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Model problem and aims

We discuss the problem (P)

—Ay+y=1f inQ
O,y =0 onl =09,

where Q is a convex polygonal domain and f is as regular as necessary.
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Model problem and aims

We discuss the problem (P)

—Ay+y=1f inQ
O,y =0 onl =09,

where Q is a convex polygonal domain and f is as regular as necessary.
Aim: L2-error estimate on the boundary, i.e.

ly = yullezry < CH°,

where C > 0 is a constant independent of h and s depends on the largest
angle in the domain.
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Regularity results from literature
[Mateos/Rosch, 2008]

For the solution of problem (P) one has y € W2P(Q) N HY/2+5(Q) and
yir € Z>7Y/PP(I) N Z52(T). Moreover there exists a constant C > 0
depending only on the data of the problem satisfying

Iyllwzr@) + [1¥llp1r2es(q) < C.

p and s are limited by the largest angle w in the domain such that

12, o0 for w < 7/2 12, 3] forw < m/2
pE and s € .
12, = 7r/w[ for w > /2 12,5+ 2] forw > /2
The space Z*P(I') is defined by
Z5P(M) :={z € LP(Q) : zr, € W*P(Tj) Vj=1,--- ,n}.
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Estimates from the literature [Mateos/Rosch, 2008|

Lemma 1
For v, € V), there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-
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Estimates from the literature [Mateos/Rosch, 2008|
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds

[vall2(6)
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Estimates from the literature [Mateos/Rosch, 2008|
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds

[vall 26y = h1/2||\7h||Lz(@)

der Bundeswehr

Universitdt j*"} Miinchen



Estimates from the literature [Mateos/Rosch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds

[vall2(6) = h1/2||\7h||Lz(@) < Ch1/2||9h||Loo(@)
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds
Ivallize) = B2l 2y < CHY/2

||9h||Loo(€;)
< Chlp”‘A/hHLoo(?)
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds

[vall2(6) = h1/2||\7h||Lz(@) < Ch1/2||9h||Loo(@)

< Chlp”‘A/hHLoo(?) < Ch1/2||‘A/h||Lp(?)

der Bundeswehr

Universitdt (5 Miinchen



Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds

[vall2(6) = h1/2||\7h||Lz(@) < Ch1/2||9h||Loo(@)

< CH 200l oo 3y < CH2 00 oy < CHY2 2P|l o7
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds
||VhHL2(G) = hl/zHOhHLz(@) < Ch1/2||oh”Loo(é‘)
< CHY2)0nll ooy < CHY2 000l < CHY2 2Pl vhll o,
Now we can sum up and apply the Holder inequality to obtain

Ivallzry =
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

Iall2qry < ChYP il to(e)-

Proof: Let T € 7, and G € G, one of its edges. Then there holds
||VhHL2(G) = hl/zHOhHLz(@) < Ch1/2||oh”Loo(é‘)
< CHY2)0nll ooy < CHY2 000l < CHY2 2Pl vhll o,
Now we can sum up and apply the Holder inequality to obtain

Ivallzry =
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

IVall 2y < ChYP vl e

Proof: Let T € 7, and G € G, one of its edges. Then there holds
lvall gy = B2 1108l 26y < CHY 108l oo
< CHY2[ 0l e 7y < CHY2 00l < CHY2 22 vl

Now we can sum up and apply the Holder inequality to obtain

[nliZary = D vl

Gegy
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

IVall 2y < ChYP vl e

Proof: Let T € 7, and G € G, one of its edges. Then there holds
lvall gy = B2 1108l 26y < CHY 108l oo
< CHY2[ 0l e 7y < CHY2 00l < CHY2 22 vl

Now we can sum up and apply the Holder inequality to obtain

WallZary = D vallfagey < CH¥P Y Ivallincr
GEegy GEegy
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

IVall 2y < ChYP vl e

Proof: Let T € 7, and G € G, one of its edges. Then there holds
lvall gy = B2 1108l 26y < CHY 108l oo
< CHY2|| 0| oy < CHY2 [0l o7y < CHY220P |l o7
Now we can sum up and apply the Holder inequality to obtain
HVhHLz(r Z ||VhHL2(G) < Cht/P Z ||Vh||Lp

GEegy GEegy

< CH P23 g )P
GeTy
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Estimates from the literature [Mateos/Rdsch, 2008]
Lemma 1

For vy € Vj, there exists a constant C > 0 such that

IVall 2y < ChYP vl e

Proof: Let T € 7, and G € G, one of its edges. Then there holds
lvall gy = B2 1108l 26y < CHY 108l oo
< CHY2 04 ey < CHY2 11y < CHY2 22wl o
Now we can sum up and apply the Holder inequality to obtain

WallZary = D vallfagey < CH¥P Y Ivallincr
GEegy GEegy

< CH4PRE2P (Y nll o ry)?P = Ch2/P | vhll ()
GeTy,
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Estimates from the literature [Mateos/Rdsch, 2008]
Theorem 1

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yallezry < C2 Iy llwzna,

where C > 0 is a constant depending only on the data of the problem and
B=2-1/p.
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Estimates from the literature [Mateos/Rdsch, 2008]
Theorem 1

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yallezry < C2 Iy llwzna,

where C > 0 is a constant depending only on the data of the problem and
B=2-1/p.

Proof:

1y = yall2(r
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Estimates from the literature [Mateos/Rdsch, 2008]
Theorem 1

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yallezry < C2 Iy llwzna,

where C > 0 is a constant depending only on the data of the problem and
B=2-1/p.

Proof:

ly = yall2iry < CUlyn = Iy llory + Iy = Iy ll2n)
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Estimates from the literature [Mateos/Rdsch, 2008]
Theorem 1

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yallezry < C2 Iy llwzna,

where C > 0 is a constant depending only on the data of the problem and
B=2-1/p.

Proof:

ly = yall2iry < CUlyn = Iy llory + Iy = Iy ll2n)
< C(h™Pllyn — Ihyllioe) + ly = Iaylleory)
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Estimates from the literature [Mateos/Rdsch, 2008]
Theorem 1

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yallezry < C2 Iy llwzna,

where C > 0 is a constant depending only on the data of the problem and
B=2-1/p.

Proof:

ly = yall2iry < CUlyn = Iy llory + Iy = Iy ll2n)
< C(h™Pllyn — Ihyllioe) + ly = Iaylleory)
< C(hYP(lly = Iyl + ly = valle@y) + 7P 1yl z2-1/m(ry)

der Bundeswehr

Universitdt f 3 Miinchen




Estimates from the literature [Mateos/Rdsch, 2008]
Theorem 1

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yallezry < C2 Iy llwzna,

where C > 0 is a constant depending only on the data of the problem and
B=2-1/p.

Proof:

ly = yall2iry < CUlyn = Iy llory + Iy = Iy ll2n)
< C(h™Pllyn — Ihyllioe) + ly = Iaylleory)

< C(h™Y2(lly = hy ey + ly = vhllr()) + h271/p||)’”zzfl/p7p(r))
< CRPMPlyllwze(q)
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Numerical tests

We consider

D

—Ay+y=1f inQ
0,=0 onTl

where
Fx(r,0),y(7,6)) = (0 = N)r* 2 cos(A) + (7 — 2 1) cos(A0)

with r, ¢ being polar coordinates, A = 7/w and o« = 5/2. The exact
solution is given as

A
( ?¢) (r - al’ )COS()\¢)' Universit(itm‘:";‘,’”m‘vwﬂ(hEH



Numerical tests

ndof w=105° A=171| w=135° A=1.33
p<7, 3=1.86 p <3, =167
domain boundary | L2-error eoc L2-error eoc
5 5| 2.31e-02 2.59e-02
12 10 | 2.30e-02 0.004 | 2.34e-02 0.146
35 20 | 7.43e-03 1.630 | 8.85e-03 1.402
117 40 | 2.11e-03 1.819 | 2.83e-03 1.642
425 80 | 5.64e-04 1.900 | 8.45e-04 1.746
1617 160 | 1.47e-04 1.944 | 2.44e-04 1.794
6305 320 | 3.75e-05 1.968 | 6.92e-05 1.817
24897 640 | 9.50e-06 1.980 | 1.95e-05 1.827
98945 1280 | 2.41e-06 1.982 | 5.48e-06 1.832
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Conjecture 1

J

There occur superconvergence effects caused by the refinement strategy.

Conjecture 1

Calculate eoc on disturbed meshes.
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Numerical tests

ndof w=105° A=171,p<7, =186
not disturbed disturbed
domain boundary | L2-error eoc L2-error eoc
5 5| 2.31e-02 2.41e-02

12 10 | 2.30e-02 0.004 | 2.31e-02 0.083
35 20 | 7.43e-03 1.630 | 7.99e-03 1.669
117 40 | 2.11e-03 1.819 | 2.33e-03 1.930
425 80 | 5.64e-04 1.900 | 6.10e-04 2.007
1617 160 | 1.47e-04 1.944 | 1.63e-04 1.904
6305 320 | 3.75e-05 1.968 | 4.20e-05 1.943
24897 640 | 9.50e-06 1.980 | 1.11e-05 1.988
98945 1280 | 2.41e-06 1.982 | 2.75e-06 2.015
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Numerical tests

ndof w=135° A=1.33, p<3, =167
not disturbed disturbed
domain boundary | L2-error eoc L2-error eoc
5 5 | 2.59e-02 3.27e-02

12 10 | 2.34e-02 0.146 | 2.40e-02 0.578
35 20 | 8.85e-03 1.402 | 9.38e-03 1.332
117 40 | 2.83e-03 1.642 | 3.14e-03 1.839
425 80 | 8.45e-04 1.746 | 9.20e-04 1.764
1617 160 | 2.44e-04 1.794 | 2.75e-04 1.784
6305 320 | 6.92e-05 1.817 | 8.21e-05 1.889
24897 640 | 1.95e-05 1.827 | 2.20e-05 1.913
98945 1280 | 5.48e-06 1.832 | 6.20e-06 1.839
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Conjecture 2

Lemma 2

Let y be the solution of problem (P) and /, the linear Lagrange
interpolation operator. The interpolation error can be estimated by

ly = Iy llagry < Ch*{lyll zea(ry,

where C > 0 is a constant depending only on the data of the problem and
t=min{2,s —1/2+1/q}.
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Conjecture 2

Lemma 2

Let y be the solution of problem (P) and /, the linear Lagrange
interpolation operator. The interpolation error can be estimated by

ly = Iy llagry < Ch*{lyll zea(ry,

where C > 0 is a constant depending only on the data of the problem and
t=min{2,s —1/2+1/q}.

Proof: We get with the Sobolev embedding theorem

W*2(T;) — WTI(T;) forr<s—1/2+1/gand 7 <s.
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Conjecture 2

Lemma 2

Let y be the solution of problem (P) and /, the linear Lagrange
interpolation operator. The interpolation error can be estimated by

ly = Iy llagry < Ch*{lyll zea(ry,

where C > 0 is a constant depending only on the data of the problem and
t=min{2,s —1/2+1/q}.

Proof: We get with the Sobolev embedding theorem
W*2([;) — W) fort<s—1/2+1/qgand 7 <s.

Using Theorem (4.4.20) in [Brenner/Scott, 2008] and Banach space
interpolation theory we obtain the desired result.
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Conjecture 2

Conjecture 2

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yalleagry < Clly = Inylliaqry + O(hY) < Ch¥|lyll zeagq) + O(h),

where C > 0 is a constant depending only on the data of the problem,
t=min{2,s —1/24+1/q} and v > t.
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Conjecture 2

Conjecture 2

Let y be the solution of problem (P) and yj its discrete solution. The
finite element error can be estimated by

ly = yalleagry < Clly = Inylliaqry + O(hY) < Ch¥|lyll zeagq) + O(h),

where C > 0 is a constant depending only on the data of the problem,
t=min{2,s —1/24+1/q} and v > t.

Remark
For g = p there holds

1 1 = 1 =
t=s——-+—=—+—=—
2 p w p w

T ™ 1
1-—)=14+4—=2——=20.
+ 2w) Jr2w p b

v
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Numerical tests

ndof w=90°, A=2,p< o0, =2
boundary | eoc L%-error L[3-error L*error L>-error
t=2 t=2 t=2 t=2
256 1.975 1.942 1.926 1.903
512 1.987 1.964 1.948 1.927
1028 1.993 1.978 1.965 1.947
2048 1.997 1.987 2.057 2.021
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Numerical tests

ndof w=105°, A=171, p<7, 3=1.86
boundary | eoc L2-error L3-error L*-error L5-error
t=2 t=2 t=196 t=1091
320 1.968 1.930 1.887 1.853
640 1.980 1.948 1.907 1.874
1280 1.982 1.958 1.920 1.887
L%-error L’-error [8-error L°-error
t=1.88 t=186 t=1.84 t=1.83
320 1.829 1.809 1.791 1.778
640 1.849 1.828 1.811 1.798
1280 1.861 1.839 1.822 1.809
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Numerical tests

ndof w=120°, A=15p<4, =175
boundary | eoc L%-error [3-error L*error L%-error L%-error
t=2 t=1.83 t=1.75 t=1.7 t=1.66

320 1.909 1.803 1.720 1.670 1.639
640 1.926 1.817 1.734 1.685 1.653
1280 1.931 1.824 1.741 1.692 1.660
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Numerical tests

ndof w=135° A=133, p<3, =167
boundary | eoc L%-error [3-error L*error L>-error
t=1.83 t=1.67 t=158 t=1.53

320 1.817 1.658 1.564 1.512
640 1.827 1.664 1.574 1.524
1280 1.832 1.666 1.579 1.529
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Numerical tests

ndof w=150° A=12, p<25 =16
boundary | eoc L%-error L?5-error L[3-error L*-error

t=1.7 t=1.6 t=153 t=1.45

320 1.729 1.616 1.536 1.435
640 1.726 1.611 1.535 1.443
1280 1.719 1.607 1.534 1.447
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Summary

o the best estimate known is
ly = yallizery < ch* Py llwesq)-
@ numerical tests show
1y = yullezry < eb?llyllze2(ry + O(h7),
whereyzsands:%+g.
How to prove it?
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