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Abstract

The formulation, analysis, and numerical solution of distributed
optimal control problems governed by lambda-omega systems is pre-
sented. These systems provide a universal model for reaction-diffusion
phenomena with turbulent behavior. Existence and regularity prop-
erties of solutions to the free and controlled lambda-omega models
are investigated. To validate the ability of distributed control to drive
lambda-omega systems from a chaotic to an ordered state, a space-time
multigrid method is developed based on a new smoothing scheme. Con-
vergence properties of the multigrid scheme are discussed and results
of numerical experiments are reported.
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1 Introduction

Lambda-omega (λ− ω) systems represent a ‘universal model’ to investigate
chemical reaction processes [19], to describe the time evolution of biologi-
cal systems [27], to analyze the mechanism of pattern formation [6], and to
study the onset of turbulent behavior [25]. An example of an emerging tech-
nological application based on pattern forming systems is given by memory
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2 A. BORZÌ AND R. GRIESSE

devices using magnetic domain patterns [7]. In this and many other appli-
cations, it is often required to act on the given reaction diffusion system to
drive it towards a desired state or to optimize some process modeled by the
system.

Considering the importance of possible applications related to controlled
lambda-omega models, we present in this paper the formulation, analysis,
and numerical solution of optimal control problems governed by a represen-
tative λ−ω system. We focus on distributed control since, apparently, only
this control mechanism can effectively influence the system. Distributed con-
trol can be realized, e.g., by laser pulses, magnetic fields, injection/suction
of species, etc.. In the context of chemical reactions involving ionic species,
the control may stand for an electric field applied to drive the system to
form a desired conductivity pattern [14].

Concerning the theoretical investigation of reaction-diffusion systems related
to λ−ω models see [21,31–33] and references given there. We contribute to
this research by proving, in an appropriate functional setting, existence and
regularity properties of solutions to the λ−ω system subject to homogeneous
Dirichlet or Neumann boundary conditions.

For the optimal control formulation of reaction diffusion systems, relatively
few results are available; see, e.g., [23, 24, 28]. In particular, we men-
tion [17,18] for optimal control problems of single-species equations, and [15]
for an optimal control problem of a phase–field equation. In [12], optimal
control of a two-species reaction-diffusion model with monotone nonlinear-
ities has been considered. In contrast lambda-omega systems possess non-
monotone nonlinearities. For this class of problems, we prove existence of
solutions to the corresponding optimal control problems with distributed
control. Although the system may be chaotic, the control–to–state map is
continuous and even differentiable.

It is the second goal of this paper to numerically validate the ability of
distributed control to drive the λ − ω system from a chaotic to an ordered
state. To this end, we propose an efficient space-time multigrid solver for
reaction-diffusion optimal control problems capable of handling the chaotic
dynamics. In this setting, we expect that otherwise efficient approaches such
as proper orthogonal decomposition or adaptive grid refinement techniques
may not achieve their maximum performance.

In the following section, lambda-omega systems are introduced and ana-
lyzed. Existence, uniqueness, and smoothness properties of solutions are
proved. In Section 4, we introduce a class of optimal control problems for
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the λ− ω system and derive its first-order necessary and second-order suffi-
cient optimality conditions. Existence of global optimal solutions is proved.
In Section 5 we describe the discretization of the optimality system and its
solution by a new space-time multigrid scheme suitable for time-dependent
multi-species reaction-diffusion optimality systems. In particular we focus
on the formulation and properties of a new smoother. In Section 6, by
means of the multigrid algorithm, we elaborate on numerical experiments to
validate the present optimal control formulation. Some concluding remarks
complete the exposition of this paper.

2 Lambda-omega systems

General two-species reaction-diffusion systems are of the form

∂y1/∂t = F1(y1, y2;β) + σ∆y1, (1)

∂y2/∂t = F2(y1, y2;β) + σ∆y2, (2)

where F1 and F2 are nonlinear functions modelling reaction kinetics, β is
a reaction parameter, and σ > 0 is the diffusion coefficient. Of particular
importance for modelling life-systems are reaction-diffusion equations where
the reaction kinetics exhibit a periodic limit cycle behavior via a Hopf bifur-
cation. In this case, in the vicinity of the Hopf bifurcation, systems of the
type (1)–(2) are similar to lambda-omega systems; see [10]. Lambda-omega
systems are of the form

∂

∂t

(

y1

y2

)

=

[

λ(s) −ω(s)

ω(s) λ(s)

](

y1

y2

)

+ σ ∆

(

y1

y2

)

, s2 = y2
1 + y2

2 , (3)

where λ(s) and ω(s) are real functions of s.

We focus on a representative functional form of λ and ω which was proposed
in [20] to model chemical turbulence; see also [27,31] and the references given
there:

λ(s) = 1 − s2 and ω(s) = −β s2. (4)

It is easy to show that |β| is the essential parameter so we assume β > 0 in
what follows. Equations (3)–(4) can also be written in their complex form

wt = w − (1 + iβ)|w|2 w + σ ∆w, (5)
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Figure 1: Solution y1 of (3)–(4) for β = 1 (left) and β = 2 (right) and σ = 10−4 with
zero Dirichlet (top) and zero Neumann (bottom) boundary conditions, at t = 200 and
for (x1, x2) ∈ Ω = (0, 1)2. Dark regions correspond to negative values, bright regions
correspond to positive values.

where w = y1 + iy2, which is a special case of the complex Ginzburg-Landau
model; see, e.g., [33]. These equations have a long history in physics as a
generic amplitude equation near the onset of instabilities that lead to chaotic
dynamics in fluid mechanical systems.

System (3)–(4) possesses spiral wave solutions which persist indefinitely. In
Figure 1, snapshots of uncontrolled solutions for the regular (left) and tur-
bulent (right) regimes are presented. As β becomes larger than a threshold
value, spiral wave solutions become unstable and nucleate spontaneously
giving rise to turbulence. It is important to recognize that the occurrence
of persistent spatio-temporal structures is possible because of instability in-
herent in the system. Roughly speaking, for a given domain Ω, the diffusion
rate σ has to be chosen sufficiently small in order to obtain persisting pat-
terns. This is the focus in our numerical examples in Section 6 where we
choose σ = 10−4 for Ω = (0, 1) × (0, 1). On the other hand, the onset of
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turbulence is due to instability of (pattern) solutions as β becomes large.
For a detailed discussion and additional references, see, e.g., [3, 29].

3 Existence and uniqueness of solutions

Before addressing optimal control problems governed by (3)–(4), we first
investigate the existence and uniqueness of solutions of the forward problem.
Assume Ω to be a sufficiently regular bounded domain in R

2. For given final
time T > 0, we denote by Q = Ω × (0, T ) the space-time cylinder and by
Σ = ∂Ω × (0, T ) its lateral boundary. For convenience, let us rewrite below
the λ − ω system with source terms, which later represent the distributed
control. We have

∂

∂t

(

y1

y2

)

=

[

1 − (y2
1 + y2

2) β(y2
1 + y2

2)

−β(y2
1 + y2

2) 1 − (y2
1 + y2

2)

](

y1

y2

)

+ σ∆

(

y1

y2

)

+

(

u1

u2

)

,

(6)

subject to homogeneous Neumann boundary conditions

σ
∂

∂n

(

y1

y2

)

=

(

0

0

)

on Σ, (7a)

or homogeneous Dirichlet boundary conditions

(

y1

y2

)

=

(

0

0

)

on Σ, (7b)

and initial conditions
(

y1(·, 0)

y2(·, 0)

)

=

(

y10

y20

)

on Ω. (8)

Let us prove that (6)–(8) has a unique solution in appropriately chosen
spaces. As usual, Lp, H1 and H1

0 are standard Sobolev spaces [1], and
H1(Ω)⋆ and H−1(Ω) are the duals of H1(Ω) and H1

0 (Ω), respectively.

Since Ω ⊂ R
2 and because of the presence of cubic nonlinearities, we consider—

in contrast to the standard W (0, T ), see, e.g., [8, Chapter XVIII]—the higher
order state space H2,1(Q) given by

H2,1(Q) = {y ∈ L2(0, T ;H2(Ω)) : ∂y/∂t ∈ L2(0, T ;L2(Ω))},
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in case of Neumann boundary conditions and

H2,1(Q) = {y ∈ L2(0, T ;H2(Ω) ∩ H1
0 (Ω)) : ∂y/∂t ∈ L2(0, T ;L2(Ω))}

in case of Dirichlet boundary conditions, endowed with the usual norm

‖y‖H2,1(Q) = ‖y‖L2(0,T ;H2(Ω)) + ‖yt‖L2(0,T ;L2(Ω)).

In the sequel, we shall use the shorter notation L2(0, T ;H1) instead of
L2(0, T ;H1(Ω)), etc.

Our proof of the Existence and Uniqueness Theorem below is based on the
Leray-Schauder fixed-point theorem [11, p. 222], which we cite for conve-
nience:

Leray-Schauder Fixed-Point Theorem Let T be a compact operator of
the Banach space B into itself. Suppose that for all s ∈ [0, 1], there exists
a constant M > 0, independent of s, such that y = s · Ty implies that
‖y‖B ≤ M . Then T has a fixed-point.

Let us define the operator T by means of the relation v = Ty where v is the
unique solution of the linear PDE system

∂

∂t

(

v1

v2

)

=

[

1 − (y2
1 + y2

2) β(y2
1 + y2

2)

−β(y2
1 + y2

2) 1 − (y2
1 + y2

2)

](

v1

v2

)

+ σ∆

(

v1

v2

)

+

(

u1

u2

)

,

(9)

subject to homogeneous Neumann boundary conditions and initial condi-
tions vi(·, 0) = yi0 ∈ H1(Ω), or Dirichlet boundary conditions and vi(·, 0) =
yi0 ∈ H1

0 (Ω). For s ∈ R, v = s · Ty holds if in (9), ui is replaced by s · ui

and yi0 is replaced by s · yi0.

Proposition 1 (Properties of T ) The operator T maps B = [H2,1(Q)]2

into itself. Moreover, T is compact and satisfies the condition of the Leray-
Schauder Theorem.

The proof has been postponed to Appendix A.1 to improve readability. Our
main result in this section is the following

Theorem 2 (Existence and uniqueness) Given initial conditions y10,
y20 in H1(Ω) in the case of Neumann boundary conditions and y10, y20

in H1
0 (Ω) in the case of Dirichlet boundary conditions, and source terms u1,
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u2 in L2(Q), there exists a unique solution (y1, y2) in [H2,1(Q)]2 of (6)–(8)
which satisfies the a priori estimate

‖y1‖H2,1(Q) + ‖y2‖H2,1(Q) ≤ p
(

‖y10‖H1(Ω), ‖y20‖H1(Ω), ‖u1‖L2(Q), ‖u2‖L2(Q)

)

(10)

with some polynomial p : R
4 → R of order 6.

We do not aim at obtaining a sharp a priori estimate as (10) suffices to show
the boundedness of the states presuming the boundedness of the controls, see
the proof of Theorem 4 below. The proof of Theorem 2 has been postponed
to the Appendix A.2.

Proposition 3 (The control–to–state map) The map [L2(Q)]2 ∋ u 7→
y(u) ∈ [H2,1(Q)]2 defined by the unique solution of (6)–(8) is continuous
and Fréchet differentiable.

Proof. This property follows immediately from the implicit function theo-
rem in Banach spaces [9, Theorem 15.1]: Note that the linearized problem

∂

∂t

(

y1

y2

)

=

[

1 − 3y2
1 − y2

2 + 2βy1y2 βy2
1 + 3βy2

2 − 2y1y2

−3βy2
1 − βy2

2 − 2y1y2 1 − y2
1 − 3y2

2 − 2βy1y2

](

y1

y2

)

+ σ∆

(

y1

y2

)

+

(

f1

f2

)

in Q (11)

with homogeneous Neumann or Dirichlet boundary conditions and initial
conditions (y1(·, 0), y2(·, 0)) = (g1, g2) is easily seen to have a unique solu-
tion in [H2,1(Q)]2 for all fi ∈ L2(Q) and all gi ∈ H1(Ω) or gi ∈ H1

0 (Ω),
respectively, which depends continuously on the right hand side and initial
data fi and gi.

4 The optimal control problem

With the results from the previous section available, we are ready to dis-
cuss distributed optimal control problems governed by the λ−ω system (6),
where u1 and u2 are the control functions for the two species y1 and y2. The
purpose of the control is to let the system follow desired trajectories, rep-
resented by functions yid ∈ L2(Q), and/or to reach desired terminal states,
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denoted by functions yiT ∈ L2(Ω). (yid and yiT need not be attainable.) For
this purpose, we take

J(y, u) =

2
∑

i=1

(

αi

2
‖yi(·, T ) − yiT‖

2
L2(Ω) +

βi

2
‖yi − yid‖

2
L2(Q) +

γi

2
‖ui‖

2
L2(Q)

)

,

(12)

as the objective function, where y = (y1, y2) and u = (u1, u2), and the
weights αi, βi are nonnegative and γi is positive. To summarize, the optimal
control problem under consideration is

OCP Minimize (12) over (y, u) ∈ [H2,1(Q)]2 × [L2(Q)]2

such that the λ − ω system (6)–(8) is satisfied.

Proposition 4 (Existence of a global optimal solution) There exists
at least one global minimizer for OCP.

Proof. We only sketch the main steps of the argument since we follow a
common line of proof, cf. [28]. Let (yn, un) be a minimizing sequence, i.e.,
J(yn, un) converges to the infimum of J(y, u) over all feasible (y, u). Then
{un

i } is bounded in L2(Q). By the a priori bound (10), {yn
i } is also bounded

in H2,1(Q). Thus we can extract weakly convergent subsequences. These
satisfy the λ−ω system (6)–(8) as can be shown by the same technique used
in Proposition 1. Weak lower semi-continuity of J completes the proof.

First-order necessary conditions are the basis for finding local optimal solu-
tions. We now verify that if (y, u) is a local optimal solution for OCP, then
there exists an adjoint state p such that the following first-order necessary
conditions are satisfied.

Proposition 5 (First-order necessary conditions) Let (y, u) be a local
optimal solution for OCP. Let p be the unique solution in W (0, T ) of the
adjoint equation

−
∂

∂t

(

p1

p2

)

=

[

1 − 3y2
1 − y2

2 + 2βy1y2 −3βy2
1 − βy2

2 − 2y1y2

βy2
1 + 3βy2

2 − 2y1y2 1 − y2
1 − 3y2

2 − 2βy1y2

](

p1

p2

)

+ σ∆

(

p1

p2

)

−

(

β1(y1 − y1d)

β2(y2 − y2d)

)

in Q (13)

(

p1(·, T )

p2(·, T )

)

= −

(

α1(y1(·, T ) − y1T )

α2(y2(·, T ) − y2T )

)

in Ω
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with Neumann or Dirichlet boundary conditions (the same as for the state
equation). Then u and p satisfy

γ1u1 − p1 = 0 and γ2u2 − p2 = 0 on Q.

Proof. The proof proceeds by defining the reduced objective f̃(u) = f(S(u), u)
using the control–to–state map S, where u = (u1, u2). We only sketch the
main steps and refer, e.g., to [30] for details of this technique. A necessary
condition for u to be a local minimizer is that the gradient of f̃ vanishes.

Multiplying the adjoint equation (13) by the solution of the linearized state
equation, integrating over Q and using integration by parts, we find that
the Fréchet gradient of f̃ is exactly ( γ1u1 − p1, γ2u2 − p2 )⊤ from where the
claim follows.

In order to ensure the local optimality of a given state/control pair, one can
invoke the following second-order sufficient conditions:

Proposition 6 (Second-order sufficient conditions) Suppose that the
state/control pair (y, u) and its adjoint state p satisfy the first-order nec-
essary conditions (Proposition 5). For any given (u1, u2) ∈ [L2(Q)]2, let
(y1(u), y2(u)) be the unique solution of the linearized equation (11) with
right hand side f1 = u1 and f2 = u2 and initial conditions g1 = g2 = 0. If
all such pairs (y, u) satisfy the estimate

2
∑

i=1

(αi

2
‖yi(·, T )‖2

L2(Ω) +
βi

2
‖yi‖

2
L2(Q) +

γi

2
‖ui‖

2
L2(Q)

)

+

∫

Q
(y1, y2)

⊤

(

6y1 (2 − β)y2 − 2βy1

(2 − β)y2 − 2βy1 2y1 − 6βy2

)(

y1

y2

)

p1

+

∫

Q
(y1, y2)

⊤

(

2y2 + 6βy1 2y1 + 2βy2

2y1 + 2βy2 2βy1 + 6y2

)(

y1

y2

)

p2

≥ ρ

2
∑

i=1

(

‖yi‖
2
H2,1(Q) + ‖ui‖

2
L2(Q)

)

with some ρ > 0, then (y, u) is a strict local optimal solution.

Proof. The proof follows from the general result in [26].

As is usually the case for optimal control problems with quadratic objec-
tive functions, second-order sufficient conditions are satisfied whenever the
adjoint states p1 and p2 are ”small”, i.e., whenever the desired states and
trajectories yiT and yid can be approached reasonably well.
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Proposition 7 (Adjoint regularity) If the desired terminal states yiT

are in H1(Ω) (or in H1
0 (Ω) in the case of Dirichlet boundary conditions),

then the adjoint states pi are in H2,1(Q).

5 Discretization and multigrid solution of

λ − ω optimality systems

To validate the effectiveness of the distributed optimal control mechanism
analyzed in the previous section, the numerical solution of the optimality
system is required. This is a difficult task especially in the regime of tur-
bulent behavior. To achieve this goal, we propose a space-time multigrid
approach whose main component is a new robust smoothing iteration suit-
able for small diffusivity σ required for turbulent evolution. Space-time
multigrid schemes were originally proposed in [13] to solve scalar parabolic
problems. For a recent contribution in this field see [16].

While this iteration has been developed to solve λ − ω optimality systems
with distributed control, its applicability is not limited to this case. In fact,
it can be easily extended to solve other nonlinear multi-species reaction-
diffusion optimal control problems. In addition, our approach is also capable
of solving boundary control problems after the necessary modifications. In
doing so, we have verified that boundary control is unable to influence the
chaotic λ−ω system in regions away from the boundary. This is due to the
small diffusivity and the turbulent behavior of the system.

We discuss our multigrid framework considering the λ−ω optimality system
discretized by finite differences and the backward Euler scheme as follows.
Let us denote by {Ωh}h>0 a sequence of uniform grids and assume for sim-
plicity that Ω is a square. In the sequel, Ωh is the set of interior mesh-points
xij = (x1i, x2j), x1i = (i− 1)h and x2j = (j − 1)h, i, j = 2, . . . ,Nx + 1. The
Laplacian with homogeneous Neumann or Dirichlet boundary conditions is
approximated by the common five-point stencil and denoted by ∆h.

For grid functions vh and wh defined on Ωh we introduce the discrete L2(Ω)–
scalar product (vh, wh)L2

h(Ωh) = h2
∑

x∈Ωh
vh(x)wh(x) with associated norm

|vh|0 = (vh, vh)
1/2

L2

h(Ωh)
. Moreover, let us denote by ∆t = T/Nt the time step

size and define the space-time grid

Qh,∆t = {(x, tm) : x ∈ Ωh, tm = (m − 1)∆t, 1 ≤ m ≤ Nt + 1}.
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On this grid, ym
h denotes a grid function at time level m. The action of

the backward and forward time difference operators on such a function is
defined by

∂+
t ym

h =
ym

h − ym−1
h

∆t
and ∂−

t ym
h =

ym+1
h − ym

h

∆t
,

respectively; see [2] for details. For grid functions defined on Qh,∆t we use the

discrete L2(Q)–scalar product with norm ‖vh,∆t‖0 = (vh,∆t, vh,∆t)
1/2

L2

h,∆t(Qh,∆t)

where (vh,∆t, wh,∆t)L2

h,∆t(Qh,∆t)
= ∆t h2

∑

(x,t)∈Qh,∆t
vh(x, t)wh(x, t). For

convenience, it is assumed that there exist positive constants c1 ≤ c2 such
that c1h

2 ≤ ∆t ≤ c2h
2. Hence h can be considered as the only discretization

parameter and we write vh instead of vh,∆t.

We can now specify the discrete optimal control problem, assuming sufficient
regularity of the data, yiT , yid, yi0, such that these functions are properly
approximated by their values at grid points. For αi, βi ≥ 0 and γi > 0, we
have

Minimize
2

∑

i=1

(αi

2
|yih(·, T ) − yiT |

2
0 +

βi

2
‖yih − yid‖

2
0 +

γi

2
‖uih‖

2
0

)

subject to

∂+
t

(

y1

y2

)m

h

=

[

1 − (y2
1 + y2

2) β(y2
1 + y2

2)

−β(y2
1 + y2

2) 1 − (y2
1 + y2

2)

]m

h

(

y1

y2

)m

h

+σ∆h

(

y1

y2

)m

h

+

(

u1

u2

)m

h

.

The optimality system related to this problem is found to be

∂+
t

(

y1

y2

)m

h

=

[

1 − (y2
1 + y2

2) β(y2
1 + y2

2)

−β(y2
1 + y2

2) 1 − (y2
1 + y2

2)

]m

h

(

y1

y2

)m

h

+ σ∆h

(

y1

y2

)m

h

+

(

u1

u2

)m

h

, m = 2, . . . ,Nt + 1, (14)

−∂−
t

(

p1

p2

)m

h

=

[

1 − 3y2
1 − y2

2 + 2βy1y2 −3βy2
1 − βy2

2 − 2y1y2

βy2
1 + 3βy2

2 − 2y1y2 1 − y2
1 − 3y2

2 − 2βy1y2

]m

h

(

p1

p2

)m

h

+ σ∆h

(

p1

p2

)m

h

−

(

β1(y1 − y1d)

β2(y2 − y2d)

)m

h

, m = 1, . . . ,Nt. (15)

For m = 1, . . . , Nt + 1 we have

γ1u1
m
h − p1

m
h = 0 and γ2u2

m
h − p2

m
h = 0, (16)
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with initial condition at t = 0 and terminal condition at t = T given by
(

y1

y2

)1

h

=

(

y10

y20

)

h

and

(

p1

p2

)Nt+1

h

= −

(

α1(y1 − y1T )

α2(y2 − y2T )

)Nt+1

h

(17)

respectively.

The discrete optimality system (14)–(17) is characterized by two pairs of
reaction-diffusion equations. Unconditional stability and O(∆t + h2) accu-
racy of solutions to (14) and (15) can be proved using results in [3].

We comment on the coupling structure between these equations. On the one
hand, the state variables are coupled to the adjoint variables through (16)
which act as source terms. On the other hand, the coefficients of the adjoint
equations as well as the terminal condition depend on the state variables.
Moreover the state and adjoint equations have opposite time orientation.
All these features are unusual in scientific computing and existing meth-
ods often cannot be applied directly to solve (14)–(17) in an efficient way.
Also within computational optimization, classical approaches like forward-
backward sequential solution do not allow a robust implementation of the
time coupling between the state and adjoint variables.

Motivated by the properties and difficulties listed above, a space-time multi-
grid framework was proposed and analyzed in [2]. In this reference it is
shown that considering parabolic optimality systems in the whole space-
time domain and using appropriate collective smoothing iterations allow a
robust implementation of the coupling between state and adjoint variables.
However, the pointwise smoothing considered in [2] becomes less effective as
the diffusion coefficient σ tends to be small. In this paper, our aim is to de-
velop a multigrid scheme capable of solving the optimality system (14)–(17)
efficiently for a large range of optimization parameters and in particular for
small σ. For this purpose we first discuss a new smoothing iteration for our
space-time multigrid scheme, described later in this section.

It is well known [35] that in order for an iterative scheme to be efficient
for smoothing, it must be applied in the direction of strong coupling of the
stencil of the operator. Now, for σ small the coupling in the space direction
is weak and therefore pointwise relaxation is not effective in reducing the
high-frequency components of the error. To overcome this limitation, block-
relaxation of the variables that are strongly connected should be performed.
In our case this means solving simultaneously for the pairs of state and
adjoint variables along the time-direction at each space point. This type of
smoothing belongs to the class of block collective Gauss-Seidel relaxation [35]
and is defined in the sequel.
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Assume a Gauss-Seidel procedure defined on Ωh. At the space-grid point
indexed by ij, consider the discrete optimality system (14)–(16) for all time
steps. For simplicity, we can plug in the optimality conditions (16) into (14)
to eliminate the control variables so that four variables at each grid point
have to be determined. Thus, corresponding to each spatial grid point ij,
we obtain a block-tridiagonal system in which the off-diagonal blocks arise
from the time-derivative stencils. Each block is a 4×4 matrix corresponding
to the vector of variables (y1, p1, y2, p2) at ij and time level m. The solution
of the tridiagonal system is used to update all variables defined on xij for
m = 2, . . . , Nt + 1. This is one step of our smoothing iteration. Repeating
this process at each x ∈ Ωh in some order (lexicographic order in our case)
defines one smoothing sweep.

Now we discuss this smoothing process in detail. Let us multiply the equa-
tions (14) and (15) by ∆t. Denote with Cm and Em the left-hand side
and right-hand side off-diagonal blocks originating from the ∂+

t and the ∂−
t

stencils, respectively. We have

Cm =









1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0









and Em =









0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 1









. (18)

Also from (14) and (15) we obtain the diagonal block Dm for m = 2, . . . ,Nt,
given by

Dm =











−c + ∆t λ ∆t
γ1

−∆t ω 0

−∆tβ1 −c + ∆t g11 0 ∆t g12

∆t ω 0 −c + ∆t λ ∆t
γ2

0 ∆t g21 −∆tβ2 −c + ∆t g22











, (19)

where all functions are evaluated at tm, c = 1 + 4∆t σ/h2, and G = (gij) is
given by

G =

[

1 − 3y2
1 − y2

2 + 2βy1y2 −3βy2
1 − βy2

2 − 2y1y2

βy2
1 + 3βy2

2 − 2y1y2 1 − y2
1 − 3y2

2 − 2βy1y2

]m

h

.

Notice that we consider the terms within brackets [ ] as frozen during the
smoothing step. Clearly, at each time step, the variables neighboring the
point ij, which enter the discretization because of the Laplacian, are taken
as constant and contribute to the right-hand side of the system.
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In the case α1 = α2 = 0, (17) yields (p1, p2) = (0, 0) at level m = Nt + 1,
so all variables at this level can be directly eliminated from the system of
unknowns. In the case αi 6= 0 for i = 1 or 2, (i.e., observation of the terminal
state), an additional block-row with entries DNt+1 and CNt+1 enters the
discretization corresponding to the variables at m = Nt + 1. To define
DNt+1, we rewrite the terminal condition in (17) as follows

−αi yi
m
h − pi

m
h = −αi yiT , m = Nt + 1, i = 1, 2,

from where

DNt+1 =









−c + ∆t λ ∆t
γ1

−∆t ω 0

−α1 −1 0 0

∆t ω 0 −c + ∆t λ ∆t
γ2

0 0 −α2 −1









. (20)

follows. CNt+1 is as in (18).

Summarizing, we obtain the following block-tridiagonal system:

M =



















D2 E2

C3 D3 E3

C4 D4 E4

ENt

CNt+1 DNt+1



















. (21)

Now let ry = (ry1
, ry2

) and rp = (rp1
, rp2

) denote the vectors of residuals
of (14) and (15) at ij and for all m prior to the update. Our smoothing
procedure is summarized in the following

Algorithm 8 Smoothing iteration.

1. Set the initial approximation (y1, p1, y2, p2)
(0)
ij .

2. For ij in, e.g., lexicographic order, do











y1

p1

y2

p2











(1)

i j

=











y1

p1

y2

p2











(0)

i j

+ M−1











ry1

rp1

ry2

rp2











i j

.
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3. end.

Notice that block-tridiagonal systems can be solved efficiently with O(Nt)
effort.

The smoothing properties of this iterative scheme are discussed later in
this section, now we complete the present discussion describing FAS multi-
grid scheme [4] used to solve the λ − ω optimality system. In general, an
initial approximation to the optimal solution will differ from the exact so-
lution because of errors involving high-frequency as well as low-frequency
components. In order to solve for all frequency components of the error,
the multigrid strategy combines two complementary schemes. The high-
frequency components of the error are reduced by smoothing iterations while
the low-frequency error components are effectively reduced by a coarse-grid
correction method.

To formulate the multigrid solution process, let us consider L grid levels
indexed by k = 1, . . . , L, where k = L refers to the finest grid. Any operator
and variable defined on level k is indexed by k. The mesh of level k is denoted
by Qk = Qhk,∆tk where hk = h1/2

k−1 and ∆tk = ∆t, thus we employ
semicoarsening in space [16]. Our choice of the semicoarsening strategy
is suggested by results of experiments and analysis presented in [2] where
superior efficiency and robustness of this method with respect to standard
coarsening in the time direction is demonstrated.

The optimality system at level k with given initial, terminal, and boundary
conditions is represented by the following nonlinear equation

Ak(wk) = fk, (22)

where wk = (y1, p1, y2, p2)k. In case of Neumann boundary conditions, we
consider (14)–(15) also on the boundary and use (7a) discretized by second-
order centered finite differences to eliminate the (ghost) variables outside of
the domain.

The action of one FAS-cycle applied to (22) is expressed in terms of the (non-
linear) multigrid iteration operator Bk. Starting with an initial approxima-

tion w
(0)
k the result of one FAS-(ν1, ν2)-cycle is denoted by wk = Bk(w

(0)
k ) fk.

Let Sk, denote the smoothing operator defined above.

Algorithm 9 Multigrid FAS-(ν1, ν2)-Cycle. Set B1(w
(0)
1 ) ≈ A−1

1 (e.g., solve
by smoothing). For k = 2, . . . , L define Bk in terms of Bk−1 as follows.
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1. Set the starting approximation w
(0)
k .

2. Pre-smoothing. Define w
(l)
k for l = 1, . . . , ν1, by w

(l)
k = Sk(w

(l−1)
k , fk).

3. Coarse grid correction. Set w
(ν1+1)
k = w

(ν1)
k + Ik

k−1(wk−1 − Îk−1
k w

(ν1)
k )

where

wk−1 = Bk−1(Î
k−1
k w

(ν1)
k )

[

Ik−1
k (fk − Ak(w

(ν1)
k )) + Ak−1(Î

k−1
k w

(ν1)
k )

]

.

4. Post-smoothing. Define w
(l)
k for l = ν1 + 2, · · · , ν1 + ν2 + 1, by w

(l)
k =

Sk(w
(l−1)
k , fk).

5. Set Bk(w
(0)
k ) fk = w

(ν1+ν2+1)
k .

In our implementation, we choose Ik−1
k to be the full-weighted restriction

operator [35] in space with no averaging in the time direction. The mirrored
version of this operator applies also to the boundary points. We choose
Îk−1
k to be straight injection. The prolongation Ik

k−1 is defined by bilinear
interpolation in space. No interpolation in time is needed.

Let us discuss further details of Algorithm 9. On the grid of level k, first
the smoothing procedure Sk is applied ν1 times to damp efficiently the high
error components. If this is the case, then the grid Ωk−1 should provide
enough resolution for the error of wk and hence wk−1 − Îk−1

k wk should be
a good approximation to this error on the coarse grid. Here wk−1 denotes
the solution to the coarse-grid problem Ak−1(wk−1) = fk−1 + τk−1

k where

fk−1 = Ik−1
k fk and τk−1

k is the fine-to-coarse defect correction given by

τk−1
k = Ak−1(Î

k−1
k w

(ν1)
k ) − Ik−1

k Ak(w
(ν1)
k ).

Once the coarse grid problem is solved, the coarse grid correction follows

w
(ν1+1)
k = w

(ν1)
k + Ik

k−1(wk−1 − Îk−1
k w

(ν1)
k ).

The idea of transferring the problem to be solved to a coarser grid is ap-
plied along the set of nested meshes. One starts at level L with, e.g., a
zero approximation and applies the smoothing iteration ν1 times. Then the
problem is transferred to a coarser grid and so on. Once the coarsest grid is
reached, one solves the coarsest problem to convergence by applying, as we
do, a few steps of the smoothing iteration. The solution obtained on each
grid is then used to correct the approximation on the next finer grid. The
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coarse-grid correction followed by ν2 post-smoothing steps is applied from
one grid to the next, down to the finest grid with level L. The purpose of
post-smoothing is to damp possible high-frequency components which may
arise from the interpolation process.

We conclude this section investigating the smoothing property of Algorithm
8 depending on σ. Later, we comment on the convergence properties of
Algorithm 9. A classical tool for estimating the convergence of multigrid
algorithms is local Fourier analysis; see, e.g., [16,35]. To apply this tool we
consider a linearized λ−ω optimality system consistently with the construc-
tion of the smoothing Algorithm 8 on infinite grids.

On these grids, consider the Fourier components φ(j,θ) = a eij ·θ where
a = (1, 1, 1, 1)⊤, i is the imaginary unit, j = (j1, j2, jt) ∈ Z × Z × Z,
θ = (θ1, θ2, θt) ∈ [−π, π)3, and j · θ = j1θ1 + j2θ2 + jtθt. Here, the sub-
indices 1 and 2 refer to the space coordinates. A grid point on the infinite
grid is (x1, x2, t) = (j1h, j2h, jt∆t).

In correspondence with semicoarsening in space, one defines

φ low frequencies (LF) ⇐⇒ (θ1, θ2) ∈ [−
π

2
,
π

2
)2, θt ∈ [−π, π),

φ high frequencies (HF) ⇐⇒ (θ1, θ2) ∈ [−π, π)2 \ [−
π

2
,
π

2
)2, θt ∈ [−π, π).

Now assume the following decomposition of the error
∑

θ Wθ φ(j,θ) where
the Wθ represent the Fourier coefficients. The action of one smoothing

step on this error can be expressed as W
(1)

θ
= Ŝ(θ)W

(0)

θ
where Ŝ(θ) is

the Fourier symbol [35] of the smoothing operator. To determine Ŝ(θ),
recall that the functions φ(j,θ) are eigenfunctions of any discrete operator
described by a difference stencil on a infinite grid. Therefore we formally
have Shφ(j,θ) = Ŝ(θ)φ(j,θ), that is, the symbol of Sh is its (formal)
eigenvalue [35]. Now consider one step of our smoothing iteration at (j1, j2)
which results in zero residuals after update. In terms of Fourier modes
this corresponds, for each Fourier component, to the following equation (for
clarity, multiply by ei(j1θ1+j2θ2+jtθt))

(C e−iθt + D + E eiθt + Ĩ e−iθ1 + Ĩ e−iθ2)W
(1)

θ
= −(Ĩ eiθ1 + Ĩ eiθ2)W

(0)

θ
,

where D, C, and E are given in (19) and (18), respectively. Notice that
D represents the center of the stencil of the optimality system, and C and
E the sides of the stencil in the time direction with −∆t and +∆t shift.
The term Ĩ = (∆t σ/h2) I, where I is the 4 × 4 identity matrix, allows to
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represent the contribution to the stencil in the space direction due to the
Laplacian. Here we assume updating in lexicographic order, in the sense
that the variables on the grid points (j1 − 1, j2) and (j1, j2 − 1) have been

already updated and thus they multiply the Fourier coefficient W
(1)

θ
. On the

other hand, the variables on (j1 +1, j2) and (j1, j2 +1) remain to be updated

and thus they multiply W
(0)

θ
. It should be now clear that the solution of the

equation above provides the symbol of the smoothing iteration as follows

Ŝ(θ) = −(C e−iθt + D + E eiθt +Ĩ e−iθ1 +Ĩ e−iθ2)−1(Ĩ eiθ1 +Ĩ eiθ2). (23)

The knowledge of the symbol of the smoothing operator allows to quanti-
tatively determine the ability of the iterative scheme in reducing the high-
frequency components of the error. This gives the following smoothing factor
estimate

µest = sup { |r(Ŝ(θ))| : θ high frequencies },

where r denotes the spectral radius. Since Ŝ is a 4 × 4 matrix it is possible
to directly determine µest for a large choice of parameters. With µest known
and assuming an ideal coarse-grid correction that annihilates the LF error
components and leaves the HF error components unchanged, an estimate of
the multigrid convergence factor is given by ρest = µν1+ν2

est .

Table 1: Smoothing factors depending on σ. β = 1, s2 = 0.5, ∆t = 1/64, h = 1/128,
γi = 10−3, i = 1, 2; ν1 = ν2 = 2.

Case αi = 0, βi = 1, i = 1, 2 (tracking type)

σ 10−4 10−3 10−2 10−1 1

µest 0.108 0.498 0.455 0.448 0.447
ρest 0.0001 0.0615 0.0429 0.0403 0.0399

Case αi = 1, βi = 0, i = 1, 2 (terminal obs.)

σ 10−4 10−3 10−2 10−1 1

µest 0.385 0.470 0.449 0.447 0.447
ρest 0.0220 0.0488 0.0406 0.0399 0.0399

In Table 1, we report results for the cases αi = 0, βi = 1 and αi = 1, βi = 0.
In both cases, the smoothing factors have been estimated using (23) with
(18) and

D =











−c + ∆t λ ∆t
γ1

−∆t ω 0

−∆tβ1 −c + ∆t λ 0 ∆t ω

∆t ω 0 −c + ∆t λ ∆t
γ2

0 ∆t ω −∆tβ2 −c + ∆t λ










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corresponding to the λ − ω system with frozen λ(s) and ω(s), β = 1, s2 =
y2
1 + y2

2 = 0.5, y1 = y2. Comparing the estimates ρest in Table 1 with the
observed rates in Tables 2–5 of Section 6, we notice that in the case of
terminal observation, the estimated convergence rates are rather optimistic,
while in the case of tracking type, the estimates are much more accurate.
Similar results are obtained with different values of β and values of λ(s) and
ω(s).

6 Numerical experiments

Results of experiments are reported in this section to validate the effective-
ness of distributed optimal control of λ−ω systems in the turbulent regime.
We require that the the control drives the system from a fully evolved chaotic
state to an ordered one and discuss the convergence properties of the multi-
grid method described above.

In the experiments, we use the multigrid scheme given by Algorithm 9 with
two pre- and post-smoothing sweeps given by Algorithm 8. The coarsest
space grid consists of four intervals in each spatial direction. We report
the measured multigrid convergence factor ρ, defined as the “asymptotic”
mean-value of the ratio of the norm of the dynamic residuals given by ‖ry‖0+
‖rp‖0 resulting from two successive multigrid cycles. The tracking ability
inherent in the problem at hand is expressed in terms of values of the tracking
functionals, ‖yi − yid‖0 and |yi − yiT |0, respectively.

We choose the domain Ω = (0, 1) × (0, 1). The initial condition of the
optimal control problem is defined as the solution of the freely evolving
lambda-omega system with β = 2 at t0 = 200. The initial conditions for
this setup problem are given by

y1 = (x1 − 1/2)/10 and y2 = (−x2 + 1/2)/20.

The resulting y10 and y20 functions represent disordered states; see Figure 1
(right). We consider the optimal control problem in the time interval [0, 1]
where t = 0 corresponds to t0 given above. The desired state trajectories
are given by

y1d(x, t) = sin(2πr) sin(πx1) sin(πx2) cos(4πt),

and
y2d(x, t) = cos(2πr) sin(πx1) sin(πx2) sin(4πt),
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where r =
√

(x1 − 1/2)2 + (x2 − 1/2)2. The desired terminal states are
given by yiT (x) = yid(x, T ), i = 1, 2.

The first series of experiments results from the setting αi = 0 and βi = 1,
i = 1, 2, corresponding to a tracking-type problem. In Table 2, we observe
fast convergence almost independent of the mesh size. Notice that as γi tends
to be small the convergence speed of the multigrid algorithm improves. This
is a typical robustness feature of the class of space-time multigrid scheme
considered here; see also [2]. Further numerical experiments show that the
multigrid iteration is not sensitive to the value of the reaction parameter β.
These facts are in agreement with results of local Fourier analysis. Notice
in Table 2 that, as the value of γ increases, naturally larger values of the
tracking errors are obtained. Similar results are reported in Table 3 in case
of Neumann boundary conditions.

Table 2: Convergence and tracking properties depending on γ1 = γ2 = γ; αi = 0 and
βi = 1, i = 1, 2 (tracking type); β = 2, σ = 10−4. Dirichlet boundary conditions.

γ Nx × Nx × Nt ρ ‖y1 − y1d‖0 ‖y2 − y2d‖0

10−1 64 × 64 × 50 0.002 3.37 10−1 2.86 10−1

10−3 64 × 64 × 50 0.001 7.45 10−2 5.90 10−2

10−5 64 × 64 × 50 < 0.001 2.34 10−3 1.93 10−3

10−1 128 × 128 × 100 0.07 3.49 10−1 2.82 10−1

10−3 128 × 128 × 100 < 0.001 8.66 10−2 6.52 10−2

10−5 128 × 128 × 100 < 0.001 5.88 10−3 4.55 10−3

The second series of experiments corresponds to the setting αi = 1 and
βi = 0, i = 1, 2 (observation of the terminal state), and are reported in
Table 4 and 5. With this setting a much more difficult problem results.
Nevertheless the proposed multigrid scheme provides efficient and robust
solution since only a weak dependence of the convergence factor on the
value of the weights γi and on the mesh size is observed. Compared with the
previous set of experiments, we obtain less competitive convergence factors
which however tend to improve as the γi become smaller.

The results reported in Tables 2–5 show that in all cases the controlled
system comes close to the desired state. It appears that the efficiency of
the present multigrid scheme is related to the ability of the control to drive
the system from a disordered state to an ordered one. For this purpose,
the case of final observation seems to require sufficiently small γi. In Figure
2, snapshots of controlled and uncontrolled state variables for the more
challenging case of final observation are depicted. Observe that, in the
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Table 3: Convergence and tracking properties depending on γ1 = γ2 = γ; αi = 0 and
βi = 1, i = 1, 2 (tracking type); β = 2, σ = 10−4. Neumann boundary conditions.

γ Nx × Nx × Nt ρ ‖y1 − y1d‖0 ‖y2 − y2d‖0

10−1 64 × 64 × 50 0.002 3.47 10−1 2.89 10−1

10−3 64 × 64 × 50 < 0.001 7.66 10−2 6.03 10−2

10−5 64 × 64 × 50 < 0.001 2.40 10−3 2.00 10−3

10−1 128 × 128 × 100 0.09 3.54 10−1 2.97 10−1

10−3 128 × 128 × 100 < 0.001 8.58 10−2 7.00 10−2

10−5 128 × 128 × 100 < 0.001 5.81 10−3 4.95 10−3

Table 4: Convergence and tracking properties depending on γ1 = γ2 = γ; αi = 1 and
βi = 0, i = 1, 2 (terminal observation); β = 2, σ = 10−4. Dirichlet boundary conditions.

γ Nx × Nx × Nt ρ |y1 − y1T |0 |y2 − y2T |0
10−1 64 × 64 × 50 0.64 5.77 10−2 5.17 10−2

10−3 64 × 64 × 50 0.67 6.36 10−4 5.49 10−4

10−5 64 × 64 × 50 0.68 6.36 10−6 5.49 10−6

10−1 128 × 128 × 100 0.78 5.81 10−2 5.51 10−2

10−3 128 × 128 × 100 0.67 6.47 10−4 5.80 10−4

10−5 128 × 128 × 100 0.40 6.48 10−6 5.80 10−6

10−7 128 × 128 × 100 0.35 6.48 10−8 5.80 10−8

Table 5: Convergence and tracking properties depending on γ1 = γ2 = γ; αi = 1 and
βi = 0, i = 1, 2 (terminal observation); β = 2, σ = 10−4. Neumann boundary conditions.

γ Nx × Nx × Nt ρ |y1 − y1T |0 |y2 − y2T |0
10−1 64 × 64 × 50 0.95 5.89 10−2 5.40 10−2

10−3 64 × 64 × 50 0.54 6.50 10−4 5.72 10−4

10−5 64 × 64 × 50 0.38 6.51 10−6 5.73 10−6

10−7 64 × 64 × 50 0.38 6.51 10−8 5.73 10−8

10−1 128 × 128 × 100 0.98 5.88 10−2 5.50 10−2

10−3 128 × 128 × 100 0.66 6.48 10−4 5.82 10−4

10−5 128 × 128 × 100 0.62 6.49 10−6 5.82 10−6

10−7 128 × 128 × 100 0.44 6.49 10−8 5.82 10−8

time interval considered, the evolution of the free state is relatively slow.
By taking larger time intervals, the control in the case of final observation
becomes less effective. Correspondingly the multigrid convergence factor
worsens. In our opinion this fact results from a weakening of the coupling
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between observation of the terminal state and control for large time distances
especially due to the oscillatory character of the governing equations. This
problem deserves further investigation.

7 Conclusions

The formulation, analysis, and numerical solution of distributed optimal
control problems governed by lambda-omega systems was presented. A new
proof of existence of solutions with Dirichlet and Neumann boundary con-
ditions was given. Then a class of distributed optimal control problems was
formulated and existence of global optimal solutions was proved. To char-
acterize these solutions, first- and second-order optimality conditions were
given.

To investigate the ability of distributed control to drive lambda-omega sys-
tems from a chaotic to a ordered state, a space-time multigrid method was
developed based on a block collective smoothing scheme. Convergence prop-
erties of the resulting solution process were discussed and results of numer-
ical experiments were reported to validate the optimal control formulation.

A Proofs

A.1 Proof of Proposition 1

Proof. The proof of the first assertion can be carried out along the lines
of [12, Lemma 2.3] using the theory of linear partial differential equations.
It follows that

‖v1‖H2,1(Q) + ‖v2‖H2,1(Q)

≤ c
(

‖y10‖H1(Ω) + ‖y20‖H1(Ω) + ‖u1‖L2(Q) + ‖u2‖L2(Q)

)

, (24)

where c is a polynomial in ‖y1‖H2,1(Q) and ‖y2‖H2,1(Q). In the case of Dirich-
let boundary values, the compatibility relations yi0|∂Ω

= 0, i.e., yi0 ∈ H1
0 (Ω)

have to be verified [22].

For the rest of the proof, we elaborate on the case of homogeneous Neumann
boundary conditions. The case of Dirichlet boundary conditions proceeds
exactly alike. In order to show that T is compact, let {yn

i } be weakly
convergent sequences in H2,1(Q), i.e., yn

i ⇀ yi in H2,1(Q). Let vn denote
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Figure 2: Evolution of optimally controlled (left) and of uncontrolled solution (right)
y1; γ1 = γ2 = 10−5, αi = 1 and βi = 0, i = 1, 2; β = 2, σ = 10−4, mesh 128 × 128 × 100.
Neumann boundary conditions.
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the solution of (9) with data yn, i.e., vn = Tyn. In view of the a priori
bound (24), {vn

i } is bounded in H2,1(Q), since {yn
i } is bounded in H2,1(Q).

Therefore, we can extract a subsequence, still denoted by {vn
i }, such that

vn
i ⇀ vi in H2,1(Q). For convenience, let us abbreviate

A(y) :=

[

1 − (y2
1 + y2

2) β(y2
1 + y2

2)

−β(y2
1 + y2

2) 1 − (y2
1 + y2

2)

]

.

We note that, for instance,

‖(yn
1 )2vn

1 − (y1)
2v1‖L2(Q) ≤ ‖(yn

1 )2[vn
1 − v1]‖L2(Q) + ‖[(yn

1 )2 − (y1)
2]v1‖L2(Q)

and

‖(yn
1 )2[vn

1 − v1]‖L2(Q) ≤ ‖yn
1 ‖

2
L8(Q) · ‖v

n
1 − v1‖L4(Q)

‖[(yn
1 )2 − (y1)

2]v1‖L2(Q) ≤ ‖yn
1 − y1‖L8(Q) · ‖y

n
1 + y1‖L8(Q) · ‖v1‖L4(Q).

In view of the compactness of the embedding H2,1(Q) →֒→֒ Lp(Q) (1 ≤ p <
∞), and using similar arguments for the remaining terms, we conclude that
A(yn) vn → A(y) v strongly in [L2(Q)]2. Using the embedding H2,1(Q) →֒
C([0, T ];H1), the space of continuous functions with values in H1(Ω), one
infers that v meets the initial conditions (y10, y20). Hence the difference
vn − v satisfies

∂

∂t
(vn − v) = σ∆(vn − v) + A(yn) vn − A(y) v

with zero initial and boundary conditions, and from a standard a priori
estimate we conclude that vn → v strongly in [H2,1(Q)]2. This shows that
the nonlinear map T is compact from [H2,1(Q)]2 to [H2,1(Q)]2.

To conclude the proof, let s ∈ [0, 1] be arbitrary, and let y ∈ [H2,1(Q)]2 sat-
isfy y = sTy. We use a bootstrapping argument to derive upper bounds for
y, independent of s, in the spaces L∞(0, T ;L2), L2(0, T ;H1), L∞(0, T ;H1),
and finally H2,1(Q): To keep the expressions shorter, we write yi instead of
yi(·, t). In the sequel, c and c̃ denote generic positive constants and have
different meanings in different locations.

We multiply the first and second equations in (6) by y1 and y2 and integrate
over Ω. From integration by parts and Young’s inequality we obtain

d

dt
‖y1‖

2
L2(Ω) +

d

dt
‖y2‖

2
L2(Ω) + σ‖y1‖

2
H1(Ω) + σ‖y2‖

2
H1(Ω)

≤ (1 + σ)‖y1‖
2
L2(Ω) + (1 + σ)‖y2‖

2
L2(Ω) +

1

2σ
‖u1‖

2
L2(Ω) +

1

2σ
‖u2‖

2
L2(Ω),
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independent of s. From Gronwall’s inequality [5, Lemma 18.1.i], neglecting
the terms σ‖yi‖

2
H1(Ω), we infer that yi is bounded in L∞(0, T ;L2) and the

bound depends only on the data yi0 and ui. Integrating the above inequality
over [0, T ], we derive the same type of bound in L2(0, T ;H1).

In order to pass to the higher order norms, we multiply the first and second
equations in (6) by −∆yi and integrate again over Ω. We obtain, similarly
as above,

d

dt
‖∇y1‖

2
[L2(Ω)]2 +

d

dt
‖∇y2‖

2
[L2(Ω)]2 + σ‖∆y1‖

2
L2(Ω) + σ‖∆y2‖

2
L2(Ω)

≤ ‖y2
1 + y2

2‖
2
L2(Ω) + ‖∇y1‖

2
[L2(Ω)]2 + ‖∇y2‖

2
[L2(Ω)]2 +

1

2σ
‖u1‖

2
L2(Ω) +

1

2σ
‖u2‖

2
L2(Ω).

From interpolation theory in Banach spaces, one infers (cf. [34]) that

[L∞(0, T ;L2), L2(0, T ;H1)]θ = L2/θ(0, T ;Hθ)

and in particular

[L∞(0, T ;L2), L2(0, T ;H1)]1/2 = L4(0, T ;H1/2).

The interpolation inequality ‖y‖[X,Y ]θ ≤ cθ‖y‖
1−θ
X · ‖y‖θ

Y now yields

‖y‖2
L4(0,T ;H1/2)

≤ c ‖y‖L∞(0,T ;L2) · ‖y‖L2(0,T ;H1).

Using Hölder’s inequality and the embedding H1/2(Ω) →֒ L4(Ω) [1], we
finally arrive at

‖y2
i ‖

2
L2(Q) ≤ ‖yi‖

4
L4(Q) ≤ c̃ ‖y‖4

L4(0,T ;H1/2)
≤ c ‖yi‖

2
L∞(0,T ;L2) · ‖yi‖

2
L2(0,T ;H1).

We now deduce from Gronwall’s inequality, neglecting the terms σ‖∆yi‖L2(Ω),
that yi is bounded in the norm of L∞(0, T ;H1) by a constant which depends
only on the data yi0 and ui, not on s. To pass on to the norm of H2,1(Q),
we are now in the position to apply an a priori bound directly to (6), where
the nonlinear parts play the role of source terms. We obtain

‖y1‖H2,1(Q) + ‖y2‖H2,1(Q)

≤ c
(

‖y10‖H1(Ω) + ‖y20‖H1(Ω) + ‖u1‖L2(Q) + ‖u2‖L2(Q)

)

+ c(1 + β)
(

‖y3
1 + y1y

2
2‖L2(Q) + ‖y2

1y2 + y3
2‖L2(Q)

)

, (25)

where in view of ‖yiy
2
j‖L2(Q) ≤ ‖yi‖L6(Q) · ‖yj‖L6(Q) · ‖yj‖L6(Q) and the

embedding L∞(0, T ;H1) →֒ L6(Q), the terms on the right hand side are
bounded by a constant which depends only on the data yi0 and ui, not on
s.
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A.2 Proof of Theorem 2

Proof. The existence part follows from the Leray-Schauder Theorem. We
obtain the a priori bound (10) from (25), plugging in the previous estimates
for the bounds in L∞(0, T ;H1), L2(0, T ;H1) and L∞(0, T ;L2).

In order to show uniqueness, assume that (y1, y2) and (y1, y2) are two solu-
tions of (6)–(8), and let w = y − y be their difference. Then one can show
that w satisfies

∂

∂t

(

w1

w2

)

=

[

1 − 3

2
(y2

1
+y1

2) − y2
2 + 2βy1y2 −2y1y2 + βy2

1
+ 3

2
β(y2

2
+y2

2)

− 3

2
β(y2

1
+y1

2) − βy2 − 2y1y2 1 − 2βy1y2 − y2

1
− 3

2
(y2

2
+y2

2)

](

w1

w2

)

+

[

−βy2 y1

y2 βy1

](

w2

1

w2

2

)

+

[

1

2
− 1

2
β

1

2
β 1

2

](

w3

1

w3

2

)

+ σ∆

(

w1

w2

)

, (26)

with homogeneous Neumann or Dirichlet boundary conditions and zero ini-
tial conditions. As before, we multiply (26) by w1(·, t) and w2(·, t), respec-
tively, and integrate over Ω. Some of the terms of the right hand side have
negative sign. The remaining terms are estimated according to the following
example:

∫

Ω
y1y2w1w2 ≤ ‖y1y2‖L∞(Ω) · ‖w1‖L2(Ω) · ‖w2‖L2(Ω)

≤
1

2
‖y1y2‖L∞(Ω) ·

(

‖w1‖
2
L2(Ω) + ‖w2‖

2
L2(Ω)

)

∫

Ω
y1w

2
1w2 ≤ ‖y1w2‖L∞(Ω) · ‖w1‖

2
L2(Ω).

Clearly, the terms ‖y1y2‖L∞(Ω) and ‖y1w2‖L∞(Ω) are elements of L1(0, T ).
Hence, we obtain an estimate

d

dt
‖w1‖

2
L2(Ω) +

d

dt
‖w2‖

2
L2(Ω) ≤ χ(t)

(

‖w1‖
2
L2(Ω) + ‖w2‖

2
L2(Ω)

)

with a function χ ∈ L1(0, T ). Using Gronwall’s lemma, we find that in view
of ‖wi(·, 0)‖L2(Ω) = 0, ‖wi‖L2(Ω) vanishes for all t ∈ [0, T ], from where the
uniqueness part in Theorem 2 follows.
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