.11) az)=B = d(x)<0, and {d(a:) >0 = @) =
a<ilz)<p = (ZI):O dlz) <0 = az)=p

a.e. in .

On the other hand, from (3.9) we have

/d x)de = F'(u )v—l—,u/j\(m)v(x)dxzo Yo € Cy.

Q

This identity along with (3.7) and (3.11) leads to

(3.12) /\d |dx—/Qd_(x)v(x)dx:0 = d(z)v(r) =0 Vv € Cy.

Now, we can formulate the second-order necessary optimality conditions as fol-
lows.

THEOREM 3.7. Let us assume that i is a local minimum of (P), then F" (i) v? >
0 for every v € Cy.

Proof. Given v € Cy we define for every k € N

o) = 4° ifoz<ﬁ(:l:)<oz+% or 6—%<ﬂ(x)<ﬂ or 0<|ﬂ(x)|<%7

Proji_g 1) (v(x)) otherwise,

and py = 1/k?. Then, as in the proof of Lemma 3.5, we have that i + pv, € K
for every 0 < p < pp and vy — v in L?*(Q). On the other hand, it is obvious that
vg(z) = 0 whenever v(z) = 0, and the sign of vi(z) coincides with the sign of v(z)
whenever vy (z) # 0.

Let A be the unique element of 9j(u) associated with u, see Corollary 3.2. Then,
by (3.9), j = Jo A( r)dz holds. Consequently, we have |v(z)| = \(z) v(z)
for x € Qu, as observed in Remark 3.6. Moreover, d(z)v(z) = 0 holds by (3.12).
Owing to the sign condition for vy, we obtain

(3.13)  |ur(x)| = Mz) vg(z) for a.a. z € Q) and d(x)vi(x) =0 for a.a. 2 € Q.

Let us analyze the case where € Q. In this situation, since p|vg ()| < prk < 1/k
and vy (z) = 0 if 0 < u(r) < 1/k, we necessarily have that @(x) + pvg(x) > 0 which,
along with the fact that A(z) = 1, leads to

(3.14) |a(z) + por(2)| = [a(z)] = por(z) = p A(x) vk (2).

Analogously, we obtain that |a(z) 4+ pvg (ac)| —|a(z)| = —pup(z) = p M) vp(x) when
x € Q. Thus, from this identity, (3.13) and (3.14) we conclude that

(3.15) j<a+pvk>—j<a>=p/QX<x>vk<m>dx V0 <p< i
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On the other hand, the second identity of (3.13) can be written as

(3.16) F'(a) vy + u/ Az) vg(x)de = / d(x) vi(z) dz = 0.
Q Q

Now, using the fact that @ is a local minimum and taking into account (3.15) and

(3.16), we infer for all p > 0 sufficiently small

0<J(a+puvx) — J(a)
2
= [F(@)+ p F' (@) v + S-F"(2) v} + 0(p?) + pj(a+ pvi)] — [F(@) + pj(@)
= PP (@) v + 2P @) o} + ol?) + 1 [+ pa) — (0]

2 —
= %F”(ﬁ) vp +0(p?) + p{F' (@) vp + p | Az)vg(z)da}
Q
0
= 2B @) o} + ofp?).
Dividing the last expression by p?/2 and letting p \, 0, we obtain F”(u)v? > 0.

Finally, passing to the limit when k — oo, we conclude that F"'(%)v? > 0. O

We finish the section by proving the sufficient condition in Theorem 3.9 with a
minimal gap with respect to the necessary one proved in Theorem 3.7. Before we do
so, we recall that a natural assumption would be the positivity of the second derivative
F"(u) on the critical cone Cy. Due to the L? regularization term, this already implies
that F” (@) is uniformly positive even on a larger cone. This is established in the next
theorem. Moreover, this second equivalent condition will be used for the numerical
analysis in section 4.

THEOREM 3.8. Let @ € K and A € 3j(u) such that (3.4) hold. Then the following
statements are equivalent.
1. F"(a)v? >0 for allv € Cy \ {0}.
2. There exist T > 0 and § > 0 such that F"(u)v?* > § ||UH%2(Q) forallv e CZ,
where

Cy = {v € L*(Q) satisfying (3.7) and F'(w)v + pj' (@) < 7|v|l 20 }-

Proof. Since Cy C C7, it is obvious that the second condition implies the first

one. Let us prove the other implication. We will proceed by contradiction. Then,
we assume that the first condition holds, but not the second. Hence, there exists a
sequence {vg 3, such that

1
vp €CYF and F(u)0? < %H’Uk;”%z(g).

Since Cé/ Fisa cone, we can divide vy by its L?(£2) norm and, by taking a subsequence
if necessary, we can assume that

1
(3.17) v, € CHFF ()0} < z and v, — v in L*().
Since vy, € C’é/ k, then vy satisfies the sign conditions (3.7), and therefore v also

does. Then, (3.8) implies
(3.18) F'(a)v+ pj'(a;v) >0
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On the other hand, using again that vy € C,}/k, we get
1
(3.19) F'(w)v + pj'(a;v) < liminf {F'(@) vy + pj'(@;vy) } < liminf = = 0.
k—o0 k—oo k

Inequalities (3.18) and (3.19), along with the sign condition (3.7) satisfied by v, imply
that v € Cy. Now, we observe that Theorem 2.2 and the compactness of the em-
bedding W2P(Q) C C(f2) imply the compactness of the linear operator v € L?(Q) —
2, = G'(u)v € C(). From this property along with the continuity and convexity of
ve L?(Q) = ||1)||2L2(Q)7 and the expression (2.8), we conclude that F”' () : L*(Q) — R
is a weakly lower semi-continuous quadratic functional. Then, from (3.17) we infer

F"(u)v? < liminf F” (@) v <limsup F”(a)vi <0,

k—o0 k—o00

which is only possible if v = 0 because of the condition 1 of the theorem, therefore
F"(@)v? — 0. However, vy — 0 in L?(2) implies the strong convergence z,, — 0 in
WLP(Q). Therefore,

_ 0*L, _ 0%, . _
F"(a)vi = /Q {33/2 (z,9) zgk — 73y2 (z,7) wzgk + 1/1}2} dz
0*L, &a,
converges to v, which is a contradiction. 0

Finally, we prove the sufficient second-order optimality condition.
THEOREM 3.9. Let 4 € K and A € 9j(u) such that (3.4) hold. Furthermore, let
us assume that F"(a)v? > 0 for all v € Cyz \ {0}, then there exist § > 0 and € > 0
such that
.0 _ _
(3.20) J(a) + 1||u - u||2L2(Q) < J(u) Yu e KnN B.(a),

where B.(u) denotes the L2(2) ball of center i and radius €.
Proof. Let € > 0 and u € KN B.(@) be given. We define

p=lu—iulg <e, 'U:;(U*U)

A second order Taylor expansion of F' yields
2 1
F(u) = F(a)+ pF'(a)v + % F" (@) v? + p? / (L—t) (F"(u+tpv) — F"(u)) v*dt.
0

It follows from the continuity of F” that the last term is of order o(p?). Using the
convexity of j, this shows

2
J(w) = J(@) > p (F' (@) v+ uj' (@) + 5 F" (@) 0> + o(p?).
In case v € C7, Theorem 3.8 and Lemma 3.5 imply

Iw) = J(@) = 25+ ofs?),
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where 6 > 0.

On the other hand, if v € C7, we have F'(@)v + pj'(4,v) > 7, since v satisfies
(3.7). Hence, we have

2
_ 4 _
Tw) — 3(@) 2 p7— 2 F"@)] + o(?).
This shows (3.20) for ¢ sufficiently small. O

4. Finite Element Approximation of (P). The goal of this section is to study
the approximation of problem (P) by finite elements. Both the state and the controls
will be discretized. We prove the convergence of the discretization and derive some
associated error estimates. To this aim, we consider a family of triangulations {75, }r>0
of Q, defined in the standard way, e.g. in [3, Chapter 3.3]. Due to the assumption
that © has a smooth boundary, the triangulation covers a polygonal approximation
Q. With each element T' € 7, we associate two parameters p(T") and o(T), where
p(T) denotes the diameter of the set T and o(T) is the diameter of the largest ball
contained in T. Define the size of the mesh by h = maxre7, p(T). To simplify the
presentation of the results, in the sequel we suppose that €2 is convex. We also assume
that the following regularity assumptions on the triangulation are satisfied which are
standard in the context of L° error estimates.

(i) — There exist two positive constants p and o such that

p(T) h
o) =7 oD =F

hold for all T € T, and all h > 0.

(ii) — Define Qj, = UreT, T, and let {2, and I';, denote its interior and its boundary,
respectively. We assume that ), is convex and that the vertices of T, placed on the
boundary I'j, are points of I'. From [15, estimate (5.2.19)] we know that

0\ Q| < OB
We will use piecewise linear approximations for the states, thus we set

Yy, = {yn € C(Q) | Ynjp € Py for all T € T, and yp, = 0 on Q\ Q1

where P; is the space of polynomials of degree less or equal than 1.

The discrete version of the equation (2.1) is defined as follows:

Find y, € Y}, such that for all z;, € Yy,

(4.1) / [ Z Q45 Oz, Yn aszh + a(z, yn) Zh] dz = / uzp dz.
Qp,

Q=1 Qn

Thanks to the monotonicity of the nonlinear term of (4.1) and using Brouwer’s fixed
point theorem, it is easy to prove the existence and uniqueness of a solution yp,(u) of
(4.1) for any u € L2(2,).

Now, we define the space of discrete controls by

Uy = {up, € L*(,) : uh|T = constant for all T € Tp,}.
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Every element u;, € U, can be written in the form
Up = Z UrXT,
TETh
where yr is the characteristic function of T. The set of discrete feasible controls is
given by
Kp={up €Uy :a<ur <p VT € Tp}.
Finally, the discrete control problem is formulated as follows

{ min Jy, (up) = Fy(up) + pjn(up)

P
( h> up € Ky,

where F}, : L?(Q5) — R and jj, : U, — R are defined by

v )
Fh(u):/Q L(x,yh(uh))derg/Q u%dx and jh(uh):/ |up | da.
h

h Qp

It is immediate that (Pj) has at least one solution and we have the following
first-order optimality conditions analogous to those of problem (P), see Theorem 3.1.

THEOREM 4.1. Ifuy, is a local minimum of problem (Py,), then there exist yn, pn €
Yy and Ay, € Ojp(up) such that

(4.2a)
/ [ Z ij O, Jn O, 21 + alx, §p) zp) do = / Upzpdx Vzp € Yy,
Qp i,j=1 Qp
(4.2b)
- da oL
/ [ Z Qi &th azj@h + 7(%,@}1) @hzh] dz = (it,ﬂh) zpdx Vzp € Y,
Q=1 dy a, 0y
(4.2¢)

/(sﬁh+yﬁh+ﬂ5\h)(uh—ﬂh)dx20 Yuy, € Ky,
Qp

It is an easy exercise to check that A, can be written in the form
S\T =+1 if g > 0,
(4.3) A=Y Arxr with A =-1  ifuap <0,
TETh Ar € [-1,+1] ifar =0,
where ur are the coefficients of uy,

Up = Z ur XT-

T€Th

Inequality (4.2¢) can be written in the form

Z (/ ‘Phd$+|T|[VUT+M/\T]>(uT—uT)ZO Va <ur <3,
T

TeTh
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which leads to the representation formula

: 171 _ <
(4.4a) ur = Proji, g (—V {|T| /T opdx + uAT]) .

Using (4.3) and (4.4a) and arguing as in the proof of Corollary 3.2, we can prove

1
T
and
_ 1
4.4c A1 = Proj;_ —_ ppdx | VT € Tp.
( ) T .][ 1,+1] ( 1 ‘T| A@h > h

As for the infinite dimensional case, this representation formula implies that X, is
unique for a given local minimum uy,.

On the other hand, defining

(4.5) dn(z) = on(x) + van(z) + pin(x),

we get the analogous relations to (3.11)

ir=a = [pdp(z)ds >0, _ )
Y dy(z)d -
(4.6) ir=8 = [pdy(z)dz <0, and {fT d”Ew% dng z o g
— X X ur = p.
a<up<f = [pdp(x)dz=0, T T

The rest of the section is divided into two parts. In the first part, we prove that
the family of problems (P},) realizes a convergent approximation of problem (P) in a
two-fold sense: global solutions of (Pj) converge to global solutions of (P) and strict
local solutions of (P) can be approximated by local solutions of (Pp,). In the second
part of the section, we prove some error estimates for these approximations.

4.1. Convergence of the Discretizations. Before proving the convergence
of the solutions of (P;) to solutions of (P) we need to establish some convergence
properties of the finite element approximation of the state and adjoint state equations.
The next result is well known; see [1], [5] and [16] and the references therein.

LEMMA 4.2. Let u,v € L>(Q) fulfill ||ullp) + [[vlz=@) < M, and let yu,
Yn(v), @y and @p(v) be the solutions of (2.1), (4.1) (with u replaced by v), (2.9) and
(4.2b) (with yp, replaced by yp(v)), respectively. Then the following a priori estimates
hold:

(4.7a)
190 =y ()| 1 (@) + llow — on(0)lm1(0,) < C(h+ [lu—vL2()),
(4.7b)
lyu =y (W) 2(00) + lou — r ()l L2(0,) < C(R* + [lu = vl L2(0))
(4.7¢)
g = ()l L= () + 9w = en(0)[L= () < C(B*Pllog bl + [lu = v] 12(0))-
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Moreover, if up, — u weakly in LP(S2), with p > n/2, then yn(un) — yu and op(upn) —
oy i HH Q) N C(Q) strongly and J(u) < liminf,_o Jy(up) holds.

REMARK 4.3. Given a sequence {up}n>o, with up € LY(Qp) and 1 < ¢ < 400,
we say that up, — u weakly in LY(Q) (respectively, weakly* in L>®() if ¢ = oo0) if
u € LY(Q) and

/ guhdx%/gudx VgGLq/(Q).
Qn Q

The above definition is equivalent to the weak (or weak*) convergence of any extension

{an}tn>0 C LIY(Q) of {un}n>o such that ix|o\q, ) 0 when h — 0. Since |Q\ Q| — 0
when h — 0, this is in particular the case if we extend uy by an LI(QY) function
independent of h.

We also say that {up}n>o s bounded in L1(QY) if there exists a bounded extension
{@ntn>0 C LK), which is equivalent to the boundedness |up|/La(q,) < C for all
h >0 and some C' > 0.

Now we have the first convergence theorem.

THEOREM 4.4. For every h > 0 let 4y, be a global solution of problem (Py), then
the sequence {Up}r>o s bounded in L>°(Q) and there exist subsequences, denoted in
the same way, converging to a point @ in the weak* L>()) topology. Any of these
limit points is a solution of problem (P). Moreover, we have

(4.8) }LILI}){H@ — ﬂhHLoo(Qh) + HS\ — 5\h||Loo(Qh)} =0 and }ILIL% Jn(ag) = J(u),

where \ € 0j(u) is given by (3.5¢) and Ay, € Ojn(uy) is given by (4.4c).

Proof. The sequence {4y }n>o is clearly bounded in L>°(£2). Let us assume that,
for a subsequence denoted in the same way, 4, — @ weakly* in L*°(2) when h — 0.
Let @ be a solution of (P) and take @, € K;, defined by

1
ﬁT:—/ﬂ(a:)dm VT €Ty
Tl Jr

Since @ € C%(Q) (see Corollary 3.2), we know that || — @p| p(q,) — 0. Then,
using that @ € K, @, € K}, @y, is a solution of (Pj) and @ is a solution of (P), we get
with the help of Lemma 4.2 that

J(a) < J(u) <liminf Jy(ay) < limsup Jp,(ap) < limsup Jy,(ap) = J(@).
h—0 h—0 h—0

The above inequalities imply that @ is a solution of (P) and Jy(ap) — J(@). On
the other hand, from Lemma 4.2 we infer

lim L(x,yh)dx:/L(x,y)dx,
h—0 Qh Q

where g, and gy are the states associated with u; and «, respectively. Therefore
lim {2 a3, + e lnllz o } = Slal3ea + ol o).
h—0 L2 () h 2 ()

From this convergence and the weak convergence @, — @ (for an arbitrary extension
of i, to Q) in L?(Q) we deduce that @, — @ strongly in L?(£2). Now, Lemma 4.2
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implies that g, — ¥ and @ — @ in HY(Q) N C(Q). From formula (4.4c), for every
T € T;, we deduce the existence of zr € T such that

_ 1 1

b= (- o) =P (- L),

T TOJ[—1,+1] MT|/T<Ph z TOJ[—1,41] M‘Ph(xT)
and therefore

IA = Anll Lo (o) = max IA = AnllLoe ()

. 1_ . 1
< max max Proj_; 41 <— ;90(55)) —Proj_; 1 ( - M@@T))’
. 1_ . 1
+ max |Proj_y 4y (— ;w(wT)) — Proji_; 44 ( - uwh(wT))‘
and thus
- 1 1,
(4.9) A= AnllLee(e,) < ;Lcﬁh + ;||<P = @nllre=(a,) — 0,

where L is the Lipschitz constant of ¢. Finally, using (4.4a) and (3.5a), we can argue
in a similar way to conclude that [|@ — @z (q,) — 0. O

The next theorem is a kind of reciprocal result to the previous one for local
solutions. It is important from a practical point of view because it states that every
strict local minimum of problem (P) can be approximated by local minima of problems
(Pr).

THEOREM 4.5. Let @ be a strict local minimum of (P), then there exists a
sequence {Up}n>o of local minima of problems (Pp) such that (4.8) holds.

Proof. Let @ be a strict local minimum of (P), then there exists ¢ > 0 such that
4 is the unique solution of
(4.10) min  J(u),

uw€KNB, (1)

where B, (@) is a ball in L4(Q2) and all the elements of U}, are extended to {2 by taking
up(x) = a(z) for any x € Q\ Q. We will distinguish two cases: ¢ = 2 or ¢ = o0;
recall the comments made at the beginning of section 3. Let us consider the discrete
problems

P, min Jp(u).
( h) u€K}y,NBe (T) h( )

For every h sufficiently small, the problem £PE 1) has at least one solution. Indeed, the
only delicate point is to check that K; N B¢ (@) is not empty. To this end, we define
up € Uy, by

1
ﬂT:—/ﬂ(x)dx VT € Ty.
T Jr

Then, thanks to the Lipschitz regularity of @, we have ||4 — || L () — 0, therefore
i € Ky, N Be(a) for any h < hg and some hg > 0 sufficiently small.

Let 4, be a solution of (P.;) for h < hy. Then we can argue as in the proof
of Theorem 4.4 to deduce that any subsequence of {@p}n<p, converges strongly in
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L?(Q) to a solution of (P.). Since this problem has a unique solution, we have
|t — @n||L2(q) — O for the whole sequence as h — 0. If ¢ = 2, this implies that the
constraint u, € B.(u) is not active for h small, and hence @y, is a local solution of
(Pr) and (4.2) is fulfilled. Therefore we proceed as in the proof of Theorem 4.4 to
deduce (4.8).

If ¢ = oo, then (4.2a) and (4.2b) hold and (4.2¢) has to be replaced by
(4.11) / (L[Dh +vup + ,uj\h)(uh — ﬂh) dz >0 VYu, € Kyn Bg(ﬂ).
Qp

Let us define a.(z) = max{«, @(z) — e}, B-(x) = min{s, a(z) + ¢} and
Qer = Iax az(z), Per = ineHTl Be(x) VT € Y.

Then (4.11) is equivalent to
(/ @pdr + |T|[VUT+N)\T]> (up —tr) >0 Vaer <ur < fer VT € T,
T

which leads to the representation formula analogous to (4.4a)

_ . 1171 _ -
ur = PrOJ[asT,ﬁsT] (1/ |:|T‘ /T Ph dz + ,Uz)\Tj|)

. 1. 5
= PrOJ[asT,ﬁeT] < [@h(J?T) + ,LL)\T}) VT € 7;L

v

The representation formula (4.4c) still is valid, which leads to the convergence ||A —
)\]—LHLOO(Qh) — 0 as proved in Theorem 4.4. On the other hand, it is obvious that

1

. —_ N : 1
Proji, g <V[90(93) +AM(1’)}> = Projja, (2),6. ()] <

—;[@(w) + uj\(:r)}) vz € Q.
Also we have

lae (z) — aer| < ma%(ﬁ(:c) - mi;lﬂ(x) < Lgh Yz eT, VYT €T,
kS rEe

where Lj is the Lipschitz constant of 4. An analogous inequality is valid for S (z) —
Ber. Finally, we have for any x € T', with T' € Ty,

[u(z) — up ()| < |u(z) — u(zr)| + |u(zr) — ar|
< Lah + ‘ Projja, (ar). 6. (ar)] ( - %[@(w) + MX(Q?T”)
= Proifo.p .01 (= 5 [pnter) + na] )
< Lah + |ac(zr) — aer| + |Be(27) — Ber]
+ 2 {1p(er) — pular)| + i Ar) ~ Arl)
< 3Lgh+ % {Ilg = @nlloen) + 1 lIX = AnllLoe (@)} = 0.

Hence, we have that ||a—p|| 1< (q,) — 0 as h — 0, therefore the constraint @, € B. ()
is not active for small h. Consequently % is a local minimum of (Py). O
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4.2. Error Estimates. In this section, {@;}n~o denotes a sequence of local
minima of problems (Pj) such that ||& — tp||z~(q,) — 0 when h — 0, % being a
local minimum of (P); see Theorems 4.4 and 4.5. The goal of this section is to obtain
estimates of @ — @, in the L? and L™ norms. As we did in the proof of Theorem 4.5,
we extend all the functions uy, € Uy, to Q by taking uy, (r) = @(x) for every x € Q\ Q.
Analogously we extend \;, to Q by setting A\, (z) = M) for z € Q\ Q. Now, we recall
that Corollary 3.2 implies that @, A € C%!(Q), where A € 9j(u) and (@, \) satisfies
(3.4) along with the state y and the adjoint state ¢ associated with .

To derive the error estimates we are going to begin by invoking the first-order
optimality conditions (3.4c) and (4.2¢). Taking u = @y, in (3.4c), we get

(4.12)  F'(u)(ap —u) + u/ A (U, —u)dr = / (@+va+p(a, —u)dr > 0.
Q Q
Now, for any up, € K, we deduce from (4.2¢)

F;L(ﬂh)(uh—ah)—i—,u/j\h(uh—ah)dx:/ ((ﬁh-i-uﬂh-i-u;\h)(uh—ﬂh)dl‘zo.
Q Q

h

From here we get

(4.13)  F'(ap) (@ — un) + [Fy(@n) — F'(an)] (@ — @p) + [Fy(an) — F'(@)] (up — @)
+ F'(u)(up — u) + u/ A (up — p) dz > 0.

Adding (4.12) and (4.13) we deduce

(4.14)  [F'(ap) — F'(0)](an — ) < [F}(an) — F'(ap)] (@ — ap)

+ [Fi(an) — F'(@)] (up, — @) + F'(@)(up — @) +u/ﬂ)\(uh —a)dz

R RS AR R NI R
Q Q
for any uj, € Ky. This inequality is crucial in the proof of error estimates. To deal with

the left hand side of (4.14) we need @ to satisfy the sufficient second-order condition
F" () v? > 0 for every v € Cy \ {0}, or equivalently (see Theorem 3.8)

4.15 36 >0 and 37 >0 such that F”(@)v? > 6 ||v]|2. forallv e CT.
L2(Q) @

LEMMA 4.6. Let us assume that (4.15) holds. Then, there exists hs > 0 such that

)
(4.16) Slla— un 720,y < [F'(un) — F'(@)] (un —u) Vh < hs.

Proof. Using the mean value theorem we obtain
[F'(wy) — F'(w)] (an — @) = F"' (@ + Op(an — 0))(wy, — )°.
On the other hand, since F is of class C? in L?(f2), there exists ¢ > 0 such that

_ o o . _
[[F"(@) — F"(v)](an, — w)?| < g lan — 7z, i T =0l <e
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From the convergence ||% — p|| L~ (q,) — 0, we deduce the existence of h. > 0 such
that [|@ — @p||2(q) < € for h < he. Then, the last two relations lead to

[F'(an) — F'(@)] (@, — a)
> F"(a)(ay, —u)® — |[F"(a+ Op(un — @) — F"(@)] (an — 0)?|

)
> F'(u)(ay, — u)® - §Hﬂh —l|72(0,) Vh < he

If we prove that @y, —u € C for every h small enough, then (4.16) follows from (4.15)
and the previous inequality. Therefore, the rest of the proof is devoted to showing
that @y, —u € CF for every h sufficiently small. Let us define
up — U
Vh = 7=
lan — a2y
then there exists an element v € L?(€2) and a sequence hy — 0 such that v, — v
in L?(Q2). It is obvious that each vy, satisfies (3.7), and thus v also does. On the
other hand, (4.8) and Lemma 4.2 imply that ||d — JhHLoo(Qh) — 0, where d and d,
are defined by (3.10) and (4.5), respectively. From (3.11), we know that @(z) = «
whenever d(zy) > 0. Moreover, there exists p > 0 and h, > 0 such that dy(x) > 0
for almost all « € Q satisfying |« — x| < p and h < h, < p. Then, (4.6) implies that

un(xo) = a too, hence vy (xp) = 0 for h < h, and almost all = satisfying d(z¢) > 0.
Analogously, we can prove that vj,(zg) = 0 for h small enough if d(zo) < 0. We
have that vs, — v in L2(Qp), where Qg = {z € Q : d(x) # 0}. And also we have
vp,, () — 0 pointwise for almost every x € y. Consequently, v = 0 in Qg holds, see

[12, p.207], and therefore
(4.17) F'(ﬂ)v—l—,u/j\vdx:/cfvdx:/\cﬂ|v|dx:0.
Q Q Q

Now, we study the limit of j'(a@;vp, ). First we observe that

(4.18) klggo{/gjvhkdx_/guvhkdm}:/gjvdx_/g vdz.

The limit in the integral over QY is more complicated. First, we observe that (3.5b)
implies
Oy = {z € Q:1p(2)] < u}.

If |p(xo)| < p, then arguing as above we have that |@gy(x)| < p for | — 9] < p and
h < h, < p, hence (4.4b) implies that @y (zo) = 0 for h < h,. Thus, we have that
vp, () — 0 for |@(x)| < p, which leads to v(z) = 0 in the same set.

If ¢(xg) = p, then (3.5c) implies that A(zg) = —1, consequently \,(z) < 0 in a
neighborhood of xg for every h small, hence with (4.3) we get that @y (x¢) < 0 for
every small h. Thus v, () < 0 whenever @(x) = p and h is small, and hence v(x) < 0

in the same set. Analogously we obtain that vy, (z) > 0 whenever ¢(x) = —p and h
is small, and consequently v(z) > 0. All together leads to

(4.19) lim |vp, | dz = lim {/ |vhk|dx+/ |Uhk\dx}

:klgr;o{—/gtvhkda:—#/ﬂ vhkdx}:—/ﬂtvdx+/ﬂuvdx:/ﬂg|vd:c,

"
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where

+_ 0. 5(r) — - _ 0. 5(r) —
Q) ={re Qg @) =+p} and Q, ={re€Qy:¢(x)=—u}.

From (4.18), (4.19) and the fact that A(z) = +1 (respectively, —1) for z € Q,
(respectively, ), we deduce

k—o0

(4.20) lim j'(@;vn,,) = j'(a;v) / Avdz.
From identities (4.17) and (4.20) it follows
Jim {F (@) vn + p ' (@5 0n,)} = F(@) v + pj' (@ 0) = 0,
This equality holds for any weakly convergent subsequence of {vj }~0, therefore
hm {F a)vn + g (@op) } = 0.

Consequently, given 7 > 0 satisfying (4.15), there exists h, > 0 such that

F'(a)vn, + pj (@op) <7 Yh < by
From this inequality and the definition of v;, we conclude

F' () (n — ) + p ' (@ i, — ) < 7 lan — g2,

which concludes the proof of @, — @ € C7Z. Thus, inequality (4.16) holds for any
h < hs = min{h., h,}. O

Combining (4.14) and (4.16), and assuming that @ satisfies the second-order suf-
ficient condition (4.15), we get

(421) i~ inl3aga,, < [FhGE) — F/ ()] (3~ )
+ [Fy(un) — F'(@)] (u, — @) + F' (@) (up — ) + u/ﬂf\(uh —a)dz
[ (=) an =) da g [ O = N = ) da

for any u;, € Kp. The rest of the section is devoted to estimating the right hand side
of the above inequality. To deal with the first two terms we give the following lemma.

LEMMA 4.7. Let u,v € L*(2) bounded by a constant M > 0 and w € L*(Q),
with w(x) =0 in Q\ Q. Then, there exists Cpr > 0 such that

(4.22) [} () — F'(w)] w] < Car (2 + llu = vl 20 ] 2.

Proof. 1f we denote by ¢ (v) and ¢, the discrete and continuous adjoint states
associated with v and u, respectively, we have
(@) - F@)ul =| [ (o) +vo)wds = [ (oo +vi)wds
Q Q

< (llen(v) = @ullLz) + v llv — ullL2)) lwllL2)-
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Now, it is enough to use (4.7b) to deduce (4.22) from the above inequality. O

Using (4.22) and Young’s inequality we can estimate the first two terms in (4.21)
by

[Fy (an) — F'(an)] (@ — ap) + [Fy(an) — F'(@)] (up — @)
< C{R?||an —al L2, + [+ llan = all 2] llun — @l 20, }
o, _ _ _
< lan =z, + O {B* + lun — iz, } -

From this inequality and (4.21) we infer
) _
Z”ﬂ — ﬁhH%}(Qh) < {h4 + ||uh — ﬂ”%z(gh)} + F'(ﬂ)(uh —u) + /L/ A(up, —u)dx
Q

(423) +MA(X—Xh)(ﬂh—ﬂ)d$+ML(Xh —X)(uh—ﬂ)dx

for any uj, € Kj,. Let us introduce a convenient element ; € K;, which approximates
. We define

1
— [ a(x)dz if It #0,

I
ap, = Z ur X7, Wwhere ur = 1T r
TET, —/ a(z)dz otherwise,
7| Jr

with

IT:/TJ(LU) da.

Now @y, is extended to Q by setting 4y (x) = @(z) for z € Q\ Qp,.
LEMMA 4.8. The following statements hold.
1. up € Ky,

2' ||ﬂh - ,L_L”LOQ(Q}L) S Ch’;

3. F’(a)(ah—a)+u/ﬂi\(ah—a)dx=/Qd(ah—a)dxzo,

The proof of this lemma follows the steps of [6, Lemma 4.8]. Indeed, ) does not
play any role in the proof. The only thing to take into account is that @ and d are
Lipschitz functions. Inserting this control @, into (4.23) we get

) _ _ _
(4.24) Zua — anll20p) < C [W* + hIAL = AlL2an)] + M/Q(A — ) (ap, — @) da.

Let us estimate A — A,. By the estimates (4.9) and (4.7c) we infer
1A= Al < C [h+llan — @l 2o, -

Inserting this estimate into (4.24) and using once again Young’s inequality we get

§ o
(4.25) g||a — Upl|72(q,) < Ch? + u/@()\ — )@y — @) dz.
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Finally, we estimate the last term.

LEMMA 4.9. The following inequality holds:

(4.26) /Q (% — M) (i — @) dz < 0.

Proof. By (3.1), (4.3) and the property 4, = @ in Q \ Qj, we get

/Q(Z\Xh)(aha)dx/A(aha)der/QhXh(aah)dx

Q

< lanllzr ) = 1@l @) + 1@l @y — ll@nllLy@,) = 0.

With (4.25) and (4.26) we have proved the following theorem.

THEOREM 4.10. Let @ be a local minimum of problem (P) and let {ap}r>0 be
a sequence of local minima of problems (Py) such that ||& — @p| = (q,) — 0. Let us
assume that (4.15) holds. Then there exists a constant C > 0 independent of h such
that ||ap — ’UHL2(Qh) < Ch.

Finally, combining this theorem with (4.7c) and (4.9) and the representation
formulas for @ and @, we get the following result.

COROLLARY 4.11. Under the assumptions of Theorem /.10, we have
@ — | oo 0,y + 1A = Ml zee @) + 100 = Gll L) + 188 — @l Lo (@) < Ch,
for some constant C > 0 independent of h.

5. A Variational Discretization of (P). In this section we consider a partial
discretization of (P). As in Section 4, we consider a triangulation of 2 under the same
hypotheses, Y}, is defined in the same way leading to the same discrete state equation
(4.1). However, we do not discretize the controls and we set U, = L>°(Q2). Rather, the
controls are implicitly discretized by the representation formula, see (5.1). This idea
was introduced by Hinze [13] and it was called variational discretization of the control
problem. This discretization is numerically implementable (although the discretized
problem continues to be an infinite dimensional optimization problem) thanks to the
fact that the optimal control @y, is a projection of the adjoint state, which is piecewise
linear, translating this property to @,. This incomplete discretization leads to an error
estimate of i — iy, of order h? in the L?(Q;) norm as we will prove in this section.

The problem (Qp,) is defined as follows

min Jp, (up) = Fp(up) + pjn(un)
(Qn)

up € K
where F}, : L?(Q;,) — R and j, : L'(Q,) — R are defined as in Section 4. The
proof of the existence of a solution uy, of (Qy) is the same as for the problem (P). The
optimality conditions satisfied by a local minimum of (Q},) are given by Theorem 4.1
with K replaced by K. This change leads to the same relations formulas proved in
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Corollary 3.2, i.e.,

(5.1a) Up () = Proji, g ( -
(5.1b) ap(z) =0 |@n(z)|
(5.1c)
These expressions are valid for every = € €.

S\h(l‘) =+1
S\h(l‘) =-1
Mn(z) € [—1,+1]

Also we have
if ap(x) > 0,
if ap(x) <0,
if ﬂh(x) =0

23

Theorem 4.4 is valid for the problem (Qp,). Let us mention the only two changes
in the proof. First, given a solution @ of (P), we do not need to introduce @y, as we
did in the proof, we just take u; = u because now K; = K. On the other hand, using
(3.5¢) and (5.1c) we have that

R . 1_ . 1_ 1,
ARl = || Projia (=8) ~Proias (= 2n) . ) < 216~ @nlwcony

and
_ _ 1 = Y A 3\
o= anll ) < <@+ 82 = (@h+ 1A o)

With these changes the proof follows the same steps. Theorem 4.5 is also valid. In
fact, its proof is easier for the new problem (Qj) by using the properties (5.1). For
instance, in the definition of (P.) we have to replace K}, by K, then it is obvious that
@ is a feasible control of (P.). We consider the functions a. and . and we get from
(4.11) that

(2 (a) + (@),

un(x) = Proji,, s, ( -

Moreover, from the definition of o, and 5. also we have

(p(a) + 1))

14

’L_L(I) = PI‘Oj[aEVﬁE] (

From the last two inequalities we deduce that

o 1, < i <
@ — tn Lo (q,) < ;||(<P + ) = (@n + pAn)ll L)

With these observations the proof of Theorem 4.5 is immediate. Finally, we have the
following error estimates.

THEOREM 5.1. Let @ be a local minimum of problem (P) and let {ap}r>0 be a
sequence of local minima of problems (Qn) such that || — U (q,) — 0. Let us
assume that (4.15) holds. Then there exists a constant C' > 0 independent of h such
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that

(5.2a) @ = an) 20, + 1A = Anllz2(,) < CR2,

(5.2b) | = @nl| Lo ) + A = AnllLoe @) < CR*77 |loghl,
19 = Onll2@,) + 18 = @nllr2an)

(5.2¢) +h(7 = Tnllm@n) + 18 — Gl @) < Ch?,

(5.2d) 17 = Tl (0) + 18 — @nllz(n) < Ch*7 7 |loghl.

Proof. Arguing as in the previous section we see that the inequality (4.14) is valid
for any up € K. Then we select up = @ and (4.14) becomes

[F'(an) — F'(@)](an, —a) < [Fy(an) — F'(ap)] (@ —an) + p /S 2(A — ) (@p — @) da.
Obviously Lemmas 4.6, 4.7 and 4.9 are still valid, then applied to the previous in-
equality we obtain the estimate || — @sl|r2(q,) < Ch?. This estimate combined with
(4.7a) and (4.7b) prove (5.2c). Now (5.2d) is an immediate consequence of (4.7¢) and
the estimate obtained for the controls. The L>°(£2;) estimate for the controls follows
from (5.2d) and the representation formulas (3.5a) and (5.1a). Finally, the estimates

for A — \j, are consequences of the estimates (5.2c) and (5.2d) and the representation
formulas (3.5¢) and (5.1c). O

6. Numerical Validation. The purpose of the numerical examples is to verify
the theoretical results of the full discretization (Section 4) and variational discretiza-
tion approaches (Section 5). Let us fix the parameters of Problem (P). The domain
Q = B;(0) C R? is the unit circle and the state equation (2.1) is given by

—Ay+y>=u inQ,
y=0 onT.
The part L of the objective is the standard tracking type functional, i.e. L(z,y) =

2(y — ya(x))? with yg(x1,z2) = 4 sin(27 z1) sin(m x2) e**. For the remaining param-
eters we choose

v=2-10"3, a=-12
p=3-107% B= 12

The adjoint equation (3.4b) is now given by

~AG+37 @ =7 —ya inQ
p=0 on I'.
The FEM library FEniCS [10, 14] and the Computational Geometry Algorithms Li-

brary (CGAL) [7] were used for all discretization related aspects of the implementa-
tion.
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6.1. Full Discretization. As described above, we employ continuous piecewise
linear (P;) discretizations of the state y and adjoint state ¢ and a piecewise constant
approximation (Py) of the control u. Now, the discretized optimality conditions for
(P,) are

(6.1) Find  (yn,pn,un) € Yy, X Y3 x Uy, such that

Vyn - Vzn + yi zpdxr = / up, 2, dx for all z;, € Y},
Qh Qh
Von -V, +3yi op znde = / (yn — ya) zndz for all z; €Yy

Qh Qh

1 .
[goT —Proji_,, 4 (goﬂ}) onall T € Ty,

\ ur = Proji, g ( >
where pr = ﬁ fT p dx is the mean value of ¢, on T. Note that we have inserted
(4.4c) into (4.4a). The nonlinear system (6.1) is solved via a semi-smooth Newton
method and for a sequence of different meshes, similar as in [17]. An example for the
discretized optimal control on two different meshes is displayed in Figure 6.1. The
error with respect to the solution on the finest grid (h* = 27%) is shown in Table 6.1
and Figure 6.2(a). It confirms the linear rate of convergence w.r.t. h. The error in the
L norm falls below 12 = § — 0 = 0 — « only as soon as the relatively small margin
between the parts of the domain where @ € {«,0, 5} is resolved by the mesh. Note
also that the meshes for this example are not nested.

FIG. 6.1. Optimal control @y, for the case of full discretization on the unit circle, h = 273 and
h =278, Dark blue and dark red areas correspond to Uy = +12 and gray areas to Uy = 0.

We remark that the analysis above carries over to problems defined on a convex
polygonal domain 2; see Remark 2.4. Indeed, we observe the same convergence rates
for the case Q = (0,1)? C R? with all other problem data unchanged, see Table 6.1
and Figure 6.2(b). The finest grid in this case was h* = 279.

6.2. Variational Discretization. As described above, we employ continuous
piecewise linear (P;) discretizations of the state y and adjoint state ¢ and a variational
approximation of the control u, i.e., U = L>®°(2). Now, the discretized optimality
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unit circle unit square
b up —tpe ez (|un = Gnellpe [Jan — Gnellr2 [[an — Gps| e
21 10.8288 14.8802 8.3472 12.0000
272 6.9220 12.0000 5.8162 12.0000
273 3.5205 12.0000 2.8185 12.0000
24 1.6310 12.0000 1.5246 12.0000
2% (.8463 8.3641 0.7899 9.9094
276 0.4300 5.1796 0.3983 5.0352
27 0.2360 2.9225 0.1989 2.1658
28 0.0896 0.7267
TABLE 6.1

L? and L errors in the control on the unit circle and the unit square in case of full discretiza-
tion, see also Figure 6.2. The error was computed against the solution on the finest grid, using
h* =278 on the unit circle and h* = 279 on the unit square.

Unit circle Unit circle
10'
10't
10°
—— 2 error, — L error
o ‘ ‘ [ ] order 1 ‘ ‘ [ ] order 1
107 107 10° 107 107" 10°
mesh size mesh size
(a) unit circle
Unit square Unit square
101 1
10 r
10° }
107} I [
—— L2error, — L™ error
[ ] order 1 [ order1
107 107 10° 107 107" 10°
mesh size mesh size

(b) unit square

F1G. 6.2. Illustration of the convergence order for the optimal control w.r.t. the L? and L™
norms in case of full discretization, see also Table 6.1.
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Unit square Unit square
10' .
10 1
10° ¢
107} T (U ]
—— L2error —= L™ error
[ ] order 1 [ ] order 1
107 107 10° 107 107 10°
mesh size mesh size

Fic. 6.3. Illustration of the convergence order for the optimal control on the unit square w.r.t.
the L2 and L™ norms for the case of full discretization, see Table 6.1.

conditions for (Qp,) are

(6.2) Find (yn,pn) € Yy, x Y}, such that

Vyn - Ve +y3 2z de = / up(on) zp da for all z;, € Y3,

Qp Qp

Veop - Vzp + 3y,2Z wp zpde = / (yn — ya) zndz for all z;, € Yy,

Qh Qh

where we use the relationship between wu;, and ¢y,

. 1 . 1
(6.3) un(pn) = Proji, g (;(—% + u)) + Projg g (;(“Ph - M)>,
due to (5.1). The nonlinear system (6.2) is solved via a semi-smooth Newton method
and for a sequence of different meshes.

The error in ¢ with respect to the solution on the finest grid (h* = 278) for
the unit circle is shown in Table 6.2 and Figure 6.4(a). It confirms the quadratic
rate of convergence w.r.t. h. By the Lipschitz continuity of the projection (6.3) with
Lipschitz constant 1/v, the same convergence order holds for the control @. Since the
computed controls uy have kinks on the triangles of the mesh and since the meshes are
not nested, computing the actual error in up would be rather complicated. Table 6.2
shows the results for the unit square with a finest grid size h* = 27°.
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