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2. Motivation

Given a optimization problem, depending on a parameter
p € Py (typically compact)

in f
min - fo(u, p)

st fi(u,p) <0 (i=1,...,n)
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2. Motivation

Given a optimization problem, depending on a parameter
p € Py (typically compact)

in f
min - fo(u, p)

st fi(u,p) <0 (i=1,...,n)

Optimize the worst-case scenario
min  max fy(u,
uel pePyy 0( p)
st. fi(u,p) <0 forall pe Py (i=1,...,n)
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-B_ Kinds of Robustness
Approximation problem (Ag + pAj)u~ b
@ Nominal Problem

min ||Ayu — b||3
ue]R”” 0 12
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8. Kinds of Robustness
Approximation problem (Ag + pAi)u~ b
@ Nominal Problem

min ||Ayu — b||3
UeRnH 0 12

@ Stochastic Robust Problem

min E|| (Ao + p A1) u— bl3
ueRr”"

where p is uniformly distributed on [—1, 1]
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8. Kinds of Robustness
Approximation problem (Ag + pAi)u~ b
@ Nominal Problem

: _ 2
min | Aou — b3
@ Stochastic Robust Problem
min E|| (Ao + p A1) u — bl|3
ueRn

where p is uniformly distributed on [—1, 1]

@ Worst-case Robust Problem

min max || (Ao + pAi)u— b|j2

UeR” pe[—1,1]
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T T
nominal
— statistical robust least squares|
— worst-case robust

| (Ao + p A1) u* — b3

1 1 1
-0.5 0 0.5

[Boyd and Vandenberghe, 2004] parameter p
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Comparison of Nominal, Stochastic and Worst-case m



B Example: Chebyshev-Approximation

Let a function g : R" — R and a set {¢1, ¢2,. .., ¢} of
linearly independent polynomials be given.

Find (uy, o, ..., uk) such that

k
max | > u;¢i(x) — g(x)|
i=1

XEQCRN 4
is minimal.

X = parameter p
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B Maximum Formulation

The general robust (worst-case) problem
min  max f
min - max o(u,p)
st. fi(u,p) <0 forallpe Py
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B Maximum Formulation

The general robust (worst-case) problem

min  max fo(u, p)
uelU pePy

st. fi(u,p) <0 forallpe Py (i=1,...,n)
is equivalent to the maximum formulation

min  max fo(u, p)

uel pePy (MF)
st maxfi(u,p) <0 (i=1,...,n)
PEPaq
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B Problem of Feasibility m

In general it is hard to determine whether u is feasible or not.
global maximum

fi(u, p)

local maximum

Numerical algorithms usually find local extrema.
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. Epigraph Formulation m

The problem (MF) is equivalent to (epigraph formulation)

min o
(u,)EUXR
s.t. max fo(u,p) < «
pePad
maxf(up)<0 (i=1,...,n)
PEPy

Properties of ®;(u) := maxpep,, fi(U, p)
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& Epigraph Formulation

The problem (MF) is equivalent to (epigraph formulation)

min o
(u,)EUXR
s.t. max fo(u,p) <
PG ad
maxf(up)<0 (i=1,...,n)
PEPy

Properties of ®;(u) := maxpep,, fi(U, p)
@ ®; is continuous if f; is continuous and if P.q is

compact
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& Epigraph Formulation

The problem (MF) is equivalent to (epigraph formulation)

min o
(u,@)eUxR
s.t. max fo(u,p) < a
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PEPaq
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& Epigraph Formulation m

The problem (MF) is equivalent to (epigraph formulation)

min o
(u,@)eUxR
s.t. max fo(u,p) < a
pePad
max fi(u,p) <0 (i=1,...,n)
PEPaq

Properties of ®;(u) := maxpep,, fi(U, p)
@ ®; is continuous if f; is continuous and if P.q is
compact
@ ®;is convex if f; is convex w.r.t. u
@ ¢; is directionally differentiable if % exists and is
continuous |
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B Concave Problem

Suppose that f; is concave w.r.t. p

fi(u, p)

fi(u, p)

local maximum = global maximum
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Inner Optimality System (max f(u, p))

pEPad

Assume
@ f(u,p)is concave w.r.t. p
@ Py =10,1]7
@ some constraint qualification
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= Inner Optimality System (max f(u, p))
=B "

Assume

ad

@ f(u,p) is concave w.r.t. p

° Pad:[071]m

@ some constraint qualification

Then p solves mIaDX f(u, p) iff there exist Lagrange
PEFad

multipliers A\;, Ay € R™ that fulfill the optimality system

p<1,

Frank Schmidt (TU Chemnitz)

p>0, \>0, p'\=0
A>0, (p—1)"A=0
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MPCC

min
U,
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st. maxf(u,p) <0
PEPag
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MPCC m

min  « st. max f(u,p) <
U,a PEPg

A .
min  « st. f(u,p)<0
u,a,p
and p solves max f(u,p)
PEPag
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-B. MPCC

min  « st. max f(u,p) <
U, PEP

= _
mg a st f(u,p) <0
and p solves max f(u, p)
PEPag
=
min o
u,o,p, A, Ay
s.t. f(u,p) <0
Vo f(u,p) + X — Ay =0
p>0, N>0, p'x =0

pP<1, A=0, (p—1)Tx =0
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B Convexification Bla |

Use a concave overestimator f(u, p) > f(u, p) instead of f.

. 7l
= max f(u,p) < max f(u,p) <0
PEPq PEPay

If uis feasible w.r.t. 7 then it is feasible w.r.t. f.

[Floudas and Stein, 2007]

Frank Schmidt (TU Chemnitz) Introduction to Robust Optimization March 7—-14, 2009 12/23



B Convexification m
Use a concave overestimator f(u, p) > f(u, p) instead of f.
~ 7!
= max f(u,p) < max f(u,p) <0

PEPq PEPay

If uis feasible w.r.t. f then it is feasible w.r.t. f.

?,Y(U, p) :=f(u,p) + 3 p" (1 — p) is such a overestimator.

Properties of ,(u, -)

[Floudas and Stein, 2007]
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B Convexification Bla |

Use a concave overestimator f(u, p) > f(u, p) instead of f.

7!
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PEPq PEPay
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?,Y(U, p) := f(u,p)+ 3 p" (1 — p) is such a overestimator.

Properties of ,(u, -)

o 7,(u,p) > f(u, p)
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B Convexification Bla |

Use a concave overestimator f(u, p) > f(u, p) instead of f.

7!

— max f(u,p) < max f(u,p) <0
PEPq PEPay

If uis feasible w.r.t. 7 then it is feasible w.r.t. f.

?,Y(U, p) := f(u,p)+ 3 p" (1 — p) is such a overestimator.

Properties of ,(u, -)

o 7,(u,p) > f(u, p)

e f(u,-)isconcaveifyv> max ||D3f(u,
(U, ) W_pepad:[o,ﬂm” bf (U, p)ll2

o f,(u,p) = f(u,p) Vp € OPa = 0[0, 11"

[Floudas and Stein, 2007]
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?’Y(uap)

Convexification (cont’d)

infeasible

[Floudas and Stein, 2007]
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B Piecewise Convexification

| p

Al

72

3

[
feasible

Y4

Adaptive convexification is possible!

[Floudas and Stein, 2007]
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Outline

e Interesting Examples and Existence
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Example: Perturbed Controls

min  max u
sl paax Hy yd||L2(Q)+ || ‘|‘P||L2(Q)

s.t. —Ay+y=u+p inQ
oy =0 onl
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.8 Example: Perturbed Controls

min  max
UEUag  PEPyg

1 g
5118 p) = ¥allZz() + llu+ Pl

where S(u, p) € H'(Q) is the unique weak solution of
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B Example: Perturbed Controls

min  max
UEUag  PEPyq

:fO(va)

A

7 ;
51IS(u,p) — YalZz(q) + Sllut PlIZ2(q)

= (u)

where S(u, p) € H'(Q) is the unique weak solution of
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min  max
UEUag  PEPyq

Example: Perturbed Controls

:fo(U,p)

A

7 ;
51IS(u,p) — YalZz(q) + Sllut PlIZ2(q)

=g (u)

where S(u, p) € H'(Q) is the unique weak solution of

—Ay+y=u+p
oy=0

g is continuous and convex
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.B_ Example: Perturbed Controls m

:fo(U,p)

A

. 1 2 g 2
urgbgd 52%; EHS(Uv p) — yd||L2(Q) + E”U"‘ p||L2(Q)

~~

=®o(u)
where S(u, p) € H'(Q) is the unique weak solution of

—Ay+y=u+p in Q
oy=0 onl

g is continuous and convex

There exists a worst-case optimal control u* € Ugg. I
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Example: Perturbed Controls (cont'd) m

min ®o(u) with ®p(u) = max fh(u, p)
u€ Uyg PEPag

There exists a worst-case optimal control u* € Ugg. I

V.
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.2 Example: Perturbed Controls (cont'd) m

min ®o(u) with ®p(u) = max fh(u, p)
u€ Uyg PEPag

There exists a worst-case optimal control u* € Ugg. I

@ F{un} C Uyg such that ®g(up) —j = irbf do(u)
ucUyg

V.
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.2 Example: Perturbed Controls (cont'd) m

min ®o(u) with ®p(u) = max fh(u, p)
u€ Uyg PEPag

There exists a worst-case optimal control u* € Ugg. I

@ F{un} C Uyg such that ®g(up) —j = irbf do(u)
ucUyg

© There exists a subsequence u, such that
Un/ = U* G Uad

V.
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.2 Example: Perturbed Controls (cont'd) m

min ®o(u) with ®p(u) = max fh(u, p)
u€ Uyg PEPag

There exists a worst-case optimal control u* € Ugg. I

@ 3{un} C Uyg such that ®g(up) — j := irbf do(u)
ucUyg

© There exists a subsequence u, such that
Un/ = U* G Uad

Q j=Ilimdg(uy) =Iliminfdg(uy) > do(u*) = Po(u*) =
n/ n/

V.
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.8 Example: Uncertain Coefficient (linear)

. 1
min max — — u
ulny  peP 2Hy .deLZ(Q) + 5 || ||L2(Q)

s.t. —-Ay=0 in Q
dy=p(u—y) onl
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Example: Uncertain Coefficient (linear)

; 1 2 Y02
min  max =y — + =|lu
UEUsg  PEPa oY~ Yalliz@ + 51Ul

s.t. —-Ay=0 in Q
dy=p(u—y) onl

y € H'(Q) depends continuously on u € L?(I') and
p e L>=(T).
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.8 Example: Uncertain Coefficient (linear) m

. 1
min max — — u
ulny  peP 2Hy .deLZ(Q) + 5 || ||L2(Q)

s.t. —-Ay=0 in Q
dy=p(u—y) onl

y € H'(Q)
p e L>=(T).

depends continuously on u € L?(I') and

There exists a worst-case optimal control u* € Uyg. I
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Example: Uncertain Coefficient (nonlinear) m

: 1
min  max —=|ly — u
UEUag  PEPg 2”y yd”L2(Q) +35 || ||L2(Q)

st.  —Ay+pyl=u inQ
y=0 onl
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.8 Example: Uncertain Coefficient (noniinear)

min  max
UcUsg PEPy

1 g
EHS(va) - }’d”%z(g) + 5”“”%2(9)

where S(u, p) € H'(Q) is the unique weak solution of
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.8 Example: Uncertain Coefficient (nonlinear)

min  max
U€lUyy PEPy

=fo(u.p)

A

]
EHS(Uap) _de%Z(Q)

v 2
+ é”u”/_z(g)

J/

=y (u)

where S(u, p) € H'(Q) is the unique weak solution of
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.8 Example: Uncertain Coefficient (nonlinear)

min  max
U€lUyy PEPy

=fo(u.p)

A\

]
EHS(Uap) _de%Z(Q)

v 2
+ é”u”/_z(g)

J/

=g (u)

where S(u, p) € H'(Q) is the unique weak solution of

~Ay+pyi=u
y=0

g is continuous but NOT convex
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.8 Example: Uncertain Coefficient (noniinear) m

=fo(u.p)

A\

. 1 2 Y 2
urgbgd ;2,33:2 EHS(Uap) - yd||L2(Q) + é”u”LZ(Q)

J/

=®o(u)
where S(u, p) € H'(Q) is the unique weak solution of

~Ay+py}=u inQ
y=0 onl

g is continuous but NOT convex

Is there a worst-case optimal control u* € Uyg? l
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B Example: Uncertain Coefficient (nonlinear) (cont'd) m

min ®q(u) with ®¢(v) = max fy(u, p)
UEUag PE Pag

Attempt of a Proof
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B Example: Uncertain Coefficient (nonlinear) (cont'd) m

min ®q(u) with ®¢(v) = max fy(u, p)
PEPaq

u€Uygy

Attempt of a Proof

@ J{un} C Uyg such that &g(uy) — j := |nf do(u)

UE ad
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B Example: Uncertain Coefficient (nonlinear) (cont'd) m

min ®q(u) with ®¢(v) = max fy(u, p)
PEPaq

u€Uygy

Attempt of a Proof

@ J{un} C Uyg such that &g(uy) — j := |nf do(u)

UE ad

© There exists a subsequence u, such that uy — u* € Uy
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B Example: Uncertain Coefficient (nonlinear) (cont'd) m

min ®q(u) with ®¢(v) = max fy(u, p)
PEPaq

u€Uygy

Attempt of a Proof

@ J{un} C Uyg such that &g(uy) — j := |nf do(u)

UE ad

© There exists a subsequence u, such that uy — u* € Uy

© 3{pw} C Pag such that fo(un, pr) = Po(Up)
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B Example: Uncertain Coefficient (nonlinear) (cont'd) m

min ®o(u) with ®y(u) = max fo(u, p)
UEUqg PE Pag

Attempt of a Proof

@ J{un} C Uyg such that &g(uy) — j := |nf do(u)

u€Uy
© There exists a subsequence u, such that uy — u* € Uy
© 3{pw} C Pag such that fo(un, pr) = Po(Up)

© There exists a subsequence p, with py — p* € Pag
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B Example: Uncertain Coefficient (nonlinear) (cont'd) m

min ®o(u) with ®y(u) = max fo(u, p)
UEUqg PE Pag

Attempt of a Proof

@ J{un} C Uyg such that &g(uy) — j := |nf do(u)

UE ad

© There exists a subsequence u, such that uy — u* € Uy
© 3{pw} C Pag such that fo(un, pr) = Po(Up)

© There exists a subsequence p, with py — p* € Pag

Q j = liminf fo(Up, pv) > liminf fo(um, p*) > fo(u*, p*) = do(u”)
n n
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Outline

e Outlook
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@ When does there exist a worst-case robust optimal

control?
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Roadmap

@ When does there exist a worst-case robust optimal

control?

© How to convexify the inner problem?
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B Roadmap m

@ When does there exist a worst-case robust optimal
control?

© How to convexify the inner problem?

© What are optimality conditions for MPCCs and how to
solve them?
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B Roadmap m

@ When does there exist a worst-case robust optimal
control?

© How to convexify the inner problem?

© What are optimality conditions for MPCCs and how to
solve them?

© Implementation
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Thank You! J
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