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Abstract

In this paper, we reviewed several newly presented nonlinear model order reduction

methods, we analyze these methods theoretically and with experiments in detail. We

show the problems exists in each method and future work needs to be done. Besides,

we propose the two sided projection method which greatly improved the efficiency of

the variational equation order reduction method.
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1. Introduction

The basic idea of model order reduction of a circuit system is to replace the

original system by an approximating system with much smaller state-space
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dimension. As a result, it can significantly reduce design time and allow for

aggressive design strategies. Therefore model order reduction technology is

important in many fields such as fast simulation of analog circuits, analysis

of RF circuits, analysis of clock network and delay of signal circuits, etc.

Reduced-order modelling is well established for linear circuit systems such

as electrical interconnect. The famous work is Padé approximation based
moment matching methods such as AWE (asymptotic waveform evaluation)

[1], PVL (Padé approximation via Lanczos) [3], a good review paper on linear

circuit system model order reduction methods is [2].

For nonlinear systems, a traditional method is to first linearize the system

then perform model order reduction on the linear system. But it is well known

that this method cannot give good approximation results [5]. The ‘‘quadratic

reduction method’’ presented in [5] is based on the idea of approximating

the nonlinear system by a quadratic system through dropping the terms of
more than two degree in Taylor expansion of the nonlinear term. The bilinea-

rization method proposed in [6] first approximating the original nonlinear sys-

tem by a bilinear system, then doing order reduction on this approximate

bilinear system by using the Volterra series representation of bilinear system

in control theory [12]. Variational equation model order reduction method in

[7] is based on the variational equation theory in [12]. By this method, the orig-

inal nonlinear system is changed into several linear systems, then order reduc-

tion is done on each linear system. Another reduction method is proposed in
[9], which uses the derivatives of the state variable to form an orthogonal pro-

jection matrix, and then reduce the original system by projection with this

orthogonal matrix. There are also some other nonlinear model order reduction

methods such as the trajectory piecewise linear method in [11]. POD (proper

orthogonal decomposition) method [10] is widely used in the research of fluid

mechanics as well as MEMS.

In this paper we reviewed most of the model order reduction methods for

nonlinear circuit systems, and present detailed analysis of each method from
both theory and numerical experiments. Then we get some conclusions of each

method. In order to have a clear understanding of the nonlinear order reduc-

tion methods, in Section 2, we first give a short review of the linear order reduc-

tion method based on moment matching which is most popular in model order

reduction of linear systems. In Section 3, we review the quadratic reduction

method [5]. In Section 4, the bilinearization method [6] is analyzed. In Section

5, the reduction method in [9] is presented. In Section 6, variational equation

reduction method [7] is discussed, after showing the problems exist in this
method, we propose the two sided projection method which can greatly en-

hance the efficiency of the variational equation reduction method. Finally,

we give our conclusions and further work.

The nonlinear systems that we are concerned with in this paper are of the

following form already encountered in [5,6,11]
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dxðtÞ
dt

¼ fðxðtÞÞ þ buðtÞ;

y ¼ cTxðtÞ:
ð1Þ

x 2 Rn is often referred to as ‘‘state variables’’, usually the state-space dimen-
sion n is also called the order of the system. The initial condition is (x(0) = 0),

u = u(t) is the input signal, y = y(t) the output response. For simplicity, we con-

sider only SISO (single input–single output) system, that is the input u(t) and

the output y(t) are both scalar functions, therefore, b 2 Rn, c 2 Rn.

As an experimental example, we use the nonlinear circuit example in [5].

1 2 3 N-3 N-2 N-1 N

C C C C C C Ci(t)

There is one input current source i = u(t) flowing into node 1. And our out-

put response is set to be the voltage at node 1. We assume there are total N

nodes in this circuit. The final mathematical model of this circuits is of the form

(1), and the order of this system is n = 100. We use the solution of (1) by Mat-

lab function ‘‘Odel5s’’ as the accurate output response. We use different inputs
to judge the accuracy of the reduced model.
2. Krylov subspace and moment matching of linear system

In this section the Krylov subspace based moment matching model order

reduction methods for linear systems is reviewed which will be useful in later

part of this paper. For a linear system given as below:

dxðtÞ
dt

¼ AðxðtÞÞ þ BuðtÞ;

y ¼ CTxðtÞ;
ð2Þ

where A 2 Rn·n, B 2 Rn·r, C 2 Rn·l. If r = 1 and l = 1, it is called the single

input single output system (SISO); if r > 1 and l = 1, it is called multi-input sin-
gle output system (MISO), which will be encountered in Section 6, in this case
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the input u(t) is not a scalar function but a vector function, the number of com-

ponents in u(t) is just r. Laplace transform of Eq. (2) is

sXðsÞ ¼ AXðsÞ þ BUðsÞ;
Y ðsÞ ¼ CTX ðsÞ;

ð3Þ

where we make use of the initial condition x(0) = 0, then we have a relation of
the Laplace transform of the output with that of the input as

Y ðsÞ ¼ HðsÞUðsÞ; ð4Þ
where

HðsÞ ¼ CTðsI� AÞ�1
B ¼ �CTA�1ðI� sA�1Þ�1

B ð5Þ
is known as the transfer function of the linear system (2). And we can expand

H(s) as

HðsÞ ¼ �CTA�1ðIþ sA�1 þ s2A�2 þ � � �ÞB ¼ �
X1
i¼0

misi; ð6Þ

where

mi ¼ CTA�ðiþ1ÞB ¼ CTA�iðA�1BÞ ð7Þ
is called the ith moment (i = 0,1, . . .) of the transfer function.

One kind of moment matching method which is mostly used in model order

reduction is the Krylov subspace based projection method, e.g. [4]. This kind of

method is based on the idea of performing variable change: x � Vz, z 2 Rq,

q � n on the original linear system (2), V is the orthogonal projection matrix

that maps the n-dimensional state-space into a q dimensional state-space and
satisfies VTV = I. Then a linear system which is of much smaller order (or

state-space dimension) is derived by multiplying VT on both sides of the

equations

V TA�1V
dzðtÞ
dt

¼ V TV zðtÞ þ V TA�1BuðtÞ;

y ¼ CTV zðtÞ:
ð8Þ

Finally, we get the reduced order system:

dzðtÞ
dt

¼ eAzðtÞ þ eBuðtÞ;
~y ¼ eCT

z;

ð9Þ

where eA ¼ ðV TA�1V Þ�1
, eB ¼ eAV TA�1B, eC ¼ V TC. It is clear that the order of

this reduced system is q. To be sure that the moments of the transfer function

of the reduced system (9) could match those of the transfer function of the orig-

inal system (1), the projection matrix is constructed as follows
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spancolumnfV g ¼ KqðA�1;A�1BÞ ¼ spanfA�1B;A�2B; . . . ;A�qBg ð10Þ
satisfying the orthogonal condition VTV = I, where spancolum means that the

Krylov subspace Kq is spanned by the columns of V. Then we have the follow-

ing theorem.

Theorem 1. The first q moments of the reduced transfer function eH ðsÞ ¼
�eCT eA�1

ðI� seA�1
Þ�1eB are the same as those of the original transfer function

H(s) = �CTA�1(I � sA�1)�1B.

It is a known fact in model order reduction of linear systems (see also [2] and

its references).
From Theorem 1, we can see that if we hope to get a more precise reduced

system by matching more moments of the transfer function, we have to add

more moment vectors into Kq, then the order q of the reduced system will

increase correspondingly. Furthermore, if the linear system is an MISO system,

then u(t) is a vector rather than a scalar function, if there are many components

in u(t), there are many columns in B accordingly, then the columns in Kq will be

many, and the number of the columns in V will be large also. This will prob-

ably results in that the order q of the reduced system is not small enough and
even near the original system order n. This case will appear in Section 6 and

will be discussed further there.
3. The quadratic reduction method

For all the methods discussed below, we assume f(x) is smooth enough so

that it can be expanded into Taylor series, for example

fðxðtÞÞ ¼ Dfð0Þxþ 1

2
xTHfð0Þxþ � � � ; ð11Þ

where we use of the fact that x(t) = 0. Df(0) is Jacobian matrix of f at 0,Hf(0) is

the so-called Hessen tensor, for detailed explanations of Hf(0) see [5].

We first analyze the quadratic reduction method proposed in [5]. If f was

approximated by the first two components of the Taylor expansion above, then
the quadratic nonlinear system below is an approximation to the original non-

linear system (1):

dxðtÞ
dt

¼ Axþ xTWxþ buðtÞ;

yðtÞ ¼ cTxðtÞ;
ð12Þ

where A = Df(0), W = Hf(0).
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The projection matrix is computed by

spancolumnfV g ¼ spanfA�1b;A�2b; . . . ;A�qbg
which is inspired by the linear order reduction process in Section 2, then an

reduction process which is also the same as that in Section 2 is performed.

By variable change: x � Vz, a reduced system is derived

dz

dt
¼ bAzþ bAVTA�1zTV TWVzþ bAV Tb1uðtÞ;

y ¼ cTV z;
ð13Þ

where bA ¼ ðV TA�1V Þ�1
.

From the reduction process above we can see that the quadratic method is

more precise than the traditional linearization order reduction method.
Because the quadratic system (12) is a more precise approximation of the orig-

inal system (1) than the simple linearized system:

dxðtÞ
dt

¼ Axþ buðtÞ;

yðtÞ ¼ cTxðtÞ:
ð14Þ

However the linear reduction from (12) to (13) is not yet a satisfactory proc-
ess, because it did not contain the nonlinear part of f in forming the orthogonal

projection matrix V. Furthermore, it is only a heuristic method inspired by the

linear model order reduction process.
4. Bilinearization reduction method

In this section, we give a discussion of the bilinearization reduction method
proposed in [6]. The Taylor expansion of f(x) can also be rewritten in

Kronecker product of state variable x, in particular,

fðxÞ ¼ A1xþ A2x� xþ A3x� x� xþ � � � : ð15Þ

When we use the first two terms of (15) to approximate f(x), we have:

fðxÞ � A1xþ A2x� x:

Denote:

x� ¼
x

x� x

� �
; b� ¼

b

0

� �
; c� ¼

c

0

� �
; ð16Þ

A� ¼
A1 A2

0 A1 � Iþ I� A1

� �
; N� ¼

0 0

b� Iþ I� b 0

� �
ð17Þ
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through not complicated computation [6], an approximate bilinear system of

(1) is

dx�

dt
¼ A�x� þN�x�uðtÞ þ b�uðtÞ;

yðtÞ ¼ c�
T

x:
ð18Þ

It should be noted that this bilinear system is of much larger state-space dimen-

sion than the original nonlinear system (1).

4.1. Volterra series expression of bilinear system

The response of the bilinear system (18) can be expressed in Volterra series
[12]:

yðtÞ ¼
X1
n¼1

ynðtÞ

the degree-n subsystem is given by

ynðtÞ ¼
Z t

0

hðregÞn ðt1; . . . ; tnÞuðt � t1 � t2 � � � � � tnÞ

� uðt � t2 � t3 � � � � � tnÞ � � � uðt � tnÞdt1 � � � dtn
and the associated regular kernel is given by

hðregÞn ðt1; . . . ; tnÞ ¼ c�
T

eA
�tnN�eA

�tn�1 � � �N�eA
�t1b� ðn ¼ 1; 2; . . .Þ: ð19Þ
4.2. Multimoments

In the following discussion, we will drop the signal ��� for simplicity. The

multidimensional Laplace domain transfer function of the nth degree regular

kernel (19) of a bilinear system (18) is given by

H ðregÞ
n ðs1; s2; . . . ; snÞ ¼ cTðsnI� AÞ�1

Nðsn�1I� AÞ�1
N � � � ðs2I� AÞ�1

Nðs1I� AÞ�1
b:

By expanding H ðregÞ
n ðs1; s2; . . . ; snÞ into series form similar as (6), it is natural to

define the multimoments as follows:

mðln; . . . ; l1Þ ¼ ð�1ÞncTA�lnN � � �A�l2NA�l1b; ð20Þ
where ln, . . ., l1 are integers. The projection matrix can be constructed as follows

spancolumnfV ð1Þg ¼ Kq1ðA
�1; bÞ: ð21Þ

Then each basis V(j), j > 1 span a block Krylov subspace through letting A�1

operating on N times the previous basis V ( j�1)

spancolumnfV ðjÞg ¼ KqjðA
�1;NV ðj�1ÞÞ: ð22Þ



L. Feng / Appl. Math. Comput. 167 (2005) 576–591 583
The final projection matrix V span a union of the subspaces spancolum{V ( j)}

spancolumnfV g ¼
[J
j¼1

spancolumnfV ðjÞg: ð23Þ
4.3. Reduction

Using x � Vz in (18), and multiply with VT, we now derive the reduced

order bilinear system

d

dt
z ¼ V TAV zþ V TNV zuðtÞ þ V TbuðtÞ;

yðtÞ ¼ cTx:

ð24Þ

It is considered as the reduced model of (1).

It is showed by the theorem in [6] that the multimoments of the reduced
bilinear system (24) match the multimoments of the unreduced bilinear system

(18) to a certain degree, which provide a theoretical basis for the precision of

the reduced bilinear system. But how to choose the proper number of multimo-

ments (i.e. the decision of q1, . . .,qj) to construct the projection matrix V is still

an open problem, because small different choice will result in very different sim-

ulation results.

The figures below is the results of different choice of q1, q2, here we only

match up to the first degree multimoments and the second degree multimo-
ments. The size of the reduced system is q1 + q2 = 25. The figures show the

error between the output response of the reduced bilinear system and the orig-

inal nonlinear system (1). Here we use the testing input u(t) = 1 + sin(2pt) +
sin(10pt).

We can see from Fig. 1 that when q1 = 5, q2 = 20, the error is the largest, this

means that if there are only small number of the first degree multimoments are

matched, the final output response will not precise. From Fig. 2, we also see

that when q1 = 25, q2 = 0, the error is larger than the other two cases, which
means that if only the first degree multimoments are matched, the output re-

sponse is also not precise enough. In fact there is much more choices than

the four cases in the figures. So far, there is no basis to decided which choice

is the optimal.

In nonlinear circuit analysis, we often need to deal with the following non-

linear system

C
dxðtÞ
dt

¼ fðxðtÞÞ þ buðtÞ;

yðtÞ ¼ lTxðtÞ;
ð25Þ
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where the state matrix C is singular. The bilinearization reduction method is

hard to solve this kind of equation, since the matrix C cannot be moved from

left-hand side of the equation to the right-hand side, thereby it is hard to derive

the Volterra series representation of y(t).



L. Feng / Appl. Math. Comput. 167 (2005) 576–591 585
5. Derivative matching method

This method is presented in [9] it is based on the time domain Taylor series

expansion of x(t) in (1)

xðtÞ ¼
X
k¼0

akðt � t0Þk; ð26Þ

where ak = x(k)(t0)/k!, k = 0,1,2, . . ., are the normalized time domain deriva-

tives of x.
It is shown in [9] that ak is only precise at the time points near t0, as time

marching ahead, new expansion point t0 must be chosen and the derivatives

ak need to be computed once again, it seems that this method has not much

difference from the classical time marching method.
6. Variational equation reduction method

In control theory [12], the variational equation approach is a method to

derive the various kernels of a nonlinear system. In [7,8] this method is used

to do order reduction on a nonlinear system such as (1). The detail of this meth-

od is as follows. Consider the response of (1) to the inputs of the form au(t).

dxðtÞ
dt

¼ fðxÞ þ bðauÞ;

yðtÞ ¼ cTxðtÞ;
ð27Þ

where a is an arbitrary scalar. x(t) can be written as an expansion in the param-

eter a of the form:

xðtÞ � ax1ðtÞ þ a2x2ðtÞ þ a3x3ðtÞ þ � � � : ð28Þ
Replace f(x) by its Taylor series expansion of Kronecker form (15), then sub-

stitute (28) and (15) into the right-hand side of (27), and substitute (28) into the

left-hand side of (27), we get

a
dx1ðtÞ
dt

þ a2
dx2ðtÞ
dt

þ a3
dx3ðtÞ
dt

þ � � �

¼ aA1x1 þ a2½A1x2 þ A2ðx1 � x1Þ� þ � � � þ bðauÞ ð29Þ

since this equation holds for all a, coefficients of like powers of a can be equa-

ted. This gives the variational equations:

dx1ðtÞ
dt

¼ A1x1 þ buðtÞ; ð30Þ

dx2ðtÞ ¼ A1x2 þ A2ðx1 � x1Þ; ð31Þ

dt
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dx3ðtÞ
dt

¼ A1x3 þ A2ðx1 � x2 þ x2 � x1Þ þ A3ðx1 � x1 � x1Þ; ð32Þ

..

.

The idea of this method is that instead of reducing (1), we only need to reduce

the above linear systems (30)–(32). Then x(t) can he gotten through xk(t),
k = 1,2,3, . . ., by (28) and the output response y(t) is known also.
6.1. Problem exists in the one sided projection

In [7,8], one sided projection method is used to reduce the order of the linear

systems above. For example, for the first linear system (30), a projection matrix

V1 is computed based on A1, b, such that the columns of V1 span the Krylov

subspace Kq1ðA
�1
1 ;A�1

1 bÞ, i.e.

spancolumnfV 1g ¼ Kq1ðA
�1
1 ;A�1

1 bÞ
� spanfA�1

1 b;A�2
1 b; . . . ;A

�q1
1 bg: ð33Þ

For a single input system (30), the number of the columns in V1 is usually q1,

therefore, through variable change x1 � V1z1, we have z1 2 Rq1, then the re-
duced linear system of (30) is

dz1

dt
¼ eA1z1 þ ~buðtÞ;

y1 ¼ ~cTz1;

ð34Þ

where eA�1
¼ ðV T

1A
�1
1 V 1Þ�1

, ~b ¼ eAV T
1A

�1b, ~c ¼ V T
1 c.

This reduction process is the same as that in Section 2, therefore, this re-

duced system (34) satisfy Theorem 1.

From Theorem 1, we see that the precision of the reduced model is directly

decided by its order q1, if q1 is small, then the precision of the reduced system is

not high because only small number of moments of the original transfer func-

tion can be matched.

As far as the second linear system (31) and the third linear system (32) are
concerned, it is not difficulty to see that these two linear systems are both multi-

input systems and their inputs are both decided by z1. Because, from (34) we

have

x1 � x1 � V 1z1 � V 1z1 ¼ ðV 1 � V 1Þðz1 � z1Þ
then the inputs in the second linear system (31) becomes (z1 � z1), and the in-

puts in the third linear system (32) include the term (z1 � z1 � z1) which means
the number of the inputs in (32) is at least q31.

So far the problem of the one sided projection is clear. On the one hand if q1
is not too small, the input number q31 will be large, then as already discussed at
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the end of Section 2, it is difficulty for us to try to reduce the order of the third

linear system (32) to a small size, on the other hand if q1 is small enough for us

to reduce the order of (32) to a moderate size, unfortunately the error of the

reduced model will be too large to be accepted because only small number

of moments of the original transfer function can be matched. It can also be

seen from the experimental results below (see Fig. 3 and its explanations, see
also Table 1 for the results by other testing inputs u).

In the figure below, q1, q2, q3 means that we reduce the three linear systems

(30)–(32) to a reduced system of order q1, q2, q3 respectively, j1, j2, j3 means the

number of moments that have been matched when we reducing each linear

system.

In Fig. 3, we use the sine function u(t) = 1 + sin(2pt) + sin(10pt) as our test-
ing inputs, in one case, we reduce the first linear system (30) to a reduced sys-

tem of order q1 = 6, if we only match the first moment, when reducing the
second linear system (31) (i.e. j2 = 1), we get a reduced system of order

q2 = 10 and, in order to reduced the third linear system to a moderate size,

we also only match the first moment (i.e. j3 = 1), and we have q3 = 28, but from

the results corresponding to ‘‘j1 = 6, q1 = 6, j2 = 1, q2 = 10, j3 = 1, q3 = 28’’ in

Fig. 3, the output response (crossing line) is far away from the exact solution

which is the solid line. On the other hand, if we want to derive a more precise

output response, we must increase q1, for example, if we increase q1 to q1 = 12,

then we have to reduce the second linear system to q2 = 22, and the third linear
system to q3 = 65, which we also only matched the first moment of their trans-

fer function respectively. Although the result is more precise enough (see the
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.02

0.01

0

0.01

0.02

0.03

0.04

time

vo
lta

ge
 a

t n
od

e 
1 

j1=12,q1=12; j2=1,q2=22; j3=1,q3=65
original
j1=6,q1=6; j2=1,q2=10; j3=1,q3=28

Fig. 3. Output comparison for variational equation reduction method.



Table 1

Error comparisons for different model reduction methods

u(t) errorbi errorqu error1 error2 errortwo

u = 0, t6 0.3; else, u = 1, t 2 [0,1] 0.0131 0.0400 0.1595 0.0601 0.0259

�e�t, t 2 [0,10] 0.0611 0.2783 0.1682 0.0437 0.0443

(t � 1)2, t 2 [0,1] 0.0227 0.0199 0.2582 0.0322 0.0599

1 + sin(2pt) + sin(10pt), t 2 [0,1] 0.0634 0.0888 0.5383 0.1271 0.1378

(cos(2pt/10) + 1)/2, t 2 [0,1] 0.0200 0.0369 0.1693 0.0204 0.0302
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dashed line in Fig. 3), the cost is that we must solve a reduced system of order

q3 = 65, which is close to the original system order n = 100, so it is not a really

reduced system, which clearly makes the whole order reduction process much

less efficient.

We list the results of several order reduction methods in Table 1 by using

different testing inputs u, which are the classical testing inputs in circuit system

simulation.

In Table 1, we define the relative error e of the approximate solution xa to
the exact solution x as e = kxa � xk2/kx0 � xk2, assuming x0 is the initial solu-

tion. We denote errorqu the relative error of the output response of quadratic

order reduction method in Section 3, errorbi the relative error of the output re-

sponse of bilinearization order reduction method in Section 4, error1 the rela-

tive error of the output response of variational equation order reduction

method when q1 = 6, q2 = 10, q3 = 28 and error2 corresponding to the varia-

tional equation order reduction method when q1 = 12, q2 = 22, q3 = 65.

In Table 1, we can see that for other testing inputs, error1 is also much larger
than error2 and is larger than the errors of other methods too.

6.2. Two sided projection

From the above analysis, we see that if we can find another way to keep the

order of the first reduced linear system (34) to a small size and enhance its pre-

cision greatly at the meantime, then we can reduced the order of third linear

system (32) to a moderate size and keep its reduced model to a high precision
concurrently. In the following, we propose the two sided projection method to

meet such request.

Instead of using one projection matrix V1 to reduce the first linear system

(30), we construct two projection matrices V and W such that they satisfy

the biorthogonal condition WTV = I, and the columns of V, W span the two

Krylov subspaces below respectively

spancolumnfV g ¼ Kq1ðA
�1
1 ;A�1

1 bÞ
� spanfA�1

1 b;A�2
1 b;A�3

1 b; . . . ;A
�q1
1 bg; ð35Þ
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spancolumnfW g ¼ Kq1ðA
�T
1 ; cÞ

� spanfc;A�T
1 c; ðA�T

1 Þ2c; . . . ; ðA�T
1 Þq1�1

cg: ð36Þ

Usually we use Lanczos process [3] to form V and W.

By using variable change x1 � Vz1 on system (30), we have

A�1
1

dV z1
dt

¼ V z1 þ A�1
1 buðtÞ;

y1 ¼ cTV 1z1:

ð37Þ

We multiply WT rather than VT on the equations

W TA�1
1 dV z1
dt

¼ W TV z1 þ W TA�1
1 buðtÞ;

y1 ¼ cTV z1:
ð38Þ

We have the final reduced system

dz1

dt
¼ bA1z1 þ b̂uðtÞ;

y1 ¼ ĉTz1;

ð39Þ

where bA1 ¼ ðW TA�1
1 V Þ�1

, b̂ ¼ bA1W TA�1
1 b.

The following theorem can be found in [2,3] and its references.

Theorem 2. The first 2q1 � 1 moment�s of the reduced transfer functionbH ¼ �ĉTðI� sbA�1

1 Þ�1 bA�1

1 b̂ are the same as those of the original transfer

function H ¼ �cTðI� sA�1
1 Þ�1A�1

1 b.

Compared with Theorem 1 we can see that if we reduce the first linear sys-

tem (30) to the same order q1 by this two projection methods respectively, the

two sided projection method can match much more moments than the one
sided projection method. Thus under the precondition of reducing (30) to

the same small order, we can get a much more precise reduced model by two

sided projection so that we can reduced the third linear system (32) to a mod-

erate size without losing much precision. Experimental results in Table 1 also

proved our analysis. In Table 1, errortwo is the relative error of the output

response of the two sided projection method, in this case we use two sided pro-

jection method on the first linear system (30), and for reducing the order of the

second and the third linear system (31) and (32), we still use one sided projec-
tion method. By comparing with error1, we can see that to reduce the three lin-

ear systems into the same order q1 = 6, q2 = 10, q3 = 28 the two sided projection

method is much more precise than the merely one sided projection method.

And we also see that errortwo is almost comparable with error2, which means

that by using two sided projection method on the first linear system, we can
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get a relatively precise solution only by solving a reduced system of order 28 at

most rather than a system of order 65, which can enhance the efficiency of the

variational equation reduction method greatly.
7. Conclusion

From the analysis of different nonlinear model order reduction methods, we

can see that model order reduction of a nonlinear system is much more com-

plicated than that of a linear system. The quadratic method is simple but has
not a clearly theoretical basis; the bilinearization method is based on a strong

theory background, but the reduction process is more complicated and how to

choose proper number of different degree multimoments is still a question. Fi-

nally, it cannot deal with the general circuit system (25) so far; although the

idea of the variational equation method is elegant, and it can easily deal with

such system as (25), the efficiency of this method are limited by its exponen-

tially increasing number of inputs. The two sided projection method we pro-

posed can greatly enhance its efficiency. More work will be done as far as
the above problems are concerned.
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