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A Motivating Example

Solidification of a material in a container.
A moving interface separates fluid and solid phase.
Control: wall temperature or boundary heat flux.

Properties
Closed interface.
Topological change.
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The Two-Phase Stefan Problem

Energy conservation in ΩS/F (t):

ρ cS/F yt − kS/F ∆y = f

Boundary and initial conditions:

y = 0 on ΓI(t)

kS
∂y
∂n = u on ΓC

kS
∂y
∂n = g on ΓN

y(0) = y0 in D

Stefan condition:

ρL F · n = kS
∂y
∂n

∣∣∣
ΩS(t)

− kF
∂y
∂n

∣∣∣
ΩF (t)

on ΓI(t)

ΩF (t)
ΓI(t)

ΩS(t)
ΓNΓC

D

P Q
ΓI(t) ΓI(t + ∆t)

ΩS(t) ΩF (t)
n∆w
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Tracing ΓI(t) – The Level Set Method

Signed distance function:

φ(x , t)


< 0 in ΩS(t)
= 0 on ΓI(t)
> 0 in ΩF (t)

Linear transport equation:

0 = φt + F · ∇φ in D

Boundary Condition:
∂φ
∂n = 0 on ∂D

Initial Condition:

φ(0) = φ0 (↔ ΓI(0)) in D

Flexible.
Suitable for 2D, 3D.

Solver for PDE ⇒ Effort!
F is known on ΓI(t) only.
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Velocity Extension

Stefan condition

F = (F1,F2)
> : ρL F · n = kS

∂y
∂n

∣∣∣
ΩS(t)

− kF
∂y
∂n

∣∣∣
ΩF (t)

on ΓI(t)

Constant extension in normal direction

Find Fi , i = 1,2, such that:

sgn(φ)∇Fi · ∇φ = 0 in D

ρL Fi = kS
∂y
∂xi
− kF

∂y
∂xi

on ΓI(t)

maintains signed-distance property
fast marching schemes
same technique is used to re-initialize level-set function
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The Motion Planning Problem

Control interface motion.

Approximate desired temperature profile.

min
y ,φ,u

J(y , φ,u) =
γ1

2

∫ T

0

∫
D
|y − yd |2 +

γ2

2

∫ T

0

∫
D

c(φ) |φ− φd |2

+
γ3

2

∫
D
|y(T )− yd(T )|2 +

γ4

2

∫
D

c(φ(T )) |φ(T )− φd(T )|2

+
γ5

2

∫ T

0

∫
ΓC

|u|2
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y = 0
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The Lagrangian Approach

L(y , φ, F1, F2, u, p, pN , pI , pC , , , , , , ) = J(y , φ,u)

−
∫ T

0

∫
ΩS(t)

(
ρ cS yt−kS ∆y

)
p−
∫ T

0

∫
D
(−f ) p−

∫ T

0

∫
ΓN

(
kS

∂y
∂n−g

)
pN

−
∫ T

0

∫
ΩF (t)

(
ρ cF yt−kF ∆y

)
p−
∫ T

0

∫
ΓI(t)

y pI −
∫ T

0

∫
ΓC

(
kS

∂y
∂n−u

)
pC

−
∫ T

0

∫
D

(
φt + F · ∇φ

)
−
∫ T

0

∫
∂D

∂φ
∂n

−
2∑

i=1

∫ T

0

∫
D

sgn(φ)∇Fi · ∇φ −
2∑

i=1

∫ T

0

∫
ΓI(t)

(
ρL Fi − kS

∂y
∂xi

+ kF
∂y
∂xi

)
Optimality System

L(y,φ,F1,F2,u)(δy , δφ, δF1, δF2, δu) = 0

for all δy , δφ, δF1, δF2, δu such that δy(0) = 0, δφ(0) = 0.
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The Adjoint Temperature

Ly δy = . . .

δyt p y δy pt , 4δy p y
y δy 4p:

−ρ cS/F pt − kS/F 4p = γ1(y − yd ) in D
ρ cS/F p(T ) = γ3(y(T )− yd (T )) in D

kS
∂p
∂n = 0 on ∂D

pN = pC = p on ∂D
Si = −p nS,i on ΓI(t)

pI = ρ (cS − cF ) p F · nS − kS
∂p
∂nS

+ kF
∂p
∂nS

on ΓI(t)


(P)

p =? on ΓI(t)

yt p y y pt , 4y p y
y y 4p, (P) → L
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The Adjoint Velocities

Reformulated Lagrangian:

L(y , φ, F1, F2, u, p, ψ, ψD, G1, G2) = J(y , φ, u)−
Z T

0

Z
D
γ1 (y − yd) y

−
Z

D
γ3 (y(T )− yd(T )) y(T ) +

Z
ΩS(0)

ρ cS y(0) p(0) +

Z
ΩF (0)

ρ cF y(0) p(0)

+

Z T

0

Z
ΓI (t)

p ρ L F · nS +

Z T

0

Z
ΓC

u p +

Z T

0

Z
ΓN

g p −
Z T

0

Z
D
(−f ) p

−
Z T

0

Z
D

`
φt + F · ∇φ

´
ψ −

Z T

0

Z
∂D

∂φ
∂n ψD −

2X
i=1

Z T

0

Z
D

sgn(φ)∇Fi · ∇φGi .

LFi = . . .

sgn(φ) div
(
Gi∇φ

)
= φxi ψ in D

Gi = 0 on ∂D

−ρL p nSi = 2 Gi ∇φ · nS on ΓI(t)

 (G)

(G) → L
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 (G)

(G) → L
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The Adjoint Level Set Equation

Reformulated Lagrangian:

L(y , φ, u, p, ψ, ψD) = J(y , φ, u)−
Z T

0

Z
D
γ1 (y − yd) y

−
Z

D
γ3 (y(T )− yd(T )) y(T ) +

Z
ΩS(0)

ρ cS y(0) p(0) +

Z
ΩF (0)

ρ cF y(0) p(0)

+

Z T

0

Z
ΓC

u p +

Z T

0

Z
ΓN

g p −
Z T

0

Z
D
(−f ) p −

Z T

0

Z
D
φt ψ −

Z T

0

Z
∂D

∂φ
∂n ψD

Lφ = . . .

ψt = −γ2

(
c(φ) (φ− φd ) + c′(φ)

2 |φ− φd |2
)

in D

ψ(T ) = γ4

(
c(φ(T )) (φ(T )− φd (T )) + c′(φ(T ))

2 |φ(T )− φd (T )|2
)

in D

ψD = 0 on ∂D
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The Adjoint Stefan Problem
The Adjoint Temperature

−ρ cS/F pt − kS/F 4p = γ1(y − yd ) in D
ρ cS/F p(T ) = γ3(y(T )− yd (T )) in D

kS
∂p
∂n = 0 on ∂D

−ρL p nSi = 2 Gi ∇φ · nS on ΓI(t)

The Adjoint Velocity Field

sgn(φ) div
(
Gi∇φ

)
= φxi ψ in D

Gi = 0 on ∂D

The Adjoint Level Set Equation

ψt = −γ2

(
c(φ) (φ− φd ) + c′(φ)

2 |φ− φd |2
)

in D

ψ(T ) = γ4

(
c(φ(T )) (φ(T )− φd (T )) + c′(φ(T ))

2 |φ(T )− φd (T )|2
)

in D

The Gradient Equation
γ5 u + p = 0 on ΓC
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Roadmap

1 Introduction

2 Optimize

3 An Open Problem

4 Then Discretize
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The Lagrangian Approach (Reloaded)

L(y , φ, F1, F2, u, p, pN , pI , pC , ψ, ψD, G1, G2, S1, S2) = J(y , φ,u)

−
∫ T

0

∫
ΩS(t)

(
ρ cS yt−kS ∆y

)
p−
∫ T

0

∫
D
(−f ) p−

∫ T

0

∫
ΓN

(
kS

∂y
∂n−g

)
pN

−
∫ T

0

∫
ΩF (t)

(
ρ cF yt−kF ∆y

)
p−
∫ T

0

∫
ΓI(t)

y pI −
∫ T

0

∫
ΓC

(
kS

∂y
∂n−u

)
pC

−
∫ T

0

∫
D

(
φt + F · ∇φ

)
ψ−

∫ T

0

∫
∂D

∂φ
∂n ψD

−
2∑

i=1

∫ T

0

∫
D

sgn(φ)∇Fi · ∇φGi −
2∑

i=1

∫ T

0

∫
ΓI(t)

(
ρL Fi − kS

∂y
∂xi

+ kF
∂y
∂xi

)
Si

Optimality System
L(y,φ,F1,F2,u)(δy , δφ, δF1, δF2, δu) = 0

for all δy , δφ, δF1, δF2, δu such that δy(0) = 0, δφ(0) = 0.
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Shape Calculus

E(φ) =

∫ T

0

∫
Qφ(t)

f dx dt , Qφ(t) = {φ < 0}

E ′(φ) δφ = lim
λ→0

E(φ+λ δφ)−E(φ)
λ = ?

Set φ̃ := φ+ λ δφ and write∫
Qφ(t)

f =

∫
Qφ(t)∩Qφ̃(t)

f +

∫
Qφ(t)\Qφ̃(t)

f

Qφ(t)

Qφ+λ δφ(t)

E(φ+ λ δφ)− E(φ)

λ
=

1
λ

∫ T

0

(∫
Qφ̃(t)\Qφ(t)

f −
∫

Qφ(t)\Qφ̃(t)
f

)

=
1
λ

∫ T

0

(∫
∂Qφ(t)

λ
−δφ
|∇φ|

f + o(λ)

)
λ→0−→

∫ T

0

∫
∂Qφ(t)

−δφ
|∇φ|

f ds dt
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Resulting Optimality Conditions
Adjoint Temperature and Velocity Field (same as before)

−ρ cS/F pt − kS/F 4p = γ1(y − yd) in D

ρ cS/F p(T ) = γ3(y(T )− yd(T )) in D

kS
∂p
∂n = 0 on ∂D

−ρ L p nSi = 2 Gi ∇φ · nS on ΓI(t)
sgn(φ) div

`
Gi∇φ

´
= φxi ψ in D

Gi = 0 on ∂D
The Adjoint Level Set Equation

−ψt − div(ψ F ) = sgn(φ) div(Gi ∇Fi) + γ2

“
c(φ) (φ− φd) + c′(φ)

2 |φ− φd |2
”

ψ(T ) = γ4

“
c(φ(T )) (φ(T )− φd(T )) + c′(φ(T ))

2 |φ(T )− φd(T )|2
”

ψ = 0 on ∂D

ψD = 0

0 =
`
ρ(cF − cF )yt − (kS − kF )4y

´
p

+ div
„`

y pI − ρ L p F · n + kS
∂y
∂n

− kF
∂y
∂n

´
n

«
on ΓI(t)

?? Relation to first set of optimality conditions ??
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Roadmap

1 Introduction

2 Optimize

3 An Open Problem

4 Then Discretize
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The Extended Finite Element Method

Fixed mesh.

Modified trial functions.

yh(x , t) =
n∑

i=1

vi(x) yi(t) +

ne,t∑
j=1

wj(x , t) aj(t),

wj(x , t) = vj(x)
(∣∣φ(x , t)

∣∣− ∣∣φj(t)
∣∣) at enriched nodes:

P2 elements, implicit Euler.

Forward and backward heat equation.
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Discontinuous Galerkin FEM

Find φh(x , t) ∈ Pk
pw :=

{
v | v ∈ Pk (K ) for all K ∈ Th

}
:

0 =

∫
K

(
(φh(x , t))t + F · ∇φh(x , t)

)
vh(x , t) dx

+
∑

i

∫
ei

min
(

F · nei ,0
)

[φh]ei
v−h (x , t) ds ∀vh ∈ Pk

pw,

where Th is a triangulation of R2 (or D)

and
[φh]ei

:= φ+
h (x , t)− φ−h (x , t), φ±h (x , t) := lim

ε↘0
φh(x ± εnei , t).

P2
pw, explicit Runge-Kutta time-stepping.

Forward level set equation.
TBD: DGFEM for adjoint velocity equations.
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Algorithm (Forward Problem)

Combine X-FEM and DGFEM with fast marching scheme.
Synchronize time stepping.

y0,F 0 φ0

y1,F 1 φ1

y2,F 2 φ2

y j ,F j φj

y j+1,F j+1 φj+1

yn−1,F n−1 φn−1

yn,F n φn

'
&

$
%

Q
QQs

Q
QQk

�
��3

�
��+

'

&

$

%
φj+1

φj

φj,nj

φj,nj−1

φj,2
φj,1
φj,0
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Results for the Forward Problem

Ex: Solidification in a Corner

D = [0,∞)× [0,∞)
y(0) = 0.3, y = −1 (left, lower),
∂y
∂n = 0 (right, upper)
x∗i = xi√

4 a t
, a = kS

ρ cS
= kF

ρ cF
= 1

x∗2 =
(
λu + C

x∗1
u−λu

)1/u

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

 

 

t = 0.1021
t = 1.1063
t = 2.1020
t = 4.0000

Error Indicators

EΓI :=

√∫ T

0

∫
Γ∗I (t)

|φ|2

Ey :=

√∫ T

0

∫
D
|y − y∗|2

E∞ΓI
:=

√∫
Γ∗I (T )

|φ(T )|2

E∞y :=

√∫
D
|y(T )− y∗(T )|2
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Experimental Order of Convergence

Spatial Refinement: h = [0.4, 0.2, . . . , 0.025]

EΓI E∞ΓI
Ey E∞y

4.44e-02 2.07e-01 7.73e-03 4.00e-02
1.22e-02 1.87 7.06e-02 1.55 2.36e-03 1.71 1.29e-02 1.64
3.99e-03 1.61 2.31e-02 1.61 7.82e-04 1.59 4.12e-03 1.64
1.03e-03 1.95 5.36e-03 2.11 2.04e-04 1.94 1.09e-03 1.92
2.15e-04 2.26 1.15e-03 2.22 3.92e-05 2.38 2.09e-04 2.38

Temporal Refinement: ∆t = 0.02 · 0.5i , i = 0, . . . , 5

EΓI E∞ΓI
Ey E∞y

1.17e-03 3.44e-03 1.26e-03 3.58e-03
5.95e-04 0.97 1.73e-03 0.99 7.28e-04 0.80 2.11e-03 0.76
2.76e-04 1.11 7.47e-04 1.21 3.46e-04 1.07 1.02e-03 1.05
1.06e-04 1.38 2.59e-04 1.53 1.55e-04 1.16 4.72e-04 1.11
6.67e-05 0.67 2.49e-04 0.06 5.15e-05 1.59 1.40e-04 1.75
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Summary/Future Work

Summary
Optimality conditions for unconstrained motion planning problem.
Solver for forward problem using XFEM and DGFEM.

Future Work
Solver for adjoint system.
Constraints on controls and states.
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Thank you for your attention!

Motion Planning Two-Phase Stefan Problem Skiing Seminar 2009 25 / 25


	Outline
	Introduction
	Optimize
	An Open Problem
	Then Discretize

