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.2 _ A Motivating Example

@ Solidification of a material in a container.
@ A moving interface separates fluid and solid phase.
@ Control: wall temperature or boundary heat flux.
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.B_ A Motivating Example m

@ Solidification of a material in a container.
@ A moving interface separates fluid and solid phase.
@ Control: wall temperature or boundary heat flux.

Properties
@ Closed interface.

@ Topological change.
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B The Two-Phase Stefan Problem Bla |

Energy conservation in Qg,£(t):

pCs/F Yt — ksypAy = f

Boundary and initial conditions:

y=0 on (1)
ks? =u onTl¢
ksay =g onrly

¥(0) = yo in D

[Stefan 1889]
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2. The Two-Phase Stefan Problem

Energy conservation in Qg,£(t):

pCs/F Yt — ksypAy = f

Boundary and initial conditions:

y=0 on (1)
ks? =u onTl¢
ksay =g onrly

¥(0) = yo in D

Stefan condition:

LF-n= ks — ke
PEFN=5san|o 0 ~ “Fonla.

[Stefan 1889]
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(1) Fi(t+ At)
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.8 Tracing I'/(t) — The Level Set Method m

@ Signed distance function: o
<0 inQg(t) T
o(x,t) <=0 onT (1) i bt 4
>0 inQge(t)

@ Linear transport equation:
0=¢:+F-Vo in D
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.8 Tracing I'/(t) — The Level Set Method m

@ Signed distance function:

<0 inQg(t) T
¢(x, 1) =0 onTt) 1 T
>0 inQe(t)

@ Linear transport equation:
O=¢t+F-V¢ inD
@ Boundary Condition:
%_0 on dD

@ Initial Condition:
#(0)=¢o (< I(0)) inD
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.8 Tracing I'/(t) — The Level Set Method m

@ Signed distance function:

<0 inQg(t)
o(x,t) ¢ =0 onT ()
>0 inQfe(1)

@ Linear transport equation:
O=¢t+F-V¢ inD
@ Boundary Condition:
%_0 on dD

@ Initial Condition:
#(0)=¢o (< I(0)) inD

Motion Planning Two-Phase Stefan Problem

@ Flexible.
@ Suitable for 2D, 3D.

@ Solver for PDE = Effort!
@ Fis known on I'/(t) only.
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.B_ \Velocity Extension m

Stefan condition

— T. n= k¥ — kY
F= (F1,F2) : pLF n ksan st kF@n (1 on I'/(t)
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B Velocity Extension m

Stefan condition

F=(F,FR)": pLF-n=ks% — kY

F
Qs(t) on

on Iy(t
Qe (1)

v

Find F;, i = 1,2, such that:
sgn(¢) VF;- Vo =0 in D
pLFi=kspl — kpgl onT(t)

f’( t)

@ maintains signed-distance property
@ fast marching schemes

@ same technique is used to re-initialize level-set function

[Adalsteinsson & Sethian 1999]
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Roadmap

© Optimize
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.2 _ The Motion Planning Problem m

@ Control interface motion. J

%2#%@uﬁ¥ﬁ/i/w—nﬁ / [ (@)1= oaf

+ 2 [N -yaME+ 7 [ e@(M)io() - ou(
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& _ The Motion Planning Problem m

@ Control interface motion.
@ Approximate desired temperature profile. J

;p(ng(y,cb, u) = 71/T/ ly — yal* + / / ) |6 — ¢ql?

=3 [ D =M+ 3 [ (TN IoT) - oo
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& _ The Motion Planning Problem m

@ Control interface motion.
@ Approximate desired temperature profile. J

md!nJy,</>, //ly yal? + // ) |6 — ¢ql?

+ 2 [ —yulME+ 5 [ (M) 1aT) — oo( D

+/ uf?
2 Jo Jrg
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.2 _ The Motion Planning Problem

@ Control interface motion.

@ Approximate desired temperature profile.

m

¥y

/ uf?
lc

;TEVLJY;@ 71/ /Iy yal? + 72//
+3 [ =yME+ 5 [ oto(mlem -

)¢ — dal®

¢a(T)?

OO00|
NROo)

OO0
[SYNeles)

04 02 0 02 04 06 08 1
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& _ The Motion Planning Problem m

@ Control interface motion.

@ Approximate desired temperature profile.

mm J(y, ¢, u
Y0

/!y
+/ uf?
2 Jo rc||

subject to

pCs/F Yt — KsypAy =

n O
SISSS
I

SQ c o~

¥(0)

Motion Planning Two-Phase Stefan Problem

[ i L

)6 — pal?

+ 5 | ele(M)|e(T) - ¢a(T)P
D

¢pt+F-Vo = 0

0
2 — 0
?(0) = ¢o
sgn(¢) VFi- Vo = 0
pLFi = kg —krgk
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The Lagrangian Approach
[’(y’ ¢7 F17 F2a u, p, pn, PI, Pc,

) )

?
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The Lagrangian Approach m

y7¢7 F17F27up7pN7p/7p077~/) 7~/}Da ) ) (ya¢7 )

// (pesyi—ksAy) p // f)P/ (ks

Qs(t) rN

[ L o f om
QF(1) F,(t)

—/0 /D(¢t+F.v¢)w—/0 /w%wo
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& _ The Lagrangian Approach m

L(y, ¢, F1, F2, u, p, pn, p1, Pc, ¥, Yo, Gi, Go, S, S2) = J(y, ¢, u)

// (pcsyi—ksDy) p // P/ (ks %
Qs(t) rN

//QF(t PEIEE //r,u) P / / (ks —u) p
_/ /(¢t+F-V¢)¢_//%¢D

—Z/ /sgn ¢)VFi- V¢ G — Z/ / ) pLI-‘,-—ksg;‘(il_—I—kF%)S,-
r(t
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& _ The Lagrangian Approach m

y7 ¢7 F17 F27 u, pa pN7 p/7 pCvdJ wDa G1a 627 817 82 (ya¢7 )

//Qs (pcsyi—ksDy) p // f)P/ rN (ks %

//QF(t) P //r,m '_/ / (ks%—u) p
_/ /(¢t+F’V¢)¢_//%¢D

_Z/ /sgn @) VFi-Vo G — Z/ /rt) PL/:i—ksg,%‘l'kFg,%)Si
I

Optimality System

Liy.o.Fr Fou)(0Y,00,6F1,6F2,0u) =0
for all 8y, 8¢, 3Fy, 8F2, du such that 5y(0) = 0, 6¢(0) = 0.
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.8 The Adjoint Temperature

@ Lyoy=...
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The Adjoint Temperature
@ Lyby=...

@ oyip ~ dypy,

ANy p =X oy Ap:
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The Adjoint Temperature
@ Lyby=...

@ oyip ~ dypy,

ANy p =X oy Ap:

@ p="

on I(f)
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8 The Adjoint Temperature

@ Lydy=...

@ dytp ~ dypr, Adyp = dy Ap:

—pCs/F Pt — Ks/r Ap = 71(Y — Ya)

pCs/rP(T) =3(y(T)
ks %2 =0
Pn=Ppc=p

Si=-pns,

— ya(T))

pi=p(Ccs—Cr)pF - ns—

@ p=7 onTlt)
@ yip ~ yp, Ayp yAp,

[Hinze & Ziegenbalg 2007]

Motion Planning Two-Phase Stefan Problem

(P)—L

ksap +kF

Skiing Seminar 2009

m

in D
in D
on 0D
(P)
on 0D
on I(1)
on Iy(t)
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B The Adjoint Velocities m

@ Reformulated Lagrangian:
L(y. 6. Fi. Fa, U, p. . G0, Gr, Go) = J(y, 6,u) - / [ant=so)y

/%(y(r) ya(T) y(T) + /Q(O)PCSY( )p()+/ pcr y(0) p(0)

/ - ppLF- ns+/ /rcup+/ /rng //( fip
_/0 /E)(¢,+F.v¢ //ao ¢D_Z//sgn YVFi- VG
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B The Adjoint Velocities m

@ Reformulated Lagrangian:

Ly, ¢, F1, F2, u, p, ¥, ¥p, G, Go) = J(y, ¢p,u) — / /% y—Yd)y

/Vs(Y(T) ())y(r)+/n(o)pcsy( )p()+/ pcr y(0) p(0)

/ - ppLF- ns+/ /rcup+/ /rng //( flp
_/0 /E)(¢,+F.v¢ //ao ¢D_Z//sgn YVFi-VéGi.

] ,CFI(SF:

sgn(¢) div(GiVe) = dx, ¢ in D
G =0 on 0D (G)

—p Lpnsi =2GiV¢-ns only(t)
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B The Adjoint Velocities m

@ Reformulated Lagrangian:

Ly, ¢, F1, F2, u, p, ¥, ¥p, G, Go) = J(y, ¢p,u) — / /% y—Yd)y

/Vs(Y(T) ())y(r)+/n(o)pcsy( )p()+/ pcr y(0) p(0)

/ - ppLF- ns+/ /rcup+/ /rng //( fip
_/0 /E)(¢,+F.v¢ //ao ¢D_Z//sgn YVFi- VG

@ LroF=...
sgn(¢) div(GiVe) = dx, ¢ in D
G =0 on oD (G)
—plLpns =2G;V¢-ns onl(t)
° (G)—~L

Motion Planning Two-Phase Stefan Problem Skiing Seminar 2009 11/25



.8 The Adjoint Level Set Equation m

@ Reformulated Lagrangian:

L(yz ¢, U, p; ¢» wD J(y7 ¢, u / /71 (.y Yd)y
~ [0 M+ [ pesy@p©)+ [ pery@p(0)

L e [ o [ e [ e [
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.8 The Adjoint Level Set Equation m

@ Reformulated Lagrangian:

Ly, ¢, u, p, ¥, Yp) =J(y, o, u / / My —ya)y
/73(}/(7) yo(T)) (T)+/ PCSY(O)P(O)+/ pcr y(0) p(0)

[ e [ oo [ fe0e [ foe L

o £¢(§¢:

Y= —72 (C(¢) (¢ — ¢a) + @ |p — ¢d|2) in D
U(T) =3 (C((T)) (AT) = 0a(T)) + “4P6(T) = 6a(T)?) i D

Yp =0 on 8D
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2 The Adjoint Stefan Problem m

The Adjoint Temperature

—pCs/F Pt — Ksyp AP =71(Y — Ya) inD
pCs/eP(T) =v(y(T) = ya(T)) in D
ks %2 =0 on 4D
—plLpns, =2GiV¢- ng on Iy(t)
The Adjoint Velocity Field
sgn(¢) div(GiVg) = ¢y ¢ in D
G =0 on 0D

The Adjoint Level Set Equation
be =2 (0(6) (¢ — 6a) + Z2 |6 — 4al?) in D
B(T) =74 (C(6(T)) (A(T) = 9a(T)) + “5P26(T) ~ 6o(T)F)  in D

The Gradient Equation
ysuU+p=0 onl¢
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Roadmap

© An Open Problem
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.B_ The Lagrangian Approach (Reloaded) m

£(Y> ¢7 F1> F2> u, pv pN7 p/7 PCMﬁ ’(/}Dv G1a Gz; 817 82 (y7¢7u)

//Qs (pcsyi—ksDy) p // f)P/ rN (ks %

//QF(t) P //r,m '_/ / (ks%—u) p
_/ /(¢t+F’V¢)¢_//%¢D

_Z/ /sgn P)VF;i-Vo G — Z/ /rt) PL/:i—ksg,%‘l'kFg,%)Si
I

Optimality System

Liy.o.Fr Fou)(0Y,00,6F1,6F2,0u) =0
for all 8y, 8¢, 3Fy, 8F2, u such that 5y(0) = 0, 6¢(0) = 0.
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.B_ The Lagrangian Approach (Reloaded) m

£(Y> ¢7 F1> F2> u, pv pN7 p/7 PCMﬁ ’(/}Dv G1a Gz; 817 82 (y7¢7u)

//Qs (pcsyi—ksDy) p // f)P/ rN (ks %

—/0 AF(t)(chyr—kFAy)p—/OT » yp //ks@—u
—/T/(¢t+Fov¢)w—/T/ % Yp

_Z/ /sgn P)VFi-Vo G — Z/ /rt) PL/:i—ksg,%‘l'kFg,%)Si
/

Optimality System

Liy.s.Fr Fou)(0Y,00,6F1,6F2,0u) =0
for all 8y, 3¢, 6F;, 8F2, du such that 5y(0) = 0, 6¢(0) =
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.8 Shape Calculus

.
() /O/C)¢(t) X 5(1) = {¢ < 0}
E'($)6¢ = lim ECHAIN-E@) _ o
A—0

Set & := & + X\ d¢ and write

/ f= / f+ / f
Qo) Qu(HNQ(1) Qs ()\Q;(1)

[Pironneau 1984, Santosa 1995]
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.B_ Shape Calculus m

:/T/ faxdt, Qu(t)={p <0}
0 JQu(t

E'(¢) 56 = 1@0 E(¢+A6}<{;)—E(¢) —9

Set ¢ := ¢ + A d¢ and write

/ f= / f+ / f
Qo) Qu(HNQ(1) Qs ()\Q;(1)

E(9+13¢) —E(¢) 1 [T
_ 7 f_ f
A A/o </0-(t)\o¢() /CJ¢(t)\O~<> >
1 /7 —0¢ A—0
— L f f ds ot
A/o </ao¢<t wel o0 ) J /f,o¢(t 2

[Pironneau 1984, Santosa 1995]
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& Resulting Optimality Conditions m

Adjoint Temperature and Velocity Field (same as before)

—pCs/F Pt — Ks/r AP = v1(Y — Ya) in D
pCs/rP(T) =3y (T) — ya(T)) in D
ks 22 =0 on &D
—pLpns, =2G;V¢-ns on Iy(t)
sgn(¢) div(GiVe) = éx ¢ in D
G =0 on 0D

The Adjoint Level Set Equation
—wfmwFFWWWNM@VH+w(wH¢¢d+ P |p - 4af)

$(T) = (S(6(T) (S(T) = 6a(T)) + L4 |6(T) — 6(T)I2)
¢ =0o0n oD
Yp=0

0= (p(cr — cr)yr — (ks — ke)DAy)p

+div((yp, pLpF- n+ksgy ke gy) )onrl(t)
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B Resulting Optimality Conditions m

Adjoint Temperature and Velocity Field (same as before)

—pCs/F Pt — Ks/r AP = v1(Y — Ya) in D
pCs/rP(T) =¥ (T) - ya(T)) in D
ks 55 2 = on 9D
—prns,. =2GiVé¢-ns on Iy(t)
sgn(¢) div(GiVe) = éx ¢ in D
G =0 on oD

The Adjoint Level Set Equation
—tr — div(¥ F) = sgn(¢) dv(Gi VF) + 72 (c(¢) (6= ga) + 22 |6 — ¢al?)

$(T) = (e(&(T)) (&(T) = da(T)) + < 6(T) = ga(TF)
1 =0o0n oD
Yp =0

0= (p(cr — cr)yr — (ks — ke)DAy)p
; 0
+d|v<(yp, pLpF - n+ksg—y_kFay) )on (1)

?? Relation to first set of optimality conditions ?? )
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Roadmap

6 Then Discretize
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B The Extended Finite Element Method

@ Fixed mesh.

@ Modified trial functions.

m

n Ne t

Ya(x, 1) =Y vi(x) yi(t) + > wi(x, 1) g(t),

i=1 j=1

[Chessa et al. 2002]
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B The Extended Finite Element Method Bla |

@ Fixed mesh. J

@ Modified trial functions.

Y60 =3 v vt + 3 wix, 0 a(d),

i=1 j=1

wj(x, 1) = vi(x) (J¢(x, )| — |#;(t)]) at enriched nodes:

[Chessa et al. 2002]
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B The Extended Finite Element Method Bla |

@ Fixed mesh.
@ Modified trial functions. J
n Ne t
Ya(x, 8) =Y vi(x) yi(t) + > wi(x, t) gi(t),
i=1 j=1

wj(x, 1) = vi(x) (J¢(x, )| — |#;(t)]) at enriched nodes:

@ P? elements, implicit Euler. J

@ Forward and backward heat equation.

[Chessa et al. 2002]
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B Discontinuous Galerkin FEM Bla |

Find ¢n(x, t) € PRy, := {v | v € PK(K) for all K € T4}

0= [ ((6nlx. )1+ F - Ton(x, 1) v(x, ) o
K

where T is a triangulation of R? (or D)

[Cheng & Shu 2007]
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B Discontinuous Galerkin FEM

Find ¢n(x, t) € PRy, := {v | v € PK(K) for all K € T4}

0= [ ((6nlx. )1+ F - Ton(x, 1) v(x, ) o
K

+ Z/min(F- nei,0> [¢h]e,- Vv, (x,t)ds Vv, e PF’,‘W,
i g

m

where 7}, is a triangulation of R? (or D) and
[Snle, := & (X 1) = 0y (x, 1), &7y (x, 1) i= M Gp(x & e, 1),

[Cheng & Shu 2007]
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B Discontinuous Galerkin FEM Bla |

Find ¢n(x, t) € PRy, := {v | v € PK(K) for all K € T4}

0= / ((Pn(x; 1)t + F - Von(x, 1)) vn(x, ) dx
K

+ Z/min(F- ne,.,0> [Dnle, vy, (X, t)ds Vvy € PF’,‘W,
i g

where 7}, is a triangulation of R? (or D) and
[$rle, := 0 (x, 1) = & (% 1), 0y (x, 1) 1= lim én(x & 2ne, 1),

) P&W, explicit Runge-Kutta time-stepping.
@ Forward level set equation.
o TBD: DGFEM for adjoint velocity equations.

[Cheng & Shu 2007]
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-8B Algorithm (Forward Problem)

@ Combine X-FEM and DGFEM with fast marching scheme.
@ Synchronize time stepping.

m
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.8 Algorithm (Forward Problem)

@ Combine X-FEM and DGFEM with fast marching scheme.

@ Synchronize time stepping.

m

y07 FO
}/1, F1 J T
}/2, F2 J T

yoE oy
yj‘H , Fj+1 N I

y”—17 F"—17:g R
yroFn L
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-2 Results for the Forward Problem

@ Ex: Solidification in a Corner

e D=[0,00) x [0,00)

e y(0)=0.3,y = —1 (left, lower),

% — 0 (right, upper)

on B
* __ Xi _ s
° X = : —

1/u
] X2* = ()\u'i‘xruic_)\u)

ke _

Vaat’©  pCs  pCF

t=0.1021
o t=11063
25 X t=2.1020
O t=4.0000
oL
15t
n
0.5
0
o 0.5 1 15 2 2.5
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B Results for the Forward Problem Bla |

@ Ex: Solidification in a Corner

e D=10,00) x [0,0) Error Indicators

e y(0)=0.3,y = —1 (left, lower),

: T
% = 0 (right, upe{er) Er, = / / 9|2
* Xi — = ke _— /

° X = Jaap =06 T pe = e

1/u T
* u c [
o X2 = ()\ + Xru_)\u) = A /E')|y_y*|2

I

t=0.1021

o i E = / 6(T)[2
IH(T)

Ex = \//Dly(T) _y(T)

o 0.5 1 15 2 25 3

Motion Planning Two-Phase Stefan Problem Skiing Seminar 2009 22/25



B Experimental Order of Convergence m

Spatial Refinement: h=1[0.4, 0.2, ..., 0.025]

Er, Ee° E, Eg°

4.44e-02 2.07e-01 7.73e-03 4.00e-02

1.22e-02 1.87 7.06e-02 155 2.36e-03 1.71 1.29e-02 1.64
3.99e-03 1.61 231e-02 1.61 7.82e-04 159 4.12e-03 1.64
1.03e-03 1.95 5.36e-03 2.11 2.04e-04 1.94 1.09e-03 1.92
2.15e-04 2.26 1.15e-03 222 3.92e-05 2.38 2.09e-04 2.38
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B Experimental Order of Convergence m

Spatial Refinement: h=1[0.4, 0.2, ..., 0.025]

Er, Ee° E, Eg°

4.44e-02 2.07e-01 7.73e-03 4.00e-02

1.22e-02 1.87 7.06e-02 1.55 2.36e-03 1.71 1.29e-02 1.64
3.99e-03 1.61 231e-02 1.61 7.82e-04 159 4.12e-03 1.64
1.03e-03 1.95 5.36e-03 2.11 2.04e-04 1.94 1.09e-03 1.92
2.15e-04 2.26 1.15e-03 222 3.92e-05 2.38 2.09e-04 2.38

Temporal Refinement: At =0.02-0.5, =0,
Er, Ee = Ep

1.17e-03 3.44e-03 1.26e-03 3.58e-03

5.95e-04 097 1.73e-03 0.99 7.28e-04 0.80 2.11e-083 0.76
2.76e-04 111 7.47e-04 121 3.46e-04 1.07 1.02e-03 1.05
1.06e-04 1.38 2.59e-04 1.53 1.55e-04 1.16 4.72e-04 1.11
6.67e-05 0.67 2.49e-04 0.06 5.15e-05 1.59 1.40e-04 1.75
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B Summary/Future Work m

@ Optimality conditions for unconstrained motion planning problem.
@ Solver for forward problem using XFEM and DGFEM.

@ Solver for adjoint system.
@ Constraints on controls and states.
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