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ABSTRACT

For relatively strong nonlinear circuits, the conventional variational
order reduction method will lose efficiency due to the exponen-
tially increased number of inputs and the one-sided projection tech-
nique. In this paper, we propose a two-sided projection approach
which is capable of matching much more number of moments than
the one-sided projection method. We show by theoretical analysis
and experiments that the two-sided projection method is very effi-
cient for the variational equation model order reduction of nonlin-
ear circuits.

1. INTRODUCTION

Model Order Reduction techniques have been widely applied in
the fast simulation of large linear and nonlinear systems, such as
IC interconnect circuits[1][2], nonlinear analog RF circuits and
MEMS systems [3]-[7] etc..

In the case of nonlinear systems, specific model order reduc-
tion techniques have been investigated recently. In the first cate-
gory are the polynomial model reduction approaches [3][4][5]. In
these methods, an approximate system is first obtained by Taylor
expansion of the nonlinear term in the nonlinear system. Then
either the linear part or some of the nonlinear parts in the Taylor
expansion are employed to construct the projection space to reduce
the order of the approximate system. For instance, the trajectory
piece-wise linear method proposed in [3] approximates the non-
linear system by several linear systems piece-wisely. Each of the
linear system is reduced by projection based linear order reduction
method. The “quadratic reduction method” presented in [4] tries to
approximate the nonlinear system by two order Taylor expansion
to generate a quadratic system. However, the projection space built
by the linear part of the Taylor expansion hasn’t preserved any non-
linear information. The bilinearization method in [5] derives the
bilinear system in terms of Kronecker production of the state vari-
ables by the two order Taylor expansion of the nonlinear system.
The reduction of the bilinear system is based on the Volterra series
representation of bilinear system in control theory [8], which con-
tains the nonlinear contribution in the multimoments. Therefore
this method makes use of the nonlinear information of the origi-
nal system not only in the bilinearization process but also in the
reduction process.

The second category of nonlinear model order reduction tech-
niques [6, 7] is based on the variational analysis theory in [8]. In
this method, the original nonlinear system is transformed into sev-
eral correlated linear systems, then model order reduction is per-
formed on each linear system. Finally state variables of the non-
linear system are approximated by the linear combination of the

state variables of the respective reduced linear systems. In [6, 7],
only one-sided projection method is used for order reduction on
these linear systems. There is no discussion about the efficiency
of one-sided projection on the whole variational equation reduc-
tion process. Moreover, for relatively strong nonlinear systems,
the higher order variational equations are needed to ensure the re-
duction accuracy. Unfortunately the number of the inputs of the
higher order variational equation will grow exponentially, which
makes it difficult to reduce the original system to a very small or-
der size. Especially, the one-sided projection method will mostly
lose efficiency when dealing with the third or higher order linear
systems because of its limited reduction precision.

In this paper we propose the two-sided projection method to
tackle with the above problem. When reducing a linear system to
the same order, the two-sided projection method can match much
more moments of the transfer function than the one-sided method.
Therefore, it can achieve a more precise reduced model than the
one-sided projection method. The remainder of the paper is orga-
nized as follows. In Section 2, we review the variational equation
reduction method in [6, 7] and analyze the problems existing in
this method. In Section 3, we propose the two-sided projection
method and its theoretical confirmation. In Section 4, we demon-
strate the efficiency of the proposed approach by circuit examples.
Finally, we draw conclusions in Section 5.

2. LIMITATION OF ONE-SIDED PROJECTION
METHOD

2.1. Review of Variational Equation Reduction Method

The nonlinear systems that we are concerned with in this paper are
of the following form.

dx(t)
dt

= f(x(t)) + bu(t)
y = cTx(t)

(1)

x ∈ Rn is the state variables and the state-space dimensionn
denotes the order of the system. The initial condition is(x(0) =
0). The input is denoted asu = u(t) and the output response is
y = y(t). For simplicity, we only consider SISO (Single-Input
Single-Output) system, where the inputu(t) and the outputy(t)
are both scalar functions, therefore,b ∈ Rn, c ∈ Rn.

The variational equation approach is a method to derive the
various kernels of a nonlinear system in control theory [8]. In
[6][7] this method is used in the order reduction of the nonlinear
system given in (1). The detail of this method is presented as fol-
lows. Consider the circuit response of equation (1) to the inputs of



the formαu(t)

dx(t)
dt

= f(x) + b(αu)
y(t) = cTx(t)

(2)

whereα is an arbitrary scalar.x(t) can be written as an expansion
in the parameterα of the following form.

x(t) = αx1(t) + α2x2(t) + α3x3(t) + ... (3)

Assumef(x) is smooth enough so that it can be expanded into
Taylor series, as given in (4) in the Kronecker form.

f(x) = A1x + A2x⊗ x + A3x⊗ x⊗ x + · · · (4)

Substituting (3) and (4) into both sides of the first equation of (2),
we get equation (5).

α dx1(t)
dt

+ α2 dx2(t)
dt

+ α3 dx3(t)
dt

+ ...
= αA1x1 + α2[A1x2 + A2(x1 ⊗ x1)] + ... + b(αu)

(5)

Since this equation holds for allα, coefficients of like powers ofα
can be equated. This gives the variational equations.

dx1(t)

dt
= A1x1 + bu(t) (6)

dx2(t)

dt
= A1x2 + A2(x1 ⊗ x1) (7)

dx3(t)

dt
= A1x3 +A2(x1⊗x2 +x2⊗x1)+A3(x1⊗x1⊗x1)

(8)
...

The idea of variational order reduction is that instead of reducing
the nonlinear system (1), we only need to reduce the above linear
systems (6)(7)(8). Thenx(t) can be gotten throughxk(t), k =
1, 2, 3, ... by (3) and the responsey(t) is also obtained.

2.2. Problems in the One-sided Projection

In [6][7], one-sided projection method is used to reduce the order
of the above linear systems. For example, for the first linear system
(6), a projection matrixV1 is computed based onA1, b , such that
the columns ofV1 span the Krylov subspaceKq1(A

−1
1 , A−1

1 b).

spancolumn{V1} = Kq1(A
−1
1 , A−1

1 b)
≡ span{A−1

1 b, A−2
1 b, ..., A−q1

1 b} (9)

For a single input system (6), the number of the columns inV1 is
usuallyq1. Therefore, through variable changex1 ≈ V1z1, we
havez1 ∈ Rq1 , then the reduced linear system of (6) is obtained
in (10),

dz1
dt

= Ã1z1 + b̃u(t)
y1 = c̃Tz1

(10)

whereÃ1 = (V T
1 A−1

1 V1)
−1, b̃ = Ã1V

T
1 A−1

1 b, c̃ = V T
1 c

For this reduced system, the following theorem is well known
in model order reduction of linear systems [5, 6].

Theorem 1 The firstq1 moments of the transfer functioñH(s) =

−c̃T(I − sÃ1
−1

)−1Ã1
−1

b̃ of the reduced system in (10) are
the same as those of the transfer functionH(s) = −cT(I −
sA1

−1)−1A1
−1b of the original linear system in (6).

From Theorem 1, we see that the precision of the reduced
model (10) is directly decided by its orderq1. If q1 is small, then
the precision of the reduced system may not be high enough be-
cause only small number of moments of the original transfer func-
tion are matched.

As far as the second linear system (7) and the third linear sys-
tem (8) are concerned, it is not difficult to see that the inputs of
these two systems are both decided byq1 which is the order of the
first reduced system (10). From (7) and (10) we have

x1 ⊗ x1 ≈ V1z1 ⊗ V1z1 = (V1 ⊗ V1)(z1 ⊗ z1)

therefore, the number of inputs in the second linear system (7)
becomesq2

1 . The inputs in the third linear system (8) include the
term(z1 ⊗ z1 ⊗ z1) which means the number of the inputs in (8)
is at leastq3

1 .
So far the problem of the one-sided projection is clear. On the

one hand ifq1 is not small enough, the input numberq3
1 will be

large, then it is difficult to reduce the order of the third linear sys-
tem (8) to a small size. On the other hand ifq1 is small enough to
reduce the order of (8) to a reasonable small size, the error of the
reduced model will be unfortunately too large to be accepted be-
cause only very small number of moments of the original transfer
function are matched. In Section 4, we demonstrate this one-sided
projection problem in the example in Fig.2.

3. TWO-SIDED PROJECTION METHOD

Inspired by the above analysis, we aim to find an approach to re-
duce the order of the first linear system (10) to a smaller size and
enhance its precision greatly at the meantime. As a result, we can
reduced the order of the third linear system (8) to a moderate size
and concurrently keep its reduced model in a high precision. In the
following, we propose the two-sided projection method to achieve
such a design objective.

It is well known that the transfer function of linear system (6)
is given as follows.

H(s) = cT(sI−A1)−1b = −cT(I− sA1
−1)−1A1

−1b (11)

If H(s) is expanded as

H(s) = −cT(I + sA1
−1 + s2A1

−2 + ...)A1
−1b

= −P∞
i=1 mis

i−1

(12)
then its moments are defined as

mi = cTA1
−ib (i = 1, 2, ...) (13)

Instead of using one projection matrixV1, we construct two pro-
jection matricesV andW , such that they satisfy the biorthogonal
conditionWTV = I. Thus the columns ofV andW span the two
Krylov subspaces given below respectively.

spancolum{V } = Kq1(A
−1
1 ,A−1

1 b) ≡
{A−1

1 b, A−2
1 b, A−3

1 b, ...,A−q1
1 b} (14)

spancolum{W} = Kq1(A
−T
1 , c) ≡

{c, A−T
1 c, (A−T

1 )2c, ..., (A−T
1 )q1−1c} (15)

Usually we use Lanczos process [2] to constructV andW .
By using variable changex1 = V z1 on equation (6), we have

A−1
1

dV z1
dt

= V z1 + A−1
1 bu(t)

y1 = cTV z1
(16)



In the following, we use projection byW rather thanV

WTA−1
1 dV z1
dt

= WTV z1 + WTA−1
1 bu(t)

y1 = cTV z1

(17)

We have the final reduced system

dz1
dt

= Â1z1 + b̂u(t)
y1 = ĉTz1

(18)

whereÂ1 = (WTA−1
1 V )−1, b̂ = Â1W

TA−1
1 b, ĉ = V Tc.

The following theorem can be found in [1][2] and its references.

Theorem 2 The first2q1 − 1 moments of the transfer function
ˆH(s) = −ĉT(I − sÂ−1

1 )−1Â−1
1 b̂ of the reduced system in (18)

are the same as those of the transfer functionH(s) = −cT(I −
sA−1

1 )−1A−1
1 b of the original linear system in (6).

Compared with Theorem 1 we can see that if we reduce the
first linear system (6) to the same orderq1 by these two projec-
tion methods respectively, the two-sided projection method can
match much more moments than the one-sided projection method.
Therefore with the same reduced model order, the two-sided pro-
jection method achieves much more accurate reduced model than
the one-sided projection method does. In practical applications,
variational reduction method employing two-sided projection will
be very efficient in obtaining accurate reduced model with smaller
order size. In the following section we will verify these analysis
by experiments.

4. EXPERIMENTAL RESULTS

In this paper, the nonlinear circuit in [4] is employed as the test
example. In the circuit, there are total N nodes, where we assume
N = 100. There is one input current sourcei(t) = u(t) flowing
into node 1. The output response is set to be the voltage at node 1.
In the following, we use the solution of (1) computed by Matlab

1 2 3 N-3 N-2 N-1

C C C C C Ci(t)

Fig. 1. Circuit example.

function as the exact response of the original system during the
comparison. We reduce the three linear systems (6)(7)(8) to the
order ofq1, q2, q3 and match the number ofj1, j2, j3 moments
of the transfer functions of systems (6)(7)(8) respectively. We em-
ploy four different input signals to test the accuracy of the reduced
model to the original nonlinear system (1). The four inputs are a
step function,u1 = 0, when t ≤ 3, else u1 = 1, t ∈ [0, 10];
an exponential functionu2 = −e−t, t ∈ [0, 10]; a cosine func-
tion u3 = (cos(2πt/10) + 1)/2, t ∈ [0, 10] and a sine function
u4 = 1 + sin(2πt) + sin(10πt), t ∈ [0, 1].
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Fig. 2. (a) Output response of the variational equation reduction
method withj1 = 12, q1 = 12; j2 = 1, q2 = 22. (b) Output
response of the variational equation reduction method withj1 =
12, q1 = 12; j2 = 5, q2 = 32. (c) Original output response.
(d) Output response of the first two linear systems without order
reduction. The input signal is the step functionu(t) = 0, t <=
3; u(t) = 1, 10 > t > 3.

4.1. One-sided Projection Results

In this subsection, we first illustrate that for relatively strong non-
linear systems, the third linear system (8) is necessary to achieve a
reasonably accurate reduced system in the conventional variational
model order reduction method. We will further demonstrate that
due to the exponentially increased number of inputs in the second
and third systems (7) (8), the order of the reduced system may not
be small enough by one-sided projection if high reduction accu-
racy is required.

In Fig.2, the exact output response of the original nonlinear
system (1) is shown in the solid line (c). The exact output re-
sponse of the first two linear systems (6)(7) is shown in line (d).
Comparing line (c) and (d), one can see that even without order
reduction, approximating the original system by only two linear
systems (6)(7) will cause a definite error. If we further reduce the
order of the first two linear systems(6)(7), even larger error will
be generated as shown in line (a), where the first linear system is
reduced to orderq1 = 12 and j1 = 12 moments are matched,
while the second linear system is reduced to orderq2 = 22 and
only one (j2 = 1) moment is matched. We can see that even if we
increase the order of the second system, the order reduction accu-
racy can not be improved as shown in line (b), where we reduce
the second linear system to orderq2 = 32 and match five (j2 = 5)
moments. This experiment implicates that the third linear system
(8) is needed to enhance the accuracy of the order reduction.

In Fig.3, we demonstrate the problem of large number of in-
puts when the third linear system is needed to be reduced. At first,
we reduce the first linear system (6) to the order ofq1 = 6 and
matchj1 = 6 moments. To reduce the second linear system (7), if
we only match the first moment (i.e.j2 = 1), we get a reduced sys-
tem of orderq2 = 10. In order to reduced the third linear system
to a moderate size, we only match the first moment, and obtain a
reduced orderq3 = 28. The results corresponding to the reduction
”j1 = 6, q1 = 6, j2 = 1, q2 = 10, j3 = 1, q3 = 28” is marked
by the crossing line in Fig.3, which is far away from the exact so-
lution in the solid line. On the other hand, if we want to derive a
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Fig. 3. One-sided projection results with input signalu(t) = 1 +
sin(2πt) + sin(10πt).

Table 1. Comparison of the errors between two-sided projection
method and the one-sided projection method.

u1 u2 u3 u4

εt 0.0771 0.0443 0.0302 0.1378
εo 0.3587 0.1682 0.1693 0.5383

more precise output response, we must increaseq1. For example,
if we increaseq1 from q1 = 6 to q1 = 12, we have to reduce
the second linear system toq2 = 22, and the third linear system
to q3 = 65. Here we also only match the first moment of their
transfer functions respectively. Although the result is much more
precise (the dashed line), the cost is that we must solve a reduced
system of orderq3 = 65, which is close to the original system
ordern = 100. Clearly it is not a really reduced system, which
makes the whole order reduction process much more inefficient.

4.2. Two-sided Projection Results

Finally, we compare the two-sided projection method with the one-
sided projection method. We reduce the first linear system (6) with
these two projection methods to the same orderq1 = 6 respec-
tively. In reducing the second and the third linear systems, we still
use the one-sided projection, and only match the first moment of
their transfer functions, which is marked byj2 = 1, j3 = 1 in
Fig.4. Finally, we obtained two reduced order systems with the
same reduced order ofq1 = 6, q2 = 10, q3 = 28. In Fig.4,
We can see that the two-sided projection result (the dashed line) is
much close to the exact solution of the original system (the solid
line), while one-sided projection (the crossing line) has much big-
ger reduction errors. In this experiment, the testing input signal
is the sine waveformu4. The above obtained one-sided project
model and two-sided projection model are further tested with the
other three testing inputsu1, u2 andu3. Compared to the exact re-
sponse of the original system, the relative errorεo of the one-sided
projection method and the relative errorεt of the two-sided pro-
jection method are listed in Table 1. We can see that the two-sided
projection method is more accurate than the one-sided projection
method in all of the test inputs.
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Fig. 4. Comparison of two-sided projection with one-sided projec-
tion with input signalu(t) = 1 + sin(2πt) + sin(10πt).

5. CONCLUSION

In this paper, the two-sided projection method is proposed for the
variational equation model order reduction of nonlinear circuits.
By using the two-sided projection scheme, much more number
of moments can be matched than the merely one-sided projec-
tion method in the conventional variational equation model order
reduction approaches. Both theoretical analysis and experimen-
tal results have demonstrated that the efficiency of the variational
equation reduction process is greatly improved by two-sided pro-
jection method.
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