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Preserving the Film Coefficient as a Parameter
in the Compact Thermal Model for Fast

Electrothermal Simulation
Lihong H. Feng, Associate Member, IEEE, Evgenii B. Rudnyi, and Jan G. Korvink

Abstract—Compact thermal models are often used during joint
electrothermal simulation of microelectromechanical systems
(MEMS) and circuits. Formal model reduction allows generation
of compact thermal models automatically from high-dimensional
finite-element models. Unfortunately, it requires fixing a film coef-
ficient employed to describe the convection boundary conditions.
As a result, compact models produced by model reduction do
not comply with the requirements of being boundary condition
independent. In the present paper, the authors suggest an ap-
proach of successive series expansion with respect to the film
coefficient as well as to the frequency during model reduction
that allows to overcome the problem and keep the film coefficient
as a symbolic parameter in the reduced model. The approach is
justified with a numerical example of electrothermal simulation of
a microthruster unit.

Index Terms—Compact thermal model, model order reduc-
tion, parameter-independent reduced model, parametric order
reduction.

I. INTRODUCTION

THERMAL phenomena play an important role in many
microelectromechanical system (MEMS) devices; for ex-

ample, microhotplate sensors, microfluidics, and electrothermal
micromotors [12]. As a result, electrothermal simulation is an
important part of design flow. Unfortunately, the dimensionality
of an accurate thermal model obtained by the finite-element
method is too high. Its simulation by brute force takes a
long time, which is unacceptable for design and system-level
simulation.

Nowadays, a compact thermal model is a hot topic among
electrothermal simulation communities [21], [26], [27]. An
important requirement to use a compact thermal model in
practice is that it must be boundary condition independent.
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Basically, this means that the engineer can change the device
environment by using the same compact thermal model. More-
over, the error between the original model and the compact
model should be kept within an acceptable range no matter how
the device environment changes.

Model reduction (for an engineering overview, see [24]) is
a rapidly developing technique in the area of fast simulation
of large-scale engineering systems. It allows generating auto-
matically low-dimensional compact thermal models from high-
dimensional finite-element models. Unfortunately, at present,
conventional model reduction is not boundary condition in-
dependent. Mathematically speaking, it should be modified in
order to preserve some parameters in the symbolic form during
the model reduction process.

The authors introduce parametric model reduction to treat
this problem, although it should be stressed that the goal of
the paper is not to suggest the final solution that can be
immediately employed in a practical application. Rather, the
goal is to explore the possibility of finding such a solution in
principle. As such, the authors have limited themselves to the
case with a single film coefficient and when the film coefficient
does not depend on time. At the same time, they demonstrate
that in this case it is possible to produce a reduced model
that can capture accurately the system dynamics when the film
coefficient changes over nine orders of magnitude.

This paper is organized as follows. First, the authors review
how boundary conditions influence electrothermal simulation.
They show that the main problem is related to convection
boundary conditions and list possible options. Then, a brief
introduction of conventional model reduction is given. After
that, a parametric model reduction method is proposed and then
its advantages with a numerical case study of a microthruster
model are demonstrated.

II. BOUNDARY CONDITIONS AND

ELECTROTHERMAL SIMULATION

Electrothermal simulation combines two parts: the simula-
tion of an electrical circuit and the device temperature distri-
bution. The temperature distribution is a function of the heat
dissipation caused by MEMS devices and circuitry, and the
behavior of MEMS and circuit elements in turn depends on the
temperature.

The heat transfer partial differential equation (PDE) can be
converted to a system of ordinary differential equations (ODEs)
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by means of the finite-element method, which can be incorpo-
rated directly into the circuit simulators [18]. The main problem
along this way is the high dimensionality of the ODE system,
and this can be treated by model reduction [19], [24]. The appli-
cation of modern model reduction methods to thermal problems
has been reported for a microthruster unit [2], electrical devices
[7], [8], thermal flexure actuator and infrared imager absorber
[28], microhotplate gas sensor [3], and semiconductor devices
on a PCB [5]. The results of all papers are consistent in that
model reduction is an efficient tool to generate a compact
thermal model.

However, as mentioned above, for practical applications it
is quite important that the boundary conditions be changed
after the reduced model has been generated [20]. Consider how
different boundary conditions influence the model reduction
process.

The temperature distribution is governed by the heat transfer
PDE

∇(κ∇T ) + Q − ρCρ
∂T

∂t
= 0 (1)

where T (x, y, z, t) is an unknown temperature distribution,
κ(x, y, z) is the heat conductivity, ρ(x, y, z) is the density,
Cρ(x, y, z) is the specific heat capacity, and Q(x, y, z, t) is
the heat source. Equation (1) is defined for the domain Ω in
question that is limited by the boundary ∂Ω.

Conventionally, the heat source is modeled as a homogenous
heat generation approximation when Q is uniform within the
volume v of a resistor R

Q =
I2R

v
(2)

where I is the current going through this resistor. The heat
generation rate is zero outside of the resistors. When there are
several resistive heat sources, the right side of (2) is different
for each resistor.

Before discretization of (1), the boundary conditions should
be specified. The total boundary is divided into nonintersecting
regions, and for each of them one can apply the boundary
conditions as follows. For Dirichlet boundary conditions, the
temperature on the boundary is given as a function in time

T∂Ω = T (t). (3)

Quite often, the external temperature is assumed to be con-
stant and equal to the temperature of the surroundings and can
be set to zero without loss of generality. For Neumann boundary
conditions, the flux at the boundary is given as a function
in time

q⊥ = q(t)∂Ω × n (4)

where n is the directed normal to the boundary. Quite often, the
flux is assumed to be zero

q⊥ = 0.

Mixed or convection boundary conditions assume that the
normal heat flux is proportional to the temperature difference
between the boundary and the bulk temperature of the neigh-
boring bulk phase

q⊥ = k(T − Tbulk). (5)

Again, quite often Tbulk = 0. k is the film or convection
coefficient and characterizes the intensity of the heat exchange
between the thermal domain and the surroundings.

The discretization of (1)–(5) produces a system of ODEs in
a form suitable for model reduction

Cẋ(t) + Gx(t) = Bu

y(t) = Ex(t) (6)

where x ∈ Rn is the unknown vector of temperatures at the
discretization nodes; there are n elements in x. C and G are
the system matrices, B is the input matrix, and E is the output
matrix. The vector u comprises inputs. They usually come from
the heat generation sources (2), where ui = Ii(t)2Ri. The
boundary conditions can also contribute to the inputs in
the form of T (t) for the Dirichlet boundary conditions, q(t)
for the Neumann boundary conditions, and Tbulk(t) for the
convection boundary conditions. The output matrix is specifies
particular temperatures or average temperatures of interest to an
engineer. Very often, (6) is employed under the approximation
of constant material properties, when C and G are constant. In
this case, the use of model reduction is straightforward. In the
case of the Dirichlet and Neumann boundary conditions, there
is no problem with model reduction as the reduction is valid
for any input function. Clearly, one cannot convert the Dirichlet
boundary conditions to Neumann and vice versa after the model
reduction has been completed, but this is not important for
practical applications.

The biggest practical problem is with convection boundary
conditions, and the authors consider it in the next section.
Note that mixed boundary conditions can be considered as
the most general case as when k = 0 they become Neumann
boundary conditions, and when k → ∞ they are equivalent to
Dirichlet boundary conditions. However, big values of k lead
to ill-behaved ODEs, and the correct use of Dirichlet boundary
conditions leads to a more numerically stable simulation.

III. TREATMENT OF CONVECTION

BOUNDARY CONDITIONS

The discretization of (5) makes a contribution to the system
matrix G. Provided that the boundary has been divided into N
parts and ki has been assumed to be constant for the ith part,
one can write that

G = G0 +
∑

i

kiGi (7)

where G0 is the system matrix after the discretization of (1)
and Gi is the matrix after the discretization of (5) for the ith
part of the boundary. Note that (7) is consistent with the fact
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that heat transfer coefficients are obtained from computational
fluid dynamics (CFD) calculations as area averages.

Conventional model reduction can be applied when G is
constant, and in the case of convection boundary conditions this
means that the film coefficients must be fixed and cannot be
changed in the reduced model. This is a big practical problem
as changing the environment can change the values of film
coefficients and a device compact model must be able to reflect
these changes.

The brute force strategy to deal with (7) during model re-
duction is to perform model reduction each time when it is
necessary to change the value of the film coefficient. The
authors would like to stress that this is indeed an option, at least
for particular cases, as the model reduction cost in many cases
is comparable with that of a stationary solution [17]. Therefore,
the total transient simulation time is much longer than the time
needed to perform model reduction and simulate the reduced
system. In this case, model reduction can be considered as a
fast solver for transient simulation [17].

Another approach is to convert the problem above to model
reduction with nonlinear inputs, as model reduction seems to
work in this case [3], [9]. This is possible if a temperature
distribution over a surface is approximated by an average
temperature x during the discretization of (5). Under this ap-
proximation, (5) is satisfied on average rather than to be valid
for each discretization element. This allows changing a matrix
vector product (kiG)ix in (6) and (7) to a product of a vector
and a function

(kiGi)x ≈ fi(kix).

The latter can be moved to the right side of (6) and then
considered as an additional nonlinear input [6], [9], [27].

The advantage of the two methods described above is that
they can be employed without modification of the conventional
model reduction. However, this comes at a cost. The first
method requires keeping the original high-dimensional matri-
ces and is not applicable when the film coefficient changes in
time. The second method is based on the approximation, and it
is always necessary to pay attention whether this approximation
is good enough. In other words, the device surface should be
split into sufficient number of pieces where the temperature
gradient is relatively small, and it is difficult to do it automat-
ically. Consider a surface with a heater element. Even under
the assumption that the film coefficient is the same (a single
term (kiG)ix), the authors need to divide the surface to several
pieces (a heater, an area close to the heater, an area far away
from the heater, and so on) in order to use the second method.

The goal of this paper is to explore an alternative approach
when modifying a conventional model reduction procedure
in order to use the rigorous (7) directly. Nevertheless, in the
present paper, the authors limit themselves to the case with a
single film coefficient

C
dx(t)

dt
+ (G + kD)x(t) =Bu

y(t) =Ex(t) (8)

where G = G0,
∑

i kiGi = kD. No doubt, the practical ap-
plicability of (8) is rather limited but, in the authors’ view, it
is a good starting point to search for a new method. The authors
discuss the possibility to generalize a new method to (7) at the
end of the paper.

IV. CONVENTIONAL MODEL ORDER REDUCTION

This section first gives a general overview of the model order
reduction techniques and the conventional choice for projection
by means of the Arnoldi process. Then, the possibility of a
parameter-independent reduced model by the projection tech-
nique is discussed.

A. General Overview

The purpose of model order reduction is to replace the
original large-scale system (6) with a smaller system. For model
order reduction of linear systems, there are basically two differ-
ent methods [1]. One is based on singular value decomposition
(SVD) of Grammian matrices related with the input-to-state
map x(t) = eAtB and the state-to-output map η(t) = EeAt,
where A = C−1(−G − k0D). The most famous method in this
group is the balanced truncation approximation (BTA) [11].

Another method is moment matching via Krylov subspaces
[13]. Here, the goal is to find a low-dimensional model that
matches the first moments in the Taylor expansion of the
original model.

Both approaches are based on projecting the n-dimensional
state variable x ∈ Rn of the original model into a q-
dimensional subspace q � n with the assumption x ≈ V z,
z ∈ Rq, where V is the projection matrix. The difference is
that in the first group the projection is considered as a trun-
cation of some transformation matrix that must be computed
first while in the second group the projection can be com-
puted directly.

Each group has its advantages and drawbacks. The BTA-like
methods have a global error bound for the reduced model. Yet,
the computation includes solution of two Lyapunov equations
of order n. This leads to a computational complexity of O(n3),
which implies that the computation time increases eight times
when the dimension of the system increases twice. As a result,
BTA-like methods can be applied to systems with moderate size
only. For modern computers, the system size is limited to a
dimension of the state vector of a few thousands.

For the moment matching methods based on Krylov sub-
space projection, only matrix–vector multiplication is neces-
sary to compute the projection matrix, and they can deal with
model order reduction of very large scale systems. Unfortu-
nately, in this case, there is no global error bound for the
reduced order model. Some newly presented work [4] is done
on this problem for the system with no parameters. It is ex-
pected that this method can be extended to deal with parametric
systems.

Nowadays, an active area of research among mathematicians
is to find a possibility to reduce computational complexity for
the Grammian-based methods [15], [22]; however, this is still
under development.
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In the present paper, the authors focus on the Krylov sub-
space method [13], as right now it is the mainstream approach
for many applications from circuit systems to MEMS [24].

B. Moment Matching via Krylov Subspace Projection

Most often, the projection matrix V is based on moment
matching of the transfer function of the original system (8) with
k fixed as k0 [13]. After the Laplace transformation, system (8)
becomes

sCX(s) + GX(s) + k0DX(s) =BU(s)

Y (s) =EX(s). (9)

The transfer function for (9) can be expressed as

H(s) =
Y (s)
U(s)

= E(sC + k0D + G)−1B. (10)

H(s) can be expanded as a series around some expansion
point s0 such that s = s0 + σ

H(s) =E ((s0 + σ)C + k0D + G)−1 B

=
∞∑

i=0

EM iσ
i (11)

where M i = [−(s0C + k0D + G)−1C]i(s0C + k0D + G)−1B
and EM i, i = 0, 1, . . . ,∞, are the so-called moments of the
transfer function. Then, a good choice for the projection matrix
V is

spancol{V } = spancol{M0,M1,M2, . . . ,Mm}. (12)

A system of smaller size is obtained by the approximation
x ≈ V z, z ∈ Rq, and multiplying by V T on both sides of (8)

V
T
CV

dz(t)
dt

+ V
T
GV z(t) + V

T
k0DV z(t) = V

T
B

y(t) = EV z(t). (13)

Since q � n, the dimension of the matrices in (13) is much
smaller than for the original system (8), which makes the
simulation of (13) much faster. It has been proved [13] that
the reduced model (13) matches the moments included in (12).
The more moments are matched the more accurate is the
reduced model.

It is worth noting that the Taylor expansion (11) is employed
as an intermediate step to obtain (13) and is not equal to the
transfer function of the reduced model. The transfer function of
(13) is still a rational function similar to (10), and mathemat-
ically speaking, it is a Padé-type approximant. This makes its
approximation properties much better and more efficient than
for the Taylor expansion (11) by itself.

Unfortunately, one can only obtain a reduced system with
parameter k being a constant number, which implies that when-
ever k changes the order reduction process above has to be done
once again.

The projection matrix V in (12) is usually generated by the
Arnoldi process. If the authors choose the expansion point as
s0 = 0, the resulting matrix V is

spancol{V } = spancol
{
G−1B, (G−1C)G−1B,

. . . , (G−1C)m
G−1B

}
. (14)

By definition, a Krylov subspace is of the form

KJ(A,B) .= spancol{B,AB,A2B, . . . , AJ−1B}. (15)

From (15), the right hand side of (14) is just a Krylov
subspace Km+1(G−1C,G−1B). Hence, the Arnoldi process
can be employed to generate an orthogonal basis of a Krylov
subspace. This makes the computation of V very robust nu-
merically. The result of the algorithm is an orthonormal matrix
V and the Hessenberg matrix H such that H = V T AV . The
algorithm with B being a vector is given in Appendix B.

C. Possibility of a Parameter-Independent Reduced Model
by a Projection Technique

All the methods described above can only deal with system
(8) when k is a constant number. However, for the case here,
the film coefficient should be preserved as a parameter in the
reduced model. In principle, this is possible with a projection
model order reduction technique. For a given projection matrix
V , a reduced model with the film coefficient k as a parameter is

Ĉ
dx̂(t)

dt
+ Ĝx̂(t) + kD̂x̂(t) = B̂

ŷ(t) = Êx̂(t) (16)

where

Ĉ = V T CV, Ĝ = V T GV, D̂ = V T DV, B̂ = V T B, Ê = EV.

The main challenge is how to choose such a projection
matrix V that produces a small error

error =
(
‖y − ŷ‖2

‖y‖2

) 1
2

(17)

between the solution y of the original system in (8) and the
reduced approximate solution ŷ in (16) for any value of k.
In other words, the projection matrix should not depend on a
particular value of k.

The values of k can be changed significantly. In the bench-
mark related to a boundary condition-independent compact
thermal model, the values of the film coefficient change from
1 to 109 [20]. This makes the use of a projection computed as
described in the previous subsection in (12) impossible.

In the next section, the authors will propose a new way to find
a projection matrix that does not depend on the film coefficient
and as such produces a small error in (17).
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V. PARAMETRIC ORDER REDUCTION

This section proposes a parameter-independent model order
reduction method that is based on multiseries expansion with
respect to the frequency s and the film coefficient k.

A. Multiseries Expansion

The transfer function of system (8) with the film coefficient
k as a parameter is

H(s) = E(sC + G + kD)−1B. (18)

Let us first expand it into series of s. For simplicity, the
authors use the expansion point zero (s0 = 0)

H(s) = E(sC + G + kD)−1B

= E
[
I −

(
−(G + kD)−1Cs

)]−1 (G + kD)−1B

= E

∞∑
j=0

[
−(G + kD)−1C

]j (G + kD)−1Bs j

= E
∞∑

j=0

M̃js
j

=
∞∑

j=0

Mjs
j (19)

where Mj = EM̃j , j = 0, 1, . . ., are the moments of H(s).
Each M̃i in H(s) can be further expanded into a series of k,
here the zero expansion point k0 = 0 was also used. When
j = 0, from (19) the authors have

M̃0 = (G + kD)−1B =
(
I + G−1(kD)

)−1
G−1B

=
(
I − (−G−1(kD)

)−1
G−1B

=
∞∑

i0=0

(−G−1D)i0G−1Bki0 . (20a)

When j = 1

M̃1 = − (G + kD)−1C(G + kD)−1B

= − (G + kD)−1CM̃0

= − (I + kG−1D)−1
G−1CM̃0

= −
(
I − (−kG−1D)

)−1
G−1CM̃0

= −
∞∑

i1=0

(−G−1D)i1G−1Cki1M̃0

=

[
−

∞∑
i1=0

(−G−1D)i1G−1Cki1

]

×
[ ∞∑

i0=0

(−G−1D)i0G−1Bki0

]
. (20b)

Similarly, for the jth moment

M̃j =
[
−(G + kD)−1C

]j (G + kD)−1B

=
[
−(G + kD)−1C

]
M̃j−1

=


− ∞∑

ij

(−G−1D)ij G−1Ckij


 M̃j−1

=


− ∞∑

ij=0

(−G−1D)ij G−1Ckij




×


− ∞∑

ij−1

(−G−1D)ij−1G−1Ckij−1


 M̃j−2

...

=

[
j∏

t=1

(
−

∞∑
it=0

(−G−1D)itG−1Ckit

)]

×
[ ∞∑

i0=0

(−G−1D)i0G−1Bki0

]
. (20c)

M̃1 in (20b) can be further reformulated as

M̃1 = −
∞∑

i1=0

∞∑
i0=0

(−G−1D)i1G−1C(−G−1D)i0G−1Bki1ki0 .

(21a)

Similarly, M̃j in (20c) can also be written as shown in (21b)
at the bottom of the next page.

It is clear from (20a), (21a), and (21b) that each M̃j ,
j = 0, 1, . . . , is a linear combination of the basic matrices
below with kit , t = 0, 1, . . . , j, being the coefficients before
each matrix

(−G−1D)ij G−1C · · · (−G−1D)i1G−1C(−G−1D)i0G−1B,

ij , . . . , i1; i0 = 0, 1, . . . ,∞. (22)

Therefore, M̃j actually lies in the subspace spanned by the
columns of the matrices in (22) that are independent of the
parameter k. Then, it is natural to make use of them to construct
the projection matrix V . The authors suggest doing it in the
following way.

The first projection matrix V0 is determined by the Krylov
subspace that is spanned by the matrices in (22) when j = 0,
that is, the matrices in the series expansion of M̃0

spancol{V0} = Ki0(−G−1D,G−1B).
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The second projection matrix V1 spans the Krylov subspace,
which is related to the matrices in the series expansion of M̃1

in (21a). Here, the authors first take a few columns from Ki0 as
the input matrix for Ki1

B1 =C
[
G−1B, (−G−1D)G−1B,

. . . , (−G−1D)qi0 G−1B
]

spancol{V1} =Ki1(−G−1D,G−1B1).

The next projection matrices can be obtained similarly, i.e.,

B2 =C
[
G−1B1,−G−1DG−1B1,

. . . , (−G−1D)qi1 G−1B1

]
spancol{V2} =Ki2(−G−1D,G−1B2)

...

Bj =C
[
G−1Bj−1,−G−1DG−1Bj−1,

. . . , (−G−1D)qij−1 G−1Bj−1

]
spancol{Vj} =Kij

(−G−1D,G−1Bj)

ij , ij−1, . . . , i0, j ≤ q � n.

Since the input matrices Bt, t ≤ j, are taken from the
previous Krylov subspaces Kit−1 by the definition of Krylov
subspace (15), the authors should have that qij−1 ≤ ij−1 −
1, . . . , qi0 ≤ i0 − 1.

The final projection matrix V is composed of the projection
matrices V0, V1, . . . , Vj above as

spancol{V } = spancol{V0, V1, . . . , Vj}. (23)

Since V is independent of k, the authors can get a reduced
small system (16) with the film coefficient as a parameter with
small error (17).

B. Conservation of the Moments

In this subsection, the authors will show that the transfer
function of the reduced model in (16) conserved some elements
in the moments of the original transfer function in (18). For
the projection matrix V in (23), the authors have the following
theorems.
Theorem 1: The matrices included in the Krylov subspace

Ki0 ,Ki1 , . . . ,Kij
, have the following relationship in (24) with

the corresponding matrices in the reduced model (16).

(−G−1D)t−1G−1B =V (−Ĝ−1D̂)t−1Ĝ−1B̂,

t = 0, 1, . . . , i0

(−G−1D)t−1G−1B1 =V (−Ĝ−1D̂)t−1Ĝ−1B̂1,

t = 0, 1, . . . , i1

...

(−G−1D)t−1G−1Bj =V (−Ĝ−1D̂)t−1Ĝ−1B̂j ,

t = 0, 1, . . . , ij . (24)

Theorem 2: The first i0, i1, . . . , ij elements in the moments
M0,M1, . . . ,Mj of the original transfer function (18) are the
same as those in the moments M̂0, M̂1, . . . , M̂j of the transfer
function of the reduced-order model (16). That is,

E(−G−1D)t−1G−1B

= Ê(−Ĝ−1D̂)t−1Ĝ−1B̂,

t = 1, 2, . . . , i0 ∀M0,M1, . . . ,Mj .

E(−G−1D)t−1G−1C(−G−1D)ti0−1G−1B

= Ê(−Ĝ−1D̂)t−1Ĝ−1Ĉ(−Ĝ−1D̂)ti0−1Ĝ−1B̂,

t = 1, 2, . . . , i1; ti0 = 1, 2, . . . , qi0 ∀M1, . . . ,Mj

...

E(−G−1D)t−1G−1C(−G−1D)tij−1−1G−1C

· · · (−G−1D)ti0−1G−1B

= Ê(−Ĝ−1D̂)t−1Ĝ−1Ĉ(−Ĝ−1D̂)tij−1−1Ĝ−1Ĉ

· · · (−Ĝ−1D̂)ti0−1Ĝ−1B̂,

t = 1, 2, . . . , ij ; tij−1 = 1, 2, . . . , qij−1 ;

ti0 = 1, 2, . . . , qi0 for Mj .

The proof is given in Appendix A.

VI. SIMULATION RESULTS

This section presents some numerical simulation results to
confirm the proposed boundary-independent reduced model in
Section V with an example of a microthruster unit from [23] and
[25] shown in Fig. 1. The aim of a microthruster is to produce a
bit impulse by igniting a solid fuel. In addition to micropropul-
sion, it can be used as a pressure generator, a gas generator,
or a microinitiator [23]. A system is supposed to have an ar-
ray of independently addressable microthrusters. Microthruster
modeling is discussed elsewhere [25]. Electrothermal modeling

M̃j = (−1) j
∞∑

ij=0

∞∑
ij−1=0

· · ·
∞∑

i1=0

∞∑
i0=0

[
(−G−1D)ij G−1C(−G−1D)ij−1G−1C

· · · (−G−1D)i1G−1C(−G−1D)i0G−1B
]
kij kij−1 · · · ki0 (21b)
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Fig. 1. Two-dimensional (2-D) asymmetrical model of the microthruster unit
(not scaled). The axis of symmetry is on the left side. A heater is shown by the
block made of PolySi.

plays an important role. It allows to predict when the critical
ignition temperature is reached and to choose such geometry
when the thermal crosstalk between different microthrusters is
minimized.

In the context of the present paper, the authors use the model
as a generic example of a device with a single heat source
when the generated heat dissipates through the device to the
surroundings. The exchange between the surrounding and the
device is modeled by convection boundary conditions. From
this viewpoint, it is quite similar to a chip model used as a
benchmark in [20] except that the same film coefficient for
all the surfaces was used. The authors should stress that in
the present paper the goal is not the device simulation itself
but rather a demonstration that parametric model reduction is
possible.

In Fig. 2, the temperature response in the middle of the heater
is plotted corresponding to different values of k in order to show
that the output of the system will vary greatly when k changes.
Note the logarithmic scale. k changes from 1 to 109.

The error presented in Figs. 3 and 4 is defined in (17).
The order of the original system in (8) is n = 4725, i.e., x ∈
Rn, and that of the reduced system in (13) is q = 33 for the
plots in Fig. 3. The order of the reduced system in (16) is q = 33
or 49.

Fig. 3 presents errors for reduced models computed by the
conventional model reduction method described in Section IV-
B. The errors are very small provided every reduced model is
generated for each value of k. This means that to plot the solid
line the authors have performed model reduction individually
for each point on this curve. It can be used as a reference line
that shows that a reduced model of order 33 reproduces the
transient behavior of the original system with error below 10−7

provided the authors use a different reduced model for each
value of the film coefficient.

However, if the authors use the projection matrix V con-
structed for a particular k0 to generate a parametric reduced
model in (16), the error rapidly grows when k goes away from
k0 (the six marked lines in Fig. 3). Once more, the conventional
projection based on (14) requires fixing the value of the film
coefficient. As a result, it works perfectly when used in (16)
with k very close to k0 but the approximation quality degrades
when the authors employ this projection for k far away from
k0. This happens because the transfer function of (16) does not
match the moments of the original system when k �= k0.

Fig. 2. (a) Temperature response in the middle of the heater plotted corre-
sponding to different values of k. (b) Enlarged part of (a).

In Fig. 4, the error of the parameter-independent reduced
model in (16) generated by the proposed method in Section V is
plotted. The maximum error is within acceptable limits (below
1%) by a reduced system of order 33. The error can be further
reduced below 0.5% if the order of the reduced system is a
little larger (q = 49), that is, if more matrices in the series
expansion are included in the Krylov subspaces. The projec-
tion matrix V of the reduced model in (16) with order 33 is
composed of

spancol{V } = spancol{V0, V1, V2}

with i0 = 15, qi0 = 4, i1 = 3, qi1 = 3, i2 = 3, and qi2 = 3.
The projection matrix V of order 49 is composed of

spancol{V } = spancol{V0, V1, V2}

with i0 = 15, qi0 = 7, i1 = 4, qi1 = 3, i2 = 3, and qi2 = 3.
Note that the error in Fig. 4 is much higher than that for the

solid line in Fig. 3. However, do not forget that the line in Fig. 4
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Fig. 3. Error by conventional model reduction method.

Fig. 4. Error of the proposed reduced model.

is produced by a single reduced model while the solid line in
Fig. 3 is computed by many reduced models. At the same time,
the error behavior over the wide range of k in Fig. 4 is much
better than that of any of the six marked lines in Fig. 3 and
acceptable from an engineering viewpoint.

VII. CONCLUSION

The discretization of partial differential equations (PDEs) for
engineering problems results in a high-dimensional system of
ordinary differential equations (ODEs), and this makes direct
numerical simulation unacceptably slow. Additional difficulties
are caused when the system should be used with different
boundary conditions and different input functions.

The present paper have proposed an order reduction tech-
nique that retains the film coefficient for convection boundary
conditions as a parameter in the compact thermal model. Its
accuracy is proved numerically to be satisfactory when the
values of the film coefficient change from 1 to 109. At the same

time, there are unsolved problems before the method can be
used in practice: how to choose automatically the dimensions
of subspaces and how to generalize the method to deal with
several film coefficients.

In the present paper, the optimal number of elements for each
projection matrix Vj , j = 0, 1, 2, . . ., in (23) has been chosen
ad hoc. The main problem here is the lack of error estimates
that can be used to automate this choice. To this end, the authors
would like to bring to attention a paper by [4]. It has been
demonstrated that a simple convergence criterion can be used
as an effective error indicator for conventional model reduction
although it is unclear yet how this method will work in the case
of parametric model reduction.

In order to generalize the method to several parameters,
one should continue the expansion with respect to additional
parameters. Unfortunately, this does not happen to be straight-
forward as the series expansion of the transfer function becomes
much more involved, and hence the proper choice of the terms
in the projection matrix V becomes even more difficult.

There are two alternative approaches for parametric model
reduction [10], [16] in circuit simulation. The authors have
found these papers after the present paper has been completed,
and below the authors give a short overview and comparison of
the methods.

The method in [10] and [16] also expands the transfer
function into a series, but in a different way. The terms in
the series are employed to construct the projection matrix. Un-
fortunately, it is difficult to use the standard Arnoldi process
(Appendix B) to compute the projection matrix V because the
subspace spanned by the projection matrix is not a Krylov
subspace (especially that in [10]). The proposed method in
this paper can easily be implemented by the standard Arnoldi
process.

Both papers do not discuss how to choose the dimension
of different subspaces to build a reduced model but already
present applications with several parameters. Mathematically,
the interconnect examples in [10] and [16] are different from
the example here because the change of parameter values is in
a much smaller range than in the case here.

In the authors’ view, the results obtained by different groups
demonstrate the feasibility of parametric model reduction. They
believe that an intelligent synthesis of different approaches will
eventually allow to find an efficient method to produce compact
thermal models with several film coefficients preserved in the
symbolic form.

APPENDIX A
PROOF OF THEOREM

The authors need to use without proof a lemma from [14]
listed below.
Lemma 1: If KJb

(G−1D,G−1B) ⊆ spancol{V }, then
(G−1D) j−1G−1B = V (Ĝ−1D̂) j−1Ĝ−1B̂ for j = 1, 2, · · · Jb.

Proof of Theorem 1: From this lemma, the authors can
easily prove that for the first Krylov subspace Ki0

(G−1D)t−1G−1B=V (Ĝ−1D̂)t−1Ĝ−1B̂, t=1, 2, . . . , i0.
(A.1)
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In the second Krylov space Ki1 , denote

B̂1 = Ĉ
[
Ĝ−1B̂, (−Ĝ−1D̂)−1Ĝ−1B̂, . . . , (−Ĝ−1D̂)qi0 Ĝ−1B̂

]

from (A.1) the authors have

V T B1 =V T C
[
G−1B, (−G−1D)G−1B,

. . . , (−G−1D)qi0 G−1B
]

=V T CV
[
Ĝ−1B̂, (−Ĝ−1D)Ĝ−1B̂,

. . . , (−Ĝ−1D̂)qi0 Ĝ−1B̂
]

= Ĉ
[
Ĝ−1B̂, (−Ĝ−1D)Ĝ−1B̂,

. . . , (−Ĝ−1D̂)qi0 Ĝ−1B̂
]

= B̂1.

Therefore, again by Lemma 1

(−G−1D)t−1G−1B1 = V (−Ĝ−1D̂)t−1Ĝ−1B̂1,

t = 1, . . . , i1.

The elements in Ki2 , . . . ,Kij
can be proven in a similar way,

this complete the proof of Theorem 1. �
Proof of Theorem 2: From the results of Theorem 1, the

authors have

E(−G−1D)t−1G−1B

= EV (−Ĝ−1D̂)t−1Ĝ−1B̂

= Ê(−Ĝ−1D̂)t−1Ĝ−1B̂, t = 1, 2, . . . , i0

E(−G−1D)t−1G−1C(−G−1D) ji0−1G−1B

= EV (−Ĝ−1D̂)t−1Ĝ−1Ĉ(−Ĝ−1D̂) ji0−1Ĝ−1B̂

= Ê(−Ĝ−1D̂)t−1Ĝ−1Ĉ(−Ĝ−1D̂) ji0−1Ĝ−1B̂,

t = 1, 2, . . . , i1; ji0 = 1, 2, . . . , qi0

...

E(−G−1D)t−1G−1C(−G−1D) jij−1−1

· · ·G−1C(−G−1D) ji0−1G−1B

= EV (−G−1D)t−1G−1C(−G−1D) jij−1−1

· · ·G−1C(−G−1D) ji0−1G−1B

= Ê(−Ĝ−1D̂)t−1Ĝ−1Ĉ(−Ĝ−1D̂) jij−1−1

· · · Ĝ−1Ĉ(−Ĝ−1D̂) ji0−1Ĝ−1B̂,

t = 1, 2 . . . , ij ; jij−1 = 1, 2, . . . , qij−1 ; . . . ;

ji0 = 1, 2 . . . , qi0

and this completes the proof of Theorem 2. �

APPENDIX B
ARNOLDI PROCESS

When B is a matrix, this algorithm can be extended to the
block Arnoldi process ([13] and its references).

[V, vJ+1,H] = Arnoldi(A,B, J)
{v1 = B/‖B‖
for j = 1 : J
{w = Avj

for i = 1 : j
{hij = wT vi

w = w − hijvi}
hj+1, j = ‖w‖
if hj+1, j �= 0 vj+1 = w/hj+1, j}
}

REFERENCES

[1] A. C. Antoulas and D. C. Sorensen, “Approximation of large-scale
dynamical systems: An overview,” Appl. Math. Comput. Sci., vol. 11,
no. 5, pp. 1093–1121, 2001.

[2] T. Bechtold, E. B. Rudnyi, and J. G. Korvink, “Automatic generation
of compact electro-thermal models for semiconductor devices,” IEICE
Trans. Electron., vol. E86C, no. 3, pp. 459–465, 2003.

[3] T. Bechtold, J. Hildenbrand, J. Woellenstein, and J. G. Korvink,
“Model order reduction of 3D electro-thermal model for a novel micro-
machined hotplate gas sensor,” in Proc. 5th Int. Conf. Thermal and
Mechanical Simulation and Experiments Microelectronics and Micro-
systems (EUROSIME), Brussels, Belgium, May 2004, pp. 263–267.

[4] T. Bechtold, E. B. Rudnyi, and J. G. Korvink, “Error indicators for
fully automatic extraction of heat-transfer macromodels for MEMS,” J.
Micromech. Microeng., vol. 15, no. 3, pp. 430–440, 2005.

[5] C. Bohm, T. Hauck, E. B. Rudnyi, and J. G. Korvink, “Compact electro-
thermal models of semiconductor devices with multiple heat sources,” in
Proc. 5th Int. Conf. Thermal and Mechanical Simulation and Experiments
Microelectronics and Microsystems (EUROSIME), Brussels, Belgium,
May 2004, pp. 101–104.

[6] E. G. T. Bosch, “Thermal compact models: An alternative approach,”
IEEE Trans. Compon. Packag. Technol., vol. 26, no. 1, pp. 173–178,
Mar. 2003.

[7] L. Codecasa, D. D’Amore, and P. Maffezzoni, “Compact modeling
of electrical devices for electrothermal analysis,” IEEE Trans. Circuits
Syst. I, Fundam. Theory Appl., vol. 50, no. 4, pp. 465–476, Apr. 2003.

[8] ——, “An Arnoldi based thermal network reduction method for electro-
thermal analysis,” IEEE Trans. Compon. Packag. Technol., vol. 26, no. 1,
pp. 186–192, Mar. 2003.

[9] ——, “Compact thermal networks for modeling packages,” IEEE Trans.
Compon. Packag. Technol., vol. 27, no. 1, pp. 96–103, Mar. 2004.

[10] L. Daniel, O. C. Siong, L. S. Chay, K. H. Lee, and J. White, “A multi-
parameter moment-matching model-reduction approach for generating
geometrically parameterized interconnect performance models,” IEEE
Trans. Comput.-Aided Des. Integr. Circuits Syst., vol. 23, no. 5, pp. 678–
693, May 2004.

[11] B. N. Datta, Numerical Methods for Linear Control Systems: Design and
Analysis. Amsterdam, The Netherlands: Elsevier, 2004.

[12] D. L. De Voe, “Thermal issues in MEMS and microscale systems,” IEEE
Trans. Compon. Packag. Technol., vol. 25, no. 4, pp. 576–583, Dec. 2002.

[13] R. W. Freund, “Krylov-subspace methods for reduced order model-
ing in circuit simulation,” J. Comput. Appl. Math., vol. 123, no. 1–2,
pp. 395–421, 2000.

[14] E. G. Grimme, “Krylov projection methods for model reduction,”
Ph.D. dissertation, Dept. Elect. Comput. Eng., Univ. Illinois, Urbana–
Champaign, 1997.

[15] S. Gugercin, D. C. Sorensen, and A. C. Antoulas, “A modified low-rank
Smith method for large-scale Lyapunov equations,” Numer. Algorithms,
vol. 32, no. 1, pp. 27–55, 2003.

[16] P. K. Gunupudi, R. Khazaka, M. S. Nakhla, T. Smy, and D. Celo, “Passive
parameterized time-domain macromodels for high-speed transmission-
line networks,” IEEE Trans. Microw. Theory Tech., vol. 51, no. 12,
pp. 2347–2354, Dec. 2003.



FENG et al.: PRESERVING THE FILM COEFFICIENT AS A PARAMETER FOR ELECTROTHERMAL SIMULATION 1847

[17] J. S. Han, E. B. Rudnyi, and J. G. Korvink, “Efficient optimization
of transient dynamic problems in MEMS devices using model order
reduction,” J. Micromech. Microeng., vol. 15, no. 4, pp. 822–832, 2005.

[18] J. T. Hsu and L. VuQuoc, “A rational formulation of thermal circuit
models for electrothermal simulation. 1. Finite element method,” IEEE
Trans. Circuits Syst. I, Fundam. Theory Appl., vol. 43, no. 9, pp. 721–
732, Sep. 1996.

[19] ——, “A rational formulation of thermal circuit models for electrothermal
simulation. 2. Model reduction techniques,” IEEE Trans. Circuits Syst. I,
Fundam. Theory Appl., vol. 43, no. 9, pp. 733–744, Sep. 1996.

[20] C. J. M. Lasance, “Two benchmarks to facilitate the study of compact
thermal modeling phenomena,” IEEE Trans. Compon. Packag. Technol.,
vol. 24, no. 4, pp. 559–565, Dec. 2001.

[21] ——, “Recent progress in compact thermal models,” in Proc. 19th Annu.
IEEE Semiconductor Thermal Measurement and Management Symp.,
San Jose, CA, Mar. 11–13, 2003, pp. 290–299.

[22] J. R. Li and J. White, “Low rank solution of Lyapunov equations,” SIAM
J. Matrix Anal. Appl., vol. 24, no. 1, pp. 260–280, 2002.

[23] C. Rossi, “Micropropulsion for space—A survey of MEMS-based micro
thrusters and their solid propellant technology,” Sens. Update, vol. 10,
no. 1, pp. 257–292, 2002.

[24] E. B. Rudnyi and J. G. Korvink, “Review: Automatic model reduction
for transient simulation of MEMS-based devices,” Sens. Update, vol. 11,
no. 1, pp. 3–33, 2002.

[25] E. B. Rudnyi, T. Bechtold, J. G. Korvink, and C. Rossi, “Solid propellant
microthruster: Theory of operation and modelling strategy,” presented at
the Nanotech—At the Edge of Revolution, Houston, TX, 2002, AIAA
Paper 2002-5755. 9.

[26] M. N. Sabry, “Compact thermal models for electronic systems,” IEEE
Trans. Compon. Packag. Technol., vol. 26, no. 1, pp. 179–185, Mar. 2003.

[27] ——, “Dynamic compact thermal models used for electronic design: A
review of recent progress,” in Proc. Int. Electronic Packaging Technical
Conf. and Exhibition (IPACK), Maui, HI, Jul. 6–11, 2003, pp. 1–17.

[28] Y. J. Yang and C. C. Yu, “Extraction of heat-transfer macromodels for
MEMS devices,” J. Micromech. Microeng., vol. 14, no. 4, pp. 587–596,
2004.

Lihong H. Feng (A’04) received the M.S. degree
in theoretical mathematics from the Mathematical
Department, Chanxi University, China, in 1999, and
the Ph.D. degree in computational mathematics from
the Mathematics Department, Fudan University,
Shanghai, China, in 2002.

She is currently pursuing post-doctoral research
in microelectronics at the Microelectronics Depart-
ment, Fudan University. She started her post-doctoral
research in July 2002. From July 2002 to December
2003, she was with the Microelectronics Depart-

ment, Fudan University. In 2004, she was with the Institute for Microsystem
Technology (IMTEK), University of Freiburg, Freiburg, Germany, for research
collaboration. Her current interests are fast numerical simulation of large-scale
system arises from engineering applications by model order reduction and
structure preserving model order reduction.

Evgenii B. Rudnyi received the M.Sc. degree in
chemistry and the Ph.D. degree in physical chemistry
from the Department of Chemistry, Moscow State
University (MSU), Moscow, Russia, in 1981 and
1985 respectively.

From 1985 to 2000, he was a Research Worker,
Assistant Professor, and Associate Professor in the
Chemistry Department, MSU. In 1991, he was a
Guest Scientist at the National Institute of Standards
and Technology, Gaithersburg, MD. Currently, he is
working at the Institute of Microsystem Technology

(IMTEK) University of Freiburg, Freiburg, Germany, as a Senior Scientist.
He is actively involved in the application of model reduction to microelectro-
mechanical systems (MEMS) problems. He is an author of the software
mor4ansys that performs model reduction directly for ANSYS models.

Jan G. Korvink received the M.S. degree in com-
putational mechanics from the University of Cape
Town, Cape Town, South Africa, and the Dr. Sc.
Techn. degree in applied computer science from
the Swiss Federal Institute of Technology (ETH),
Zurich, Switzerland.

After he had built up and lead the Microsystem
Modeling group at the Physical Electronics Labo-
ratory, Institute for Quantum Electronics, ETH, he
was called upon to join the Institute of Microsystem
Technology (IMTEK) at the Albert Ludwig Uni-

versity of Freiburg, Freiburg, Germany, to hold the Chair of Microsystem
Simulation. He is now the Dean and Chairman of the examination board at
the Faculty of Applied Sciences to which IMTEK belongs. He has been a
Visiting Professor at the ETH, Zurich, the Ritsumeikan University of Kusatsu,
Japan, and a Visiting Scientist at Kyoto University in Kyoto, Japan. He is the
author or coauthor of more than 130 publications in the field of microsys-
tems and Joint Editor of Advanced Micro and Nanosystems http://www.wiley-
vch.de/books/info/amn. His research activities focus on the development of
ultralow-cost methods of microelectromechanical systems (MEMS) production
(e.g., using inkjet printers) and the modeling for and simulation of micro- and
nanosystems.

Prof. Korvink is a Member of the Technical Program Committees of sev-
eral conferences, e.g., European Solid-State Device Research Conference
(ESSDERC), Eurosensors, EurosimE, Symposium on Design, Test, Integration
and Packaging (DTIP), IEEE Sensors, and the Modeling and Simulation of
Microsystems (MSM), and a Member of the American Society of Mechanical
Engineers (ASME).


