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Nodal interpolation |

Finite element in the sense of Ciarlet: (K, Pk, Nk)
@ K c RY with non-empty interior and piecewise smooth boundary,

@ Pk is an n-dimensional linear space of functions defined on K
(,shape functions®),

@ Nk = {N;}L, is a basis of the dual space Pj (,nodal variables”).
Nodal basis {¢;x}1_4 of Pk:

Nik(¢jk) =6ijy B,j=1,...,n,
Nodal interpolation operator:

Ixu —ZN/K U)oik-
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Nodal interpolation Il

Nodal basis:
Nik(ojk)=06ij, 1,j=1,...,n, (1)
Nodal interpolation operator:

Ixu —ZN/K U)oik-

Condition (1) yields

IK¢1K—ZN/K¢1K¢IK Zé,j¢lK_¢jK7 j:17"'7n7

and thus
Ik =¢ Yo e Pyk. (2)
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Assumption: existence of a reference element

There is a reference element (K, Pi, Ni) with
@ For each K € 7 there is a bijective mapping

Fg : XERdHX—FK( )GRd

with K = Fx(K),
@ ucPgiff il :=uo Fx € Py, and

@ N;(u) =N, z(uo Fgk),i=1,...,n,forall ufor which the
functionals are well defined.

Advantage:
(IKU) o FK = Ikl/.\l

o allows to estimate the error on the reference element K and
o to transform the estimates to K.
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Typical mappings

If possible, an affine mapping is chosen,
Fr(X)=Ax+a withAec R aeRY

otherwise the isoparametric mapping is used,

Fi(®) = 3 a4 (%),

i=1

where the shape of K is determined by the positions of nodes a cRY
and shape functions v, . with ¢, (&) = ;.
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Global nodal interpolation operator |

Finite element space via finite element mesh 7:

FEr :={vel?(Q): v =VvlkePx YKeT and
Vk, , Vk, share the same nodal values on Ky N K>},

(3)

Global interpolation operator I7:

(Iru)lk =1k(ulk) VKeT.
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Global nodal interpolation operator |l

The dimension of FE is denoted by N, .

The set N7, = {N;}I, is the union of all Nk, K € T, where common
nodal variables of adjacent elements are counted only once.

The global basis {¢; ]'-V:*1 C FE7 satisfies

N,'(qu):(s,"j, i,j: 1,...,N+.
Global interpolation operator I:

Ny
Iru=" Ni(u)¢;. (4)
=1
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Quasi-interpolation

I acts only on sulfficiently regular functions such that all functionals N;
are well defined.

The remedy is the definition of a quasi-interpolation operator

N
Qru=>»_ Ni(Nju)¢;, (5)
i=

that means, we replace the function v in (4) by regularized
functions MM;u.

The index / indicates that we may use for each functional N; a different,
locally defined averaging operator I1;.
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Isotropic and anisotropic elements

@ hk ... diameter of K,
@ ok ... diameter of the largest ball inscribed in K,
@ vk = hx/ok ... aspect ratio of K.

AN ——

Isotropic elements have moderate aspect ratio:
@ easy to achieve in mesh generation,

@ numerical analysis at moderate technical expense.

Anisotropic elements have large aspect ratio.
@ approximation of anisotropic features in functions,
@ constants must be uniformly bounded in the aspect ratig. i " viinchen
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Result

Let (K, P, N ) be a reference element with
Py C Pg, (6)
Ny < (C(K)). (7)

Assume that (K, Pk, Nk) is affine equivalent to (K, P, N}). Let
ue WH(K) with £ € N, p € [1, 0], such that

WEP(K) — CS(K), ie. (>s+ z, (8)
andletme {0,...,£—1} and g € [1, o] be such that
WHP(K) — W™I(K). (9)
Then the estimate
|u = Txulwmagky < CIK[VI7VPH 0, Ul ey (10)
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Transformation to reference element

Let Fx(X) = A% + a be an affine mapping with K = Fx(K).
If &6 € W™9(K) then u= o F.' € W™9(K) and

|ulwmagy < CIKIY 90,8l yymaiy- (11)
If ue WEP(K) then i = u o Fx € WSP(K) and

‘mwe,p(f() < C‘K|_1/phf(’U’W&P(K)- (12)

The constants depend on the shape and size of K.
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Erro[ estimate on the reference element
Let (K, P, Ni) be a reference element with

Ppy C Pg,
Nz < (C(K)).
Let i1 € WEP(K) with £ € N, p € [1, 0], such that
WHP(K) — CS(K), ie. £>s+ Z,
andletme {0,...,£—1} and g € [1, o] be such that
WEP(K) — W™I(K).
Then the estimate

|0 — Iku‘wm,q(k) < C‘U‘We,p(k)
Universitdt ( Miinchen
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Boundedness of the interpolation operator
From (7) and (8) we obtain

|Ni,f<(‘7)| < CHVHCS(R) < CH‘A/HWL’,p(k)

and thus with |[¢, 4| wma(ky < C the boundedness of the interpolation
operator,

’Ikvlwm,q(f() =

n
ZN:‘,R(‘A/W/,R
i=1

wm.a(K)

n
< Z |Ni7k(‘7)| ‘¢/7k|wm,q(k)
i=1

< CHVHWZ,p(k)

where the constant depends not only on K,s, m, g, ¢, and p, but also
on Nx.
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The Deny-Lions lemma (1953/54)

Let the domain G ¢ RY, diam G = 1, be star-shaped with respect to a
ball B C G, and let ¢ > 1 be an integer and p € [1, oo] real. For each
u € WHP(G) there is a w € P,_4 such that

[u—=wWlwer) < Clulwes(ay: (13)

where the constant C depends only on d, ¢, and
:= diam G/diam B = 1 /diam B.
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Final proof

Combining these estimates, choosing w € P,_¢ according to the
Deny-Lions Lemma, and using w = Iz W due to (6), we get

[ P

IN N

|(‘AJ - W) - IR(E’ - W)‘Wm,ﬂ(f()

CHO - |/AVHWZ,/J(R)

C’CI’ Wg’p(k).

(14)
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Introduction

Anisotropic elements are characterized by a large aspect ratio
vk = hk /oK. The estimate

|u—Txulwmagky < CIK[VIVPhL 0, Ul ey
can be rewritten as
|u = Ixuwmagky < CIK[VIVPHL 0 2 Ul e oy,

that means that the quality of this estimate deteriorates if m > 1 and
vk > 1.

We wish to have at least an estimate of the form
u = Ixulwmaky < CIKIY VPR U] e p iy
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Negative example

Consider the triangle K with the nodes (—h,0), (h,0), and (0,ch), and

interpolate the function u(x1, x2) = x2 in the vertices with polynomials
of degree one. Then Ixu = h®> — e "hx, and

1/2
‘U—IKU‘W1,2(K) _h 1 N 1672 /
6 2

= =c.h
Ul we2(k)

with ¢. — oo fore — 0 and ¢. > Crk.
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Positive example

Consider now the triangle with the nodes (0, 0), (h,0), and (0,ch), and
interpolate again the function u(xq, x2) = x2 in Py. We get Ixu = hxq
and
‘U — IKU|W172(K) B 1
Ulwee(k) V12

where the constant is independent of . The desired estimate is valid
although the element is anisotropic for small .

Wir brauchen die Maximalwinkelbedingung!
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Consideration of the reference element

The estimate
U — 15 U‘w12 <C]u]W22K)

can be transformed via x; = h¥;y, X0 = ch% to the element K from the
last example. We obtain

» 1/2
H u—1Ixu)|? g o(u —Ixu)
Oxi L2(K) Oxe k)
2 2 2 2,112 1/2
< Ch ’ ou 2|| _ou ou
> 8X1 L2(K) OX10Xo [2(K) 8X22 L2(K)

The bound for the x,-derivative depends on ¢~
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Consequence

We need to prove on the reference element the sharper estimate

1/2
(i — 1,.01) 20 |2 2ulr \"
K7 <C Z — )

0% ek Ox0%2 |2y 110%5 Il 24
Simple proof: Set V = 8(0(;;(12’?0) Then the desired estimate reduces to

H‘A/”LZ(R) < C|V|W1,2(k)>

which is valid since [ v(0, x2) dxp = 0.
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