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Introduction
Problem

]
.1
min > [ Ny = yall? + vulP
0

yr+Ay =u
y(0)=0

A linear, self-adjoint operator
AeR™"
A = A + Boundary conditions
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Introduction

Discretization

@ Optimize then Discretize == Discretize then Optimize

- - Optimize - - -
‘ Continuous Optimal Control Problem }—»‘ Continuous Optimality System

Discretize Discretize

‘ Discrete Optimization Problcm} Ovtimi } Discrete Optimality System
ptimize

o initially based on a time stepping scheme

B D. Meidner and B. Vexler and others: Space Time FEM
initially based on CG and DG schemes.

e second order convergence.
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Derivation of the scheme Discretize then Optimize

Discretization

1
min 3 [ ly ol + vl de
0

ye+Ay=u
y(0)=0
Problem
T = Y Yk Y Y 2 vT
k+1 — Yk dk+1 — Yd k 2
n> ( 5 ) T > Uierl
k=0
Yk+1 — Yk Yk+1 + Yk
e + A 2 - k+%
y(0)=0
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Derivation of the scheme Discretize then Optimize

Lagrange functional

Lagrange functional

N—-1 2
T Yk4+1 — Yk Ydk+1 — Yd k vT 2
Llysu.p) =3 ( 2 2 ) + 5D Uit
k=0
Cost F:;ctional
= Y Y Y +Y
NIpe ( k+1 — Yk +A k+1 k uk+1) . Piit
T 2 2 2
k=0 ~——

State Eguation Lagrange Multiplier
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Derivation of the scheme Discretize then Optimize

State equation and variational equation

Lagrange functional

N—-1 2
T Yk+1 — Yk Ydk+1 — Yd k vT
‘c(}/7uap):§z< +12 - +12 ) +?Zui+%+

k=0

N—1 _ +

_;’_TZ (yk+17_ Yk +A.yk+12 Yk _uk+%) 'pk+%

k=0

9Ly, u.p) _ 0Ly, up) _
OPis1 Ouiry

Yk+1 — Yk Yeri t Yk =
= +A 5 = U1 VUl = Prtd
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Derivation of the scheme Discretize then Optimize

Adjoint equation (inner nodes)

Lagrange functional

N—-1 2
_ T Yk+1 — Yk Ydk+1 — Yd k vT 2
L(yvu7p)_52( 2 - 2 ) +7Zuk+%+

k=0
& vk Vi1 + Yk
+TZ( LMy Ykt _uk%).pk%
k=0
OL(y,u,p) _ 4
)7
~Piyl + Pi—1 N Apk% erpk_;
T

+ =

2 2 2 2 2 2
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Derivation of the scheme Discretize then Optimize

Interpretation of RHS

Yi Yit+1

T—1tYi | Yitvigl
R )
2

yi+1 Yi—1tvi | Yity;
I E———

|
|
|
| | |
Yi-1 | | I
| | |
| | | |
| | | [
| | | | |
| | | | |
L Il Il I Il
ti_1 ti—l"’ti t; ti +t1+1 tiv1 ti_1 ti—12+ti t; ti+;i+1 tiv1

Idea: Sllghtly different scheme

Yk+1 =Yk _ Ydk+1—Ydk 4 Yk—Yk—1 _ Ydk—Ydk—1
2 2 2 2

2 ~ Yk — Ydk
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Derivation of the scheme Discretize then Optimize

Adjoint equation (last node)

Lagrange functional

2 2 2

N—-1 2
T Yk+1 — Yk Yd k+1 — Yd k vT
Clyup) = 5 3 (e - Y} SRS
k=0

N—1
Yk+1 — Yk Yk+1 + Yk
+Tk§_%( Y AT ) ey

OL(y, u, p)
dyn
Pn-1 Pn—1 1 (/yn—yn-1 YdN — Ydn-1
AlTE 2 . -
. A +2( 2 2
OL(y,u,p)

No need for as yp is given data.

Yo
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Derivation of the scheme

Discretize then Optimize

Basic facts about the discretization scheme

— Yk +A}/k+1 + Yk

Prsi +Pr—1

5 = Uyl

=Yk — Yd k

2

_A 2 _ -

Pn-3 1 (YN*)/N71_)/dN—yc/N—1)

2 2 2 2

VU1 = Prid yo=0

@ Based on Crank-Nicolson
o Based on a time-stepping formulation
o Different discretization points for state and adjoint state
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Derivation of the scheme Discretize then Optimize

Hamilton Systems and Stormer-Verlet-Scheme

o Different discretization points for state and adjoint state

o also used in Geometric Numerical Integration:
Stérmer—VeHet method (other names for this Method: see Hairer Lubich Wanner)

o Hamilton System: Hamiltonian H(p, q) with

q:=—Hp(p,q) pt = Hq(p,q)

e Optimal control problems are Hamilton Systems

H(y.p) = 5.9} — {ary) + (Ay.p) = o (p.p) 4+ C

1
Ye=—Hp=-Ay+_p
pt=Hy=Ap+y—yq
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Derivation of the scheme Optimize then Discretize
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Derivation of the scheme Optimize then Discretize

Optimize then Discretize

.
o1
min 5 [ lly = yall* + vulP d
0

yet+Ay=u y(0)=0

Lagrange functional

0,5 = / Iy — yall® + vlul?dt+

~ /

Cost Functional

T

—l—/ (ve+ Ay —u)- p dt

0 S SN~~~
State Equation  Lagrange Multiplier
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Derivation of the scheme Optimize then Discretize

Optimality system
Lagrange functional

B, ) = / ly = vall? + vllul?d e+

+/ (e +Ay —u)-pdt
0

Optimality system

yt+Ay=u pt—AP=Yy —ydq
y(0) =0 p(T)=0

vu=2p
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Derivation of the scheme Optimize then Discretize

Discretization State and variational equation

Optimality system

yet+Ay=u Pt —AP=Y —yq4
y(0) =0 p(T)=0

Yk+1 — Yk Y41+ Ve
- + A 5 = uk+%
yo=0
1
Ul = Pr+l
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Derivation of the scheme Optimize then Discretize

Discretization adjoint state
Optimality system

yitt+tAy=u Pt —AP=Yy—yd
y(0)=0 p(T)=0

vu=p

Discretization of p needed in Pi1- Therfore:
2

pe—Ap=0 in(T;T+g]
be—AP=y —yd in (0; T]
BT +3) =0

easy to see p = p in (0; T]
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Derivation of the scheme Optimize then Discretize

Discretization adjoint state (inner nodes)

Crank-Nicolson for

Pe—Ap=0 in(T;T+%]
Bt —AP=y—yd in (0; 7]
AT+ D) =0

Inner nodes

Pl = Pr-1 Pl F Pr-t

midpoint rule: —A = Yk — Yd k
T 2
Pryl — Pr_1 Prot P12
trapezoidal rule: A 2 _ A 2 =
T 2
_ Ll (e vk ydkrn yde) L (kT Yker | Ydk — Ydked
2 2 2 2 2 2
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Derivation of the scheme Optimize then Discretize

Discretization adjoint state (last node)

Pe—Ap=0 in(T;T+%]
Bt —AP=y—yd in (0; T]
BT +3)=0

Pnyi = Pn-1 Pyt Py-1 B

trapezoidal rule: —A
T 2
_l(wnizmyn  Yawen —yan) L (yv N1 YA~ Ydna
2 2 2 2 2 2
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Derivation of the scheme Optimize then Discretize

Discretization adjoint state (last node)

pe—Ap=0 in(T;T+g]
Bt—AP=y—yq in (0; T]
P(T+3)=0
Py_1 Py_1
trapezoidal rule: — 2 _A—2 =
T 2
_ Ll (yn—yn1 YN~ Ydn-1
2 2 2
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Derivation of the scheme Optimize then Discretize

Altogether
Again
Yk+1 — Yk Yk+1 — Yk _
- + A 5 = uk+%
Pryl — P12 Prt +p_1
ZT =—A 22 2 =Yk —Yd k

P Ap,\,_% 1 (yN—yN1 B YdN_YdN—1>
2

T 2 2

VU1 = Prid ¥ =0

2
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Numerical examples

© Numerical examples
@ Solution algorithm
o PDE Case

@ Only time disretization error
@ Also spacial error
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Numerical examples

System to solve

Linear System for the midpoint rule

Solution algorithm

M Y1
" v . —Lyo
L 0
L. K _M YN 0
i K L “ Pi+1 —Mya
. : —Mya N1
M B __;L( : YA S
4 4 P12
M A M A
K= —+4+-— L=—— + =
T + 2’ T + 2

Solution algorithm: Matlab-\
Improvement: Parallelization of Matrix-Vector-Multiplication

Thomas Flaig

or Multigrid.
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Numerical examples Solution algorithm

Error measurement

1/2
belorl ((yh’i ~y(ti.))" M (vhi —}/(tiJ(j)))

T 1/2
x| ((ph,,-+; - p(t,-+%,xj)) M (ph,,-% — p(t,-+;,xj)>)
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Numerical examples

Only time disretization error

Problem

1
1
min [ 31y = yall + ZlulPd
0
yr—Ay=u
dy
%—0
y(0) =0

yg = t3 — 1.5t — 6ut + 3v

PDE Case

in (0;1] x (0;1)?
on (0;1] x 8(0;1)?
in {0} x (0;1)

in (0;1] x (0;1)?
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Numerical examples PDE Case

v =102
T Yy 'y p P
) 025  1.00 002 2.00 1.99
1 0.2 1.00 0.08 2.00 1.96
I o e IR MR oo 101 052 1.99 1.89

0.05 1.02 177 197 185
0.02 1.10 2.00 1.86 1.79
0.01 1.37 2.00 164 1.74
0.005 1.76 2.00 159 1.75
0.002 2.00 2.00 175 1.81
0.001 2.02 2.00 1.88 1.89
w 0.0005 2.01 2.00 1.93 1.93
green: 7, 72, 7° 0.0002 2.00 2.00 1.97 1.97
0.0001 2.00 2.00 1.99 1.99

red p, blue y for the midpoint rule
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Numerical examples

Also spacial error

Problem
1
min [ 31y~ val? + Zlll?d
0
ye—Ay=u

w, = e 37 t cos(mxq ) cos(mx2)
wp = e3™ t cos(mx1) cos(mxz)
Yd = crw(t, x) + cgwi(t, x)
+ cow,(0, x) + crows(0, x)
+ criwa(1, x) + crawp (1, x)
y=y(v), p=pv), u=u(v)

PDE Case

(0; T] x Q = (0;1] x (0;1)?
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Numerical examples PDE Case

00 = o 1005 = o
10 10 10 10 10 10

4 space-refinements 5 space-refinements

green: T, T2, 7'3

red p, blue y for the midpoint rule

magenta p and cyan y for the trapezoidal rule
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Conclusions

o time stepping scheme with
Optimize then Discretize == Discretize then Optimize

based on Crank-Nicolson-scheme
relationship to Stérmer-Verlet-scheme / Hamilton systems

numerical examples

e 6 o6 o

Further results

> interpretation as continuous Galerkin method
» variable time step size
» proof of second order convergence

o Further research

» constraints
» more efficient solver (multigrid)
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Thank you
for your attention!
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