IMPLEMENTATION OF AN X-FEM SOLVER FOR THE
CLASSICAL TWO-PHASE STEFAN PROBLEM

MARTIN K. BERNAUER AND ROLAND HERZOG

ABSTRACT. The classical two-phase Stefan problem in level set formulation is
considered. The implementation of a solver on triangular grids is described.
Extended finite elements (X-FEM) in space and an implicit Euler method in
time are used to approximate the temperature. For the level set equation, a
discontinuous Galerkin (DG) and a strong stability preserving (SSP) Runge-
Kutta scheme are employed. Polynomial spaces of quadratic order are used.
A numerical example with a change of topology is provided, and the order of

convergence is studied on the Frank sphere example.

1 Introduction

The Stefan problem was posed more than a hundred years ago motivated by the
formation of ice in the polar sea [46]. Extensions of the original problem can be
used for the modeling of continuous casting processes, dendritic solidification and
various other engineering problems. As analytic solutions can be found only in
special cases, e.g., for infinite domains, the need for flexible numerical tools for the

simulation of Stefan-type problems is evident.

A classical approach, see [3,6,8,9,47], is to update the underlying mesh to conform
to the interface which separates the phases of the Stefan problem. Finite elements or
finite differences are then used in each phase to update the temperature distribution.
This moving mesh method requires the sharp resolution of the interface. As an
alternative, enthalpy methods avoid the tracking of the interface by introducing an
enthalpy variable that accounts for the latent heat, see [11,17,32] and the review

article by Voller et al. [48].

Solving Stefan-type problems in level set formulation can at least be traced back to

the paper by Sethian and Strain [44] who transform the energy balance equations

Date: September 2, 2011.

2000 Mathematics Subject Classification. 80A22, 35R35, 65M60.
Key words and phrases. two-phase Stefan problem, solidification, moving boundary problem,

level set method, discontinuous Galerkin approximation, extended finite element method.
1



2 MARTIN K. BERNAUER AND ROLAND HERZOG

into boundary integral equations on the moving interface. Chen et al. [13] develop
a finite difference-based approach to solving the two-phase Stefan problem in two
spatial dimensions. Fried [21] extends the finite element method of Schmidt [43] who
uses a parameterization of the moving interface to a level set framework. Gibou et
al. [27] extend the approach of [13] to a higher-order approximation of the interface
and to three spatial dimensions. Fedkiw and Gibou design a fourth order accurate
finite difference scheme for the Laplace equation that is applicable to the Stefan
problem, as demonstrated by the authors in [26]. Gibou et al. [12] discuss an
adaptive method with supralinear convergence properties that builds upon previous

work of the authors.

Probably the most recent approach to solving the Stefan problem in level set for-
mulation is the extended finite element (X-FEM) method which avoids moving
the mesh and remeshing completely. It was originally introduced for problems in
computational mechanics by Dolbow [19] and was later adapted to solidification
problems, see [38], [16] and [49] to name but a few references. The common idea
of X-FEM approaches is to explicitly track the interface (e.g. by using the level set
method) and to construct enriched finite element spaces depending on the interface
position while keeping the underlying mesh fixed. Additional basis functions are
designed to capture the phase change across the interface, i.e., they are continuous

but their first derivatives have a jump.

We use extended finite elements for the approximation of the temperature field and
the level set technique for tracking the phase-change interface. Our implementation
differs from previous work in the following ways. In contrast to [16] and [49] we use
a discontinuous Galerkin (DG) scheme for the spatial approximation of the level set
equation which overcomes the need of using GLS stabilization and shock capturing
terms. We also consider the level set equation in advective form. Our starting point
is a recent DG scheme by Cheng and Shu [15] for Hamilton-Jacobi equations on
rectangular grids. We extend their approach to triangular meshes which offer more
flexibility for complex geometries as in the example in Section 6.3. While most
other approaches used explicit constraint equations or the LATIN method [38] to
enforce the isothermal interface condition, we use a weak form of this condition
inspired by [33] that is incorporated into the finite element formulation by a penalty
method. Another feature of our implementation is the usage of quadratic ansatz
spaces for both the temperature and the level set equations, which allows for a

more accurate resolution of the curvature of the interface or related terms. An
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alternative higher-order extended finite element method based on a non-polygonal
interface approximation and isoparametric integration is presented by Cheng and
Fries [14]. A strong stability preserving Runge-Kutta scheme is employed for the
solution of the level set equation, while the implicit (backwards) Euler method is
used for the temperature equation. Both schemes are synchronized to ensure that
the temperature and the interface position are available at the same instances of
time. Finally, we examine the order of convergence. Our experiments indicate
linear convergence w.r.t. the L? and L° norms for both the temperature and the
level set fields under simultaneous spatial and temporal refinement. In principle,
our approach applies to problems in two and three space dimensions. While we
focus on the description of the two-dimensional situation, we point out some issues

related to the extension to three dimensions where they are relevant.

This paper is organized as follows. The governing equations of the Stefan problem
and the level set formulation are presented in Section 2. Section 3 is devoted
to the extended finite element approximation and the time discretization of the
temperature variable. The discontinuous Galerkin finite element method and a
corresponding time stepping scheme for solving the level set equation are discussed
in Section 4. Some advanced topics concerning the implementation are reviewed in

Section 5. Finally, we report on several computational experiments in Section 6.

2 Model Equations

The solidification of a fluid material in a fixed domain D C R? (the hold-all) is

modeled by the two-phase Stefan problem [31]

pesyr —ks Ay = f in Qg(t) (2.1a)
perye —kr Ay = f in Qp(t) (2.1b)
y(x,0) = yo(x) in €25(0) U Q2r(0) (2.1c)

y(z,t) = yur on T'7(t) (2.1d)

kY — g onT'y =8D (2.1e)

on a certain time horizon [0,7]. The moving interface I';(t) divides D into Qg(t)

occupied by the solid phase and Qg (t) occupied by the fluid phase, see Figure 2.1.

We assume the density p to be constant and equal in both phases so that we can
ignore mass transport effects. The specific heat at constant pressure cg/p and

the coefficient of heat conduction kg, are in general different in the two phases.
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FIGURE 2.1. Setup of geometry for a two-phase Stefan problem.

ym € R is a reference temperature at which solidification takes place. In (2.1e), k
denotes either kp or kg, depending on which of the phases is at the boundary 0D.
Depending on the application, (2.1e) might be replaced by a Newtonian cooling

condition or a mixed boundary condition, see Section 6.2 for such a situation.

The Stefan condition

dys oy s
pLV-n:kS%—kF%:[kVy]F-n on I'z (%) (2.2)

states that the normal velocity V' - n of T';(t) is proportional to the jump of the
normal derivative of the temperature. L denotes the latent heat that is released

upon solidification and the subscripts refer to the two phases.

Let ¢(x, t) be the signed distance function to I'y (), where we use the sign convention
QOs(t) = DN {6(,1) <0}, Qp(t) = DN {o(1) > 0}

Then the outward unit normal to Qg(t) is given by %. As proposed by various
authors, see [13], [16] and [49], we use level set techniques for the evolution of ¢.
In contrast to parametrizations of I';(t) or representations of I'; () as the graph of
a function, level set techniques handle topological changes of the phases or closed

interfaces naturally.

Unlike the approaches mentioned above, we write the level set equation in advective

form:
o +V-Vo=0 in R? (2.3a)
¢(x,0) = do(x) in R? (2.3b)

where the initial condition (2.3b) is defined using the signed distance function ¢q to

the initial position of the interface. This linear Hamilton-Jacobi equation allows for
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the application of the discontinuous Galerkin scheme from [15]. This is in contrast

to the nonlinear equation
¢ +V -n|Ve| =0 in R?

which has a non-convex Hamiltonian and is usually used for evolving ¢. Note that
V in (2.3a) is a vector-valued extension of V' - n in (2.2) from T';(t) to all of D, see

Section 5.3 for more details on this point.

3 Extended Finite Element Approximation

In this section, we essentially follow the work by Chessa et al. [16]. We assume
that we are given a triangulation 7j of our domain D. The extended finite element

approximation of the temperature field is

N Ne(t)
(e, t) = 3 vil@) w0 + 3 wy(a,t)a;(0),

i=1 =1
where v;(x) are the usual Lagrangian finite element shape functions of order k > 1
on the triangulation 7, and y;(t) are the corresponding time-dependent degrees
of freedom, located in the points x;. The additional degrees of freedom a;(t) are
added locally around I';(¢) to the (k+1)(k + 2)/2 nodes (in 2D) of those elements
intersected by T'y(t), see Figure 3.1. The corresponding enrichment functions are

defined as

¢j($»t) = Ui(j,t)(x) (|qb(x,t)| - ‘qb(xi(j,t)vt” )u J=1,...,Ne(t),

where ¢(z;(;+),t) denote the nodal values of the level set function and i(j,t) maps
the indices of the enriched nodes at time ¢ to the fixed degrees of freedom. The
enrichment kernel [¢(x, )| —|¢(z;(;,1),t)| is chosen to model the phase change across
I';(t), i.e., it is continuous with a discontinuous first derivative normal to the moving
boundary. This kernel is multiplied with the standard shape function v;;¢)(z) to

preserve the sparsity of the stiffness matrix.

As the enrichment functions 1;(z,t) depend on the location of the interface, the
underlying partial differential equations must in general be discretized in time before

the enriched finite element spaces can be defined [24].

We rewrite the heat equations (2.1a)—(2.1b) in the two-phase Stefan problem as

k 1

Y= —— Ay+ — f in Qg(t),
pcs pcs
k 1

Y= Ay+ — f in Qp(t).

pcr pcr
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. standard nodes

. enriched nodes

FicUrRE 3.1. Illustration of local enrichment for quadratic finite

elements (K = 2).

Formally, we interpret this as an ordinary differential equation (ODE)

ye = L(t,y)
with the operator L defined by
k(x,t) 1
L(t = ’ A t _— t).
(t,y) e(et) y(x,t) + pele D) f(a,t)
Note that in this setting,
ks if ¢(z,t) <O cs if ¢(x,t) <0
k(z,t) = (@) and  c(x,t) = (@)
kp if ¢(x,t) >0 cp if ¢(z,t) >0

are interpreted as functions of space and time. In the following, the superscripts
j — 1 and j refer to instances of time, e.g., y’(x) = y(x,t7). The application of the
implicit Euler method with time step At% =t —tI=1 (j =1,...,Nr) to this ODE

yields the equation
y =y T A LY, y)

which has to be solved for ¢7 in each time step. A multiplication of the discretized
ODE with a test function dy and a subsequent integration over D yields the weak

form

1 , 1 . kI , fi
— [ & de:—./é J_ldx—l—/ — Ay’ 4§ da:+/—,6 dz.
At;/p 7Y At} Jp vy p P oy ppPc Y
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The Laplace operator in this weak form is integrated by parts and afterwards the
test function dy is evaluated at time level j as suggested in [24], yielding the time-

discrete energy balance equation in weak form:

1 oo Kk - -
— 5J]dz+/—,VJ~V§de
At /D Y ppc Y Y
1 o gl J )
:—./ Syl oy ~dx + 6ng—.ds+/ f—,éyjdx.
At} Jp op =~ pc ppPc
Replacing dy and y by their discrete counterparts, we obtain the fully discrete
system
1 , . A 1 . - A .
— M +K |V = —Mj Y +G +F (3.1)
At At

which has to be solved for the coordinate vector
) ) . ) . T
Y = [y{a ceey y?\]a a{’ R a?\]e(tj)]

with respect to the finite element basis

B = {vl(x), va(x), ..., vn(z), ¥y(z, ), ..., wNe(tj)(x,tj)}. (3.2)
The matrices and vectors in (3.1) are defined as
M = / ©1 Pk d:v)
D kil
M§71 = / (%] (pi_l dl‘)
D k.l
Tk
/ (Vo) — Ve dx) (3.3)
D pc Kl

G/ =

/ @1 gd8>
ap  PC !
/ @lfd$>

D PC l

where ¢y, ¢ € BY, gpi_l € Bi~1, and all other quantities without a superscript are

F/ =

=
.
Il
AT N 7N N N N

taken at time level j.

Remark 3.1 (Higher-Order Time Discretizations). The implementation of the
Crank-Nicolson scheme only requires the assembly of one additional pseudo stiff-

ness matrix K‘;_l stmilar to M;_l, and two vectors GI—1 and FI~1 that represent
the contributions of the Neumann boundary condition and the heat sources, respec-
tively. Our numerical experiments on the Frank sphere example (see Section 6.1)
however, have confirmed the observation that an application of the Crank-Nicolson

scheme to problems involving free or moving boundaries may lead to oscillations
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in the solution, see, e.g., [18] and [40, Section 5.3]. The damping property of the

implicit FEuler method suppresses these oscillations, leading to better results.

Enforcing the Interface Condition (2.1d). The linear system (3.1) does not
take into account the interface condition (2.1d). In [16] and [49], this condition is
enforced by deriving explicit constraint equations that are then added to (3.1) as
penalty terms. An alternative to this explicit method is adapted from [33]. We

require only the following weak form of (2.1d):

/ (y—yM)vdSZO Yv € BY,
Ty(t)

which yields the linear system
P/ Y) =Y/
that is added as a penalty term to (3.1):
(Alt; M 4+ K48 <Pf)TPJ‘) yi (3.4)
= Alﬂ; MI_ YT+ G+ F 4+ B (PY)TY]

for some 3 > 0.

4 Solving the Level Set Equation

As the level set equation (2.3) is a first order Hamilton-Jacobi (HJ) equation, its
spatial and temporal discretizations have to be undertaken with care to obtain
the viscosity solution. There is a well developed set of finite difference schemes
that have to be combined with total variation diminishing Runge-Kutta methods,
see [28] and [41]. In a finite element framework, one can either use a remeshing
technique as in [7] or resort to GLS stabilization as in [16] and [49]. Discontinuous
Galerkin (DG) methods provide a modern and powerful framework for the spatial
approximation of hyperbolic conservation laws. Cheng and Shu recently proposed
a DG scheme for HJ equations on rectangular grids [15]. We extend this approach
to triangular meshes which offer more flexibility for complex geometries as in the

example in Section 6.3.
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4.1. Spatial Approximation. The main idea of the DG scheme in [15] for a

general Hamilton-Jacobi equation
us + H(z,Vu) =0

with a convex Hamiltonian H(z,p) is to add Roe-type stabilization terms to the
discretized weak form of this equation on all edges e of the rectangular mesh, on
which V,H -n. < 0. Here, n. denotes the outward unit normal of an element of

the mesh on e.

For the linear level set equation
o +V-Vo=0 in R?,

this idea translates to a triangulation 7;, of R? (or D) as follows. We define the

space of trial functions
Pffw ={v|veP"K)forall KeT,}.

The scheme then reads:

Find ¢y, € P{;W such that

3
0= / ((¢h)t + V. ngh) vy, dx + Z/min(v . nei,O) [qﬁh]ei vy, ds (4.1)
K i=1
for all vy, € PSW and for all K € Ty,

The first term, which is obtained by multiplying (2.3a) with a test function v;, and
integrating this product over an element K of the triangulation, guarantees the
accuracy of the scheme. The boundary integral terms are added for stabilization
purposes on all inflow edges, i.e., on all edges on which V - n., < 0. To ensure that
the scheme approximates a continuous solution (the viscosity solution), the jump

of ¢ across e;,

[d)h]ei = (ﬁ;(xvt) - d)}: (l’,t), where ¢}:|L:(x»t) = il\H{l) d)h(x + EnEi’t)7

is added to the scheme. Note that this stabilization approach does not require the
tuning of parameters. In a three dimensional setting, edges are replaced by faces

of tetrahedra.
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TABLE 4.1. Butcher array of the optimal SSP(3,3) Runge-Kutta scheme

00 0 0
111 0 0
311 1 0
R

6 6 3

4.2. Time Stepping Scheme. The DG spatial approximation has to be com-
bined with strong stability preserving (SSP) Runge-Kutta methods in time [29] to
ensure stability of the fully discrete scheme. For an ansatz space of polynomial
degree k in (4.1), a Runge-Kutta method of order k 4 1 should be used. In the
numerical examples, we use quadratic ansatz spaces and employ the third order

SSP scheme defined by the Butcher array in Table 4.1.

Unfortunately, linear stability of the resulting method for the solution of (2.3) can
only be guaranteed if a CFL condition on the time step is kept. These conditions
are easy to formulate in the one-dimensional case and for rectangular grids in two
dimensions but straightforward extensions to triangular meshes are in general not
sufficient for the stability. Following Kubatko et al. [35], we formulate the CFL

condition as

Amin 1 . 1 1
Atcrr, = 7\/5 =91/ mln{”V”oo,?}, (4.2)

where hyi, is length of the shortest element edge of the triangulation 7.

5 Details of the Implementation

In this section, we elaborate on some issues concerning the implementation of the
proposed finite element approximations (3.4) and (4.1). In particular, we discuss
the combination of these schemes. Algorithm 1 summarizes our approach. Apart
from an increased implementation effort, it carries over to the three dimensional

case.

5.1. Location of the Interface. For linear ansatz functions, the discrete inter-
face is determined by its (at most) two intersection points with the edges of each
element. This representation does in general not result in a good approximation
of expressions that are related to second derivatives of the level set function, e.g.,
curvature. In [22], it was even shown that using linear finite elements might prevent

approximations of curvature from converging. This is remedied by using a higher
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FIGURE 5.1. Determining the position of the discrete interface us-

ing linear (T'1(¢)) and quadratic (I'2(¢)) approximation spaces.

order, e.g. a quadratic, ansatz space for the level set function for which the dis-
crete interface is obtained via a two-level grid as suggested in [30]. Let 73,2 be the
triangulation obtained from 7; by one regular refinement. We define Z(¢y) as the
continuous piecewise linear function on 7j /o that interpolates ¢, at the vertices of
all four triangles that form a subdivision of an element of 7;,. Then the location of

the discrete interface is determined as
Io={zeD | IZ(¢n)(z) =0},

see Figure 5.1. If the discrete interface found in this way consists of several non-
connected parts, we ignore those parts whose diameter is less than the length of

the longest edge in the triangulation.

Remark 5.1 (Alternative Discrete Interface Approximations). Fried [21, Sec-
tion 6.2/, and Cheng and Fries [1/] develop more elaborate strategies for deter-
mining the location of the discrete interface. The latter approach requires the ap-
plication of isoparametric integration routines, see Section 5.2. However, in our
numerical experiments, we did not encounter any stability problems with the dis-
cussed interpolation routine. Moreover, the proposed approach carries over directly

to the three-dimensional case.

5.2. Numerical Integration. As the kernels of the enrichment functions are not
differentiable across I';(t), standard numerical integration routines might not pro-

duce reasonable approximations to the integrals in (3.3). This is remedied as follows.

e To compute the entries of M7, K7, G and FJ, we first subdivide the in-
tersected elements according to the position of the discrete interface as
indicated by Figure 5.2(a). We then apply standard numerical integration

routines of appropriate order on each of these sub-triangles. This approach
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Li(t)

(a) Exact subdivision. (b) Regular refinement.

FIGURE 5.2. Numerical integration on intersected elements.

was proposed in [39] in the context of computational mechanics and is also
used by Chessa et al. [16] for the treatment of phase change problems. Note
that this exact subdivision approach naturally suggests how to choose the
coefficients ¢ and k on each of the triangles involved.

e In case of M;_l this exact subdivision is not applicable as an element
might be intersected by two interfaces. Therefore, we regularly refine these
elements and apply numerical integration schemes on the resulting triangu-
lation. This approach was first proposed in [19] and is adapted by Zabaras
et al. [49]. This situation is illustrated by Figure 5.2(b). Note that the

entries of ng are independent of ¢ and of k.

5.3. Extension Velocity. When formulating the level set equation we tacitly
made the assumption that the velocity field V is known on all of D. Obviously this
is not the case as the Stefan condition (2.2) defines only the normal velocity V - n

on the interface.

There are several (equivalent) ways to construct a vector valued velocity field with

global support from this scalar quantity.

(1) The first approach is to make the natural identification

1 dys Oyr
‘/1 = pL (k’s 8$Z k’F axz on F[(t) (51)

and to extend this velocity field to all of D. This approach requires two
evaluations of the gradient of y.

(2) Alternatively, one can set

V=V-n)n on I'f(¢) (5.2)
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and use an extension of this velocity vector. This approach requires only
the evaluation of V - n which can be implemented using a simple jump
calculation, see Section 5.4, and should thus be cheaper than (1). As the
velocity field defined by (5.1) has no tangential component due to (2.1d),
it can be written as in (5.2) and thus (1) and (2) are equivalent.

(3) Finally, one can rotate the coordinate system in a way that the x;-axis
transforms to the outer normal of T';(¢). The jump of the gradient (as
in (5.1)) in this new coordinate system can then be easily evaluated as
it is given by V - n in the direction corresponding to z; and zero in the
direction corresponding to z3. In the original coordinate system, we obtain

the representation (5.2) and therefore, also (2) and (3) are equivalent.

As mentioned above, we consider (2) and (3) to be more efficient than (1). Thus,
we discuss the evaluation of the Stefan condition (2.2) in the next section in more
detail. We now turn to the question of how we compute the extension of V' to all

of D.

The support of a quantity ¢ that is known on an interface only can be enlarged to
all of D or at least to the vicinity of the interface by means of a constant extension

in normal direction. This is achieved by solving
sign(¢) Vi - Vo =0 in D (5.3a)
Y =1 on I'z(t). (5.3b)

As in [16], we add the sign term to ensure that the characteristics of this equation
emanate from I';(¢) which enables us to use the given data 1) on I';(t) as a boundary
condition, see Figure 5.3(a). If a narrow band approach is used (see Section 5.6),
D in (5.3a) must be replaced by the corresponding local domain of computation.
This procedure is applied to both components V; of the velocity vector. This choice
of extension velocity moves the interface with the correct speed and preserves the
signed distance property of ¢ [2].

In contrast to [16], we use the fast marching method of Kimmel and Sethian [34]
to construct a signed distance function to the current position of the interface
and simultaneously solve (5.3) for both components of the velocity field on the
triangular mesh. The key idea of the fast marching scheme is to subdivide the grid
points into three sets, see Figure 5.3(b). All points for which the initial condition is
known (or can be explicitly computed) are tagged as alive and remain unchanged.

All points that are adjacent to alive points are tagged as close and all others are
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o alive
= close
L'y (t)
s far
(a) Characteristics of (5.3). (b) Subdivision of grid points.

FiGURE 5.3. Construction of extension velocities by the fast

marching scheme.

tagged as far. The method then iteratively moves points tagged as close to the
alive nodes and at the same time moves nodes from the set of far points to the
close nodes. This procedure is implemented to monotonically move the front of
close nodes and update the signed distance function in an upwind way. During
the update procedure several triangles might contribute to the value of the signed
distance function at a certain node. In this case, the triangle yielding the smallest
value is taken as the upwind triangle. We use the same triangle to update both
components of the extension velocity. We finally remark that all fast marching
computations are carried out on the finer level of the grid which is also used to

determine the current interface position, see Section 5.1.

5.4. Evaluating the Stefan Condition. The Stefan condition

dys 9yr s
pLV~n:ksa—n—k‘FW:[k‘Vy]F-n on I';(t) (2.2)

requires the evaluation of Vy on T';(t). Due to the discontinuity of Vy across T';(t) a
straightforward evaluation is not possible. Since we are seeking only the normal
component of the velocity, the domain integral method of Ji and Dolbow [33] could
be applied. A more efficient approach to evaluating the normal velocity is the jump
calculation used by Zabaras et al. [49], which we adapt here.

In addition to the point x4 on I';(t), the temperature is evaluated at four points,
denoted by xg/4, xg/Q, :rg5/4, x(; and xiﬂ, x(;/27 1’%5/4, x;, respectively, that are

located on normals through x4 to T';(t) on each side of the interface. The distances
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of these points to I';(t) are ié, % d, % 6 and §, where ¢§ is chosen as the average

element size. The slopes of the least squares lines through the pairs

{ o). (Fo6)) - (50620)  (Jas6l)  (b6dn) |

are then taken as approximations to the temperature gradients in normal direction.

Thus, the normal velocity of the interface is evaluated according to

Voo L 220ty -y~ 29(a8)
pL ™5 5
ke 22y(ey) +y(er") —y(y") -2 y(wd)]
5 5

at the point x4 on I';(¢). Note that both acas/Z and x(;/z drop out in this formula.

This means that for the proposed evaluation procedure of the normal velocity, we
need three points on either side of the interface and one point on the interface for

each evaluation point.

This construction is of course more involved and also slightly more costly than
the simple jump calculation proposed in [49], but all numerical experiments have
confirmed that this choice of the normal velocity is robust, reliable and, most im-

portant, reasonably accurate.

Remark 5.2. The fast marching method described in Section 5.3 needs as input
data the values of the velocity field at those nodes of the grid that are adjacent to
the interface. To determine these values, we project each of these nodes onto the
piecewise linear approrimation of the interface. The velocity field is then evaluated
at these projected points (which correspond to the xq nodes in the above formula)
and the values obtained by the jump calculation are copied to the corresponding

nodes of the grid.

5.5. Taylor Basis. The discontinuous Galerkin scheme (4.1) is implemented using
a Taylor basis [36] for the space Plljw. This basis has the advantage over the standard
Lagrangian basis that setting all off-diagonal entries to zero is a conservative mass
lumping strategy. Moreover, the Taylor basis allows for the efficient solution of
the adjoint systems in an optimal control approach to motion planning for the

two-phase Stefan problem in level set formulation, see [10].

5.6. Narrow Band Level Set Method. The major drawback of level set tech-
niques is the considerable additional effort that is introduced by embedding the
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1
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FIGURE 5.4. The interface (red line) embedded into the narrow
band (gray) that collects all nodes whose distance from the inter-

face is less than maxDist.

moving interface into a higher dimensional object whose evolution is described by a
partial differential equation. In cases where there is no physical quantity that can
be used as the velocity field V' in (2.3a), such a velocity field has to be constructed
as discussed in Section 5.3. These problems are at least partly overcome by using
a narrow band technique that solves the level set equation, and the corresponding
extension PDE (5.3), only in the vicinity of the interface [1,42], see Figures 5.4 and
6.4. Such a localized computational domain is constructed, e.g., by collecting all the
nodes of the grid that are less than a predefined threshold maxDist away from the
interface. A monitoring procedure controls the distance howClose of the interface
from the boundary of the current narrow band (tube). If this distance is getting too
small, the tube has to be rebuilt which requires also the construction of a signed
distance function to the current interface. To implement the monitoring procedure,
we determine the +(mazDist—howClose) level sets of the current signed distance
function. All nodes that belong to triangles that are intersected by these level
sets and whose signed distance to the interface is larger than mazDist—howClose
or smaller than —(mazDist—howClose), respectively, are tagged. Finally, the values
of the signed distance function at these nodes are checked in each time step, and,
if any of these values changes sign, the tube is rebuilt. This idea is illustrated in

Figure 5.4.

5.7. Boundary Conditions. To make the level set equation (2.3) well-posed on a

finite domain, boundary conditions on the inflow boundaries, i.e., on those parts of
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FIGURE 5.5. Interplay of the time stepping schemes.

the boundary of the computational domain on which V' -n < 0, where n is the outer
unit normal to the boundary of the domain, need to be specified. This is reflected
by the scheme (4.1) that takes into account only the jumps across those edges
on which the inflow condition is fulfilled. Since there are no physical boundary
conditions on ¢ given, we impose artificial Dirichlet boundary conditions on the
time-discrete level by prescribing ¢/ as the required Dirichlet data in the time step
from ¢’ to ¢!, see Figure 5.5. Numerical experiments confirm that the influence
of these boundary conditions on the evolution of ¢ is negligible if reasonably small
time steps and a frequent reinitialization of the level set function ¢ to a signed

distance function are used.

5.8. Synchronizing the Time-Stepping Schemes. While the energy equation
(2.1) is discretized in time using an implicit Euler method, a Runge-Kutta scheme
is used for the level set equation (2.3). The corresponding time steps must be syn-
chronized. Atcpr, from (4.2) determines the step length for the level set equation.
In practice, this could be smaller than the desired step size for the heat equation. In
this case, several time steps for the level set equation must be executed to arrive at
the next point of the time grid for the heat equation. This procedure is illustrated

by Figure 5.5.

6 Numerical Results

In this section, we investigate the order of convergence of Algorithm 1 on the Frank

Sphere example with respect to simultaneous spatial and temporal refinement. In
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Algorithm 1 Solver for Two-Phase Stefan Problem
Input: Da F[(O), Yo, Ym, P, Cs, CF, kS7 kFa L7 f) g, {tj}j\r:Tl
Output: y/ =y(t/), T4 =T;(), j=1,...,Nr

1: Set up ¢¥, V° and Atdy; and initialize the narrow band, j — 1.
2: while] < Nt do
3: t¢ -0, m—1

4:  while t4 < t —t7-1 do

5: Compute ¢~ using Aty = min { At/ t9 — 771 — ¢4},
6: Update the narrow band if necessary.

7 Reinitialize ¢ if necessary.

8: m—=m+1, ty =ty + Aty

9:  end while

10:  Determine I‘JI‘ and the enriched nodes.
11:  Assemble and solve (3.4) for y/.

12 Evaluate V7 and reinitialize ¢”.

13 Compute Atly, .

4: j—=5+1

15: end while

addition, we solve the benchmark problem of solidification in an infinite corner,
and we also demonstrate the capability of the method to track topological changes.
In the examples in Sections 6.1 and 6.2, ¢ = cp = kg = kp holds and the exact
solutions (or at least the interface position in the second example) are known.
Unfortunately, we are not aware of an example with known solution in which either
cs # cp or kg # kp holds. Such an example would enable us to reliably check the

order of convergence of our solver in that case.

All our computations are based on quadratic ansatz spaces for both the temper-
ature field and the level set field. We always chose an equidistant time grid for
the temperature, i.e., Ati = At,. The time grid for the level set equation is con-
structed automatically during the computation as specified in Algorithm 1. The
main part of the solver is implemented as a prototype in MATLAB. Some time

critical components have been implemented in the C++ programming language.

6.1. The Frank Sphere Example. The growing Frank Sphere [20] is a good

benchmark example (used, e.g., in [4,12,13,27]) to verify the implementation of
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Algorithm 1 and to determine the order of convergence, as an exact solution for
both, the temperature and the interface position, is known. The Frank sphere
example has been found to be ill-posed [26], making its accurate numerical solution
a challenging task. The setup is such that a solid nucleus which is initially a circle
of radius sy at the equilibrium temperature yy; = 0 grows into an undercooled
liquid in the infinite domain R2. The initial radius of the nucleus, sg, is related to

the temperature at infinity, y.., by the equation

So F(S())

Yoo =9 Fi(so)

The value sy = 0.25 corresponds to yo, = —0.05709187113307 [12]. At time ¢, the

exact temperature distribution is

- yoo(l - S ) S > So,
y(z,t) = §(s) = F(s0) (6.1)
O S S S0,

where the similarity variable s = - depends on the radius r = Va2 + 23, and

e} —t
F(s) = / at
s2/4 t

Thus, at any instance of time, the interface is the boundary of
Qs(t) = {(z1,22) € R?|y/af + a3 < so V1),

i.e., it is a circle with radius s v/t.

To solve this problem numerically in the time interval [1,2], we use the hold-all

D = [—1,1]? and the parameters
p=L=cs=cr=ks=kp=1, yu =0.

To estimate the experimental order of convergence, we uniformly refine the spatial
discretization, starting from 144 triangles (h = 0.4) up to 36864 triangles (h =
0.025). Simultaneously, the temporal grid is refined, starting from 20 time steps
(At, = 0.05) up to 100 time steps (At, = 0.01).

Remark 6.1. The choice of the temporal discretization may seem a bit arbitrary. In
fact, numerical experiments with different couplings of the form At, = O(h%), a >
0, have shown that we obtain at most linear convergence w.r.t. h on the Frank
Sphere example. However, this linear rate can be obtained by different combinations

of temporal and spatial refinements.
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The coupling of the spatial and the temporal discretizations allows us to interpret
the errors in the temperature and in the interface position as functions of the spatial
grid size parameter h alone. Consequently, the experimental order of convergence
(eoc), for instance, of the interface position (see (6.3)) for two different grid sizes

h1, hs can be estimated as

_ EF(¢n,) — mEF (45,

eo¢ Inhy — Inhy :

assuming that the error has a representation of the form
E7 (¢n) = ch?

with a suitable constant ¢ > 0. For a sequence of decreasing grid sizes (hn)nN=1 and

corresponding errors (E2°(¢y,,)) N the order of convergence can be estimated by a

n=1’
least-squares approach. In this way, the last lines in Tables 6.1-6.2 were computed.
Exact Dirichlet boundary conditions are imposed on 9D using (6.1). The error

indicators for the temperature at t =T,
1/2
B2 = ( [ I 1) - st 7)o
D

and

E7 (yn) := sup lyn(z,T) — y(x, T)|,

are of L? and L™ type, respectively. Here, y;, denotes the numerical solution, and

y is the exact solution as given in (6.1). Similarly, we use the L? measure

1/2
E2(gn) := ( / O ds> (6.2)

as well as the L measure

ET (én) = Sup || (6.3)

to estimate the error in the interface position. As documented in Table 6.1 and
Table 6.2, the convergence rate in all four cases is slightly less than linear. Potential
reasons for this sub-optimal behavior are that the reinitialization of the level set
function, as well as the construction of the extension velocity are only of first
order, and that we use a polygonal (as opposed to piecewise quadratic) interface
approximation. Nevertheless, compared with the results in [12], where the same
parameters are used, our solver exhibits reasonable accuracy. Using the corrected X-
FEM of Fries [23] can help to improve the observed convergence rates. In addition,

a higher-order version of the fast marching method on triangular grids [45] or a
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TABLE 6.1. Errors and estimated orders of convergence for the

temperature in the Frank sphere example at ¢t = T.

h At, E2.(yp) eoc  EX(yn) eoc
0.400 0.0500 b5.5883e-03 —  8.2476e-03  —
0.200 0.0250 3.3103e-03 0.76 5.1098¢-03 0.69
0.100 0.0167 1.5653e-03 1.08 2.5916e-03 0.98
0.050 0.0125 7.6895e-04 1.03 1.2687e-03 1.03
0.025 0.0100 4.0455e-04 0.93 6.3618¢-04 1.00

eoc 0.97 0.94

TABLE 6.2. Errors and estimated orders of convergence for the

interface position in the Frank sphere example at ¢t = T'.

h At, EZ(¢n) eoc  EF(¢n)  eoc
0.400 0.0500 1.3867e-01 - 1.1295e-01 -
0.200 0.0250 7.9418e-02 0.80 6.6132e-02 0.77
0.100 0.0167 3.7637e-02 1.08 3.1993e-02 1.05
0.050 0.0125 1.8434e-02 1.03 1.4870e-02 1.11
0.025 0.0100 9.6054e-03 0.94 7.3170e-03 1.02

eoc 0.98 1.00

different reinitialization PDE [42] can be used to improve the overall order of the

proposed scheme at the expense of a higher computational cost.

6.2. Solidification in a Corner. In this section we validate Algorithm 1 by

considering the benchmark problem of a material solidifying in an infinite corner

that has been treated by a lot of researchers, see [5,16,37,49]. We simulate this

problem by solving the two-phase Stefan problem in the domain D = [0, 14] x [0, 14].

The parameters are chosen as

p=1, L=025 cs=cr=ks=kp=1

resulting in equal thermal diffusivities in both phases. The melting temperature

is ypr = 0 while the initial temperature is yo(z) = 0.3. As in the example above

we neglect heat sources (f = 0) but now the boundary conditions are given by the
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Dirichlet condition y = —1 on the lower and the left part of 0D and the insulation
condition g% = 0 on the upper and the right part of dD.

As cited in [5], the interface position in dimensionless coordinates

T

! Vdat

is constant in time and given by
C 1/u
s= ANt 6.4
i +(m;>u—w) (04
for an infinite region. The constants C ~ 0.159, u ~ 5.02 and A =~ 0.70766 are
determined numerically and a is the thermal diffusivity that has to be equal in
both phases:

ks ke

pcs  pcr
Figure 6.1 shows this dimensionless interface in comparison with interface positions
obtained by Algorithm 1 at four different time steps. The prediction of the interface
is very close to the analytic solution at all four time steps. In addition, Figure 6.2
shows the temperature distribution for the solidification process corresponding to

the four time steps in Figure 6.1.

6.3. Hold-All with a More Complex Geometry. Our main motivation for
using the level set method for representing the interface I';(¢) is that this method
is capable of tracking topological changes. In this section we construct an example
that demonstrates this feature. In addition, this last example involves a more
complex geometrical setup of the hold-all D that can not be easily treated by using

a rectangular grid.

The domain we consider has a star-like shape and the initial position of T'f(¢) is
given by a slightly scaled and rotated version of the standard quatrefoil [25], that
is sometimes used as a benchmark example for testing solvers for evolving inter-
faces. Just like in the examples before, the fluid phase, which corresponds to the
interior of the quatrefoil, is enclosed by the solid phase, and the initial temperature
distribution is given by

do(x) x € Qg(0),

yo(x) =
2¢0(x) x € Qp(0).

We use the parameters

P:LL:L?JM:Q krp =05, ks =1, cr =1, cs =1,
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1
FIGURE 6.1. Analytic and numerical solution for the corner solid-

ification problem at four time steps in dimensionless coordinates.

and prescribe piecewise constant Neumann boundary conditions that will cause a
nonsymmetric inwards solidification. Eventually, the interface I';(¢) vanishes and
all of D is occupied by the solid phase Qg(t). The results are shown in Figure 6.5
at six different time steps. Note the pinch-off in the upper left corner, shown in

Figure 6.5(b). This topological change is handled nicely by our method.
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