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Abstract—With the development of IC technology, it becomes 
urgent to investigate model reduction method for interconnects 
with process variations. In this paper, a one-shot projection 
algorithm (OPM) is proposed to generate a projection matrix 
that is independent of statistically varying parameters. As a 
result, construction of the reduced system can be decoupled 
with the Monte Carlo analysis in either frequency domain or 
time domain. Therefore, without loss of accuracy, OPM can 
obtain a reduced system in much less CPU time compared with 
the previous perturbation scheme. Numerical results have 
demonstrated the advantages of the proposed OPM. 

I. INTRODUCTION 
With the development of VLSI technology, interconnect 

has become a dominant factor in determining the 
performance of the whole chip. Due to the indetermination in 
the manufacturing of IC chips, such as variations of critical 
dimensions and interlevel dielectric thicknesses, the 
performance of interconnects is increasingly less predictable 
as IC dimension shrinks below the sub-100 nanometer scale 
[1]. For instance, the interconnect delay, which is a key 
parameter in statistical static timing analysis, should be 
regarded as a stochastic variable instead of a constant value. 
Moreover the transfer function of an interconnect system 
should also be treated as a stochastic process in the presence 
of process variations. To obtain the stochastic information, 
Monte Carlo method as a direct approach is widely 
employed in the circuit analysis. However, the complexity of 
Monte Carlo analysis will become unacceptable for 
interconnects with very large scale. Therefore, it is much 
necessary to develop accurate and fast analysis techniques 
for large scale interconnects with process variations. 

During the last decades, Model Order Reduction (MOR) 
method is developed as a primary approach to fasten the 
deterministic parametric interconnect simulation [4-6]. 
Several parametric MOR algorithms have also been 
proposed recently for the simulation of large scale 

interconnects with process variations [2-3]. Two basic 
parametric MOR approaches are perturbation scheme [2] and 
Tensor-Product Moment (TPM) [3]. Perturbation scheme [2] 
uses perturbation techniques to capture small deviations 
around the nominal parameters. TPM uses multidimensional 
analogs of the moment-matching approaches to extend them 
to the parameter varying case. Compared with TPM, 
perturbation scheme [2] is much simpler, more effective and 
less complicated when treating with the small circuit 
parameter deviations from the nominal values. However, the 
projection matrix developed by perturbation scheme is a 
function of stochastically varying parameters. Consequently, 
when perturbation scheme [2] is applied for the circuit 
analysis in frequency domain or time domain by Monte 
Carlo (MC) method, both the projection matrix and the 
reduced system should be recalculated for each MC 
sampling point. If the number of MC sampling points is very 
large, the procedure to obtain the reduced system should be 
repeated a huge amount of times. Thereby, the complexity of 
perturbation scheme [2] is very remarkable. 

In this paper, a new projection matrix construction 
algorithm, OPM, is proposed. It is demonstrated that the 
projection subspace obtained by OPM is independent of 
stochastically varying parameters, and this subspace is the 
same one spanned by the projection matrix obtained by 
perturbation scheme [2]. Then, construction of the reduced 
system can be decoupled with Monte Carlo analysis. As a 
result, OPM can obtain the mean value or variance of the 
transfer function in frequency domain and probability 
density function (pdf) of  delay in time domain by Monte 
Carlo analysis not only with the same accuracy but also in 
much less CPU time compared with perturbation scheme [2]. 

The rest of this paper is organized as follows. The basic 
principles of MOR and perturbation scheme [2] are reviewed 
in Section II. In Section III, OPM is proposed. Several 
numerical examples are given in Section IV to demonstrate 
the advantages of OPM. In Section V, we draw conclusions. 

II. BACKGROUND 
In this section, the basic principles of MOR method and 

perturbation scheme [2] are reviewed. 
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A. Model reduction for deterministic parametric system 
As reviewed in [4-6], an interconnect system can be 

formulated as either a first order RCL system or a second 
order RCS system. Compared with MOR method for first 
order system, such as PRIMA [4], the second order reduction 
algorithm, SAPOR [5-6], can simultaneously achieve high 
accuracy, guarantee the numerical stability, passivity of the 
reduced system and preserve the structure of the system 
matrices. Therefore, in the rest of this paper, SAPOR [5-6] is 
applied as the model reduction engine for deterministic 
parametric system. 

Generally, MNA equation for second order system with 
deterministic process parameters can be expressed in the 
frequency domain as [5-6], 
 ( ) ( ) ( ),   T

vsC G s v s Bu y L v s+ + Γ = = ⋅  (1) 
where 1 TEL E−Γ = , , m mC G R ×∈  and l lL R ×∈  represent the 
contributions of capacitors, resistances and inductances. 

( ) mv s R∈  are nodal voltages and m  is the order of (1). For 
simplicity, inputs pu R∈  are assumed to be current sources 
and output variables qy R∈  are nodal voltages. m lE R ×∈  and 

m pB R ×∈  and m q
vL R ×∈  are incidence matrices for inductances, 

current sources and output voltage variables. In SAPOR [5-
6], a second order Arnoldi algorithm is proposed to construct 
a projection matrix m nQ R ×∈  for (1). Then the reduced system 
with order n m<<  can be obtained as, 
 ( ) ( ) ( ),   T

vsC G s v s Bu y L v s+ + Γ = = ⋅% % % %% % %  (2) 
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B. Perturbation scheme for variational model reduction [2] 
Let [ ]1

T M
Mλ λ λ= ∈Θ

r
L  and [ ]( ), 1,2,...,k k ka b k Mλ ∈ =  

denote the M stochastically varying parameters, whose 
distribution function is ( )P λ

r . In the presence of these 
variations, MNA equation for second order system can be 
expressed as, 

( ) ( ) ( )( ) ( ) ( ) ( ) ( ), ,  , ,T
vsC G s v s Bu s y s L v sλ λ λ λ λ λ+ + Γ = = ⋅

r r r r r r  (4) 

By taking the same assumption of small variations of λ
r  

as in [2], the parameter-varying matrices can be expressed as 
linear deviations from the nominal values, 

( ) ( ) ( )0 0 0
1 1 1

, ,
M M M

k k k k k k
k k k

C C C G G Gλ λ λ λ λ λ
= = =

= + = + Γ = Γ + Γ∑ ∑ ∑
r r r  (5) 

where kC , kG  and kΓ  are normalized such that the value of kλ  
is between –1 and 1, and the mean value is 0. 0C , 0G  and 0Γ  
are the mean values of ( )C λ

r
, ( )G λ

r
 and ( )λΓ

r
. Furthermore, 

in order to capture nonlinear effects arised from the local 
geometry dependent factors, ( )C λ

r
 and ( )G λ

r
 can even be 

expanded by high order Taylor series. 
Monte Carlo method can be applied with perturbation 

scheme to calculate the mean value or variance of the 
transfer function or the pdf of delay. The whole procedure 
can be divided into four steps. 
Step1 Calculation of the projection matrix expansion 
function. In perturbation scheme [2], projection matrix for (4) 
can be expressed as a second order Taylor expansion 
(without cross-terms), 
 ( ) (1) (2) 2

0
1 1

M M

k k k k
k k

Q Q Q Qλ λ λ
= =

= + +∑ ∑
r  (6) 

where 0Q  is the projection matrix of (4) obtained by SAPOR 
when 0λ =

r , (1)
kQ  and (2)

kQ , ( )1,2, ,k M= L  are expansion 
coefficients. These coefficients can be calculated as follows. 
Let 1

kQ  denote the projection matrix obtained by SAPOR 
when 1kλ = , 0, 1,2,...,i i Mλ = =  and i k≠ , and 2

kQ  is the 
projection matrix when 1kλ = − , 0iλ = , 1,2,...,i M=  and i k≠ . 
From (6), we have, 
 1 (1) (2) 2 (1) (2)

0 0k k k k k kQ Q Q Q Q Q Q Q= + + = − +  (7) 
Then, (1)

kQ  and (2)
kQ  can be computed by, 

 ( ) ( )(1) 1 2 (2) 1 2
02 2 2k k k k k kQ Q Q Q Q Q Q= − = + −  (8) 

Step2 Computation of the projection matrix on each MC 
sampling point. In this step, for each MC sampling point 

iλ λ=
r r

, (6) is firstly applied to calculate ( )iQ λ
r

. Then Gram-
Schmidt scheme is applied on ( )iQ λ

r
 to orthogonalize its 

column vectors to obtain the projection matrix ( )iQ λ
r

%  for iλ
r

. 
Step3 Construction of the reduced system on each MC point. 
When the projection matrix ( )iQ λ

r
%  is obtained by Step2, the 

reduced system matrix ( )iC λ
r

%  can be obtained as, 
 ( ) ( ) ( ) ( )T

i i i iC Q C Qλ λ λ λ=
r r r r

% % %  (9) 

( )iG λ
r

%  and ( )iλΓ
r

%  can be obtained in the same way. 
Step4  At each MC point iλ

r
, obtain the transfer function 

( )iH λ
r

% or delay ( )iD λ
r

% by solving the reduced system in 
frequency domain or in time domain. Then the mean value 

TFe%  and variance 2
TFσ%  of the transfer function ( )H λ

r
%  and pdf 

of delay ( )D λ
r

% for the reduced system can be calculated by 
Monte Carlo scheme as, 
 ( ) ( ) ( )( ) ( )2

2

1 1
, 

L L

TF i i TF i TF i
i i

e H P H e Pλ λ σ λ λ
= =

= = −∑ ∑
r r r r

% %% % %  (10) 

where L  is the number of MC sampling points.  
According to the above procedure, the main CPU time 

cost by MC analysis consists of four parts, Step1 with the 
complexity of ( ) ( )( )2 22 1O M mn m n+ ⋅ + , Step2 with the 
complexity of ( )2Q Lmn , Step3 with the complexity of 

( )2O Lm n , and Step4 with complexity of ( )3O Ln . It should be 
noted that the projection matrix obtained by (6) depends on 
the stochastically varying parameters. Therefore, calculation 
of the reduced system is coupled with MC analysis. If the 
number of MC points is L , calculation of the projection 
matrix by (6) and orthogolization of this projection matrix by 
Gram-Schmidt scheme should both be repeated L  times. 
Moreover, the reduced system should also be recomputed L  
times by (9). In practice, L  is always set to be a very large 
number in order to guarantee high accuracy in MC analysis. 
As a result, CPU time cost by Step2 and Step3 in 
perturbation scheme will be very significant. 

III. OPM ALGORITHM 
In this section, a new projection matrix construction 

algorithm, OPM, which is independent of stochastically 
varying parameters is proposed. More importantly, this 
subspace is proved to be the same subspace spanned by 
projection matrix obtained by perturbation scheme [2]. As a 
result, the reduced system can be obtained before MC 
analysis, i.e., computation of reduced system is decoupled 
with MC procedure. Consequently, OPM can obtain the 
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reduced system in much less CPU time without loss of 
accuracy compared with perturbation scheme.  
A.  Basic principle of OPM 

The basic principles of OPM include three aspects. At 
first, the projection subspace can be constructed by serially 
arranging the projection matrices obtained on each sampling 
point of the random variables. Secondly, economic size SVD 
(ESVD) can be applied to obtain the principal orthogonal 
bases of this subspace in order to decrease the order of the 
projection matrix. Thirdly, since the obtained projection 
matrix is independent of random variables, construction of 
the reduced system can be performed before MC analysis. 

First of all, Theorem 1 is proposed as the basic principle 
for construction of the projection subspace. 
Theorem 1. The subspace spanned by the projection 
matrices obtained on all sampling points of the random 
variables, 0Q , 1

kQ  and 2
kQ , is the same subspace spanned by 

( )Q λ
r

, 
 ( ){ } { }1 1 2 2

0 1 1, ,..., , ,...,M Mspan Q span Q Q Q Q Qλ =
r  (11) 

This subspace is independent of random variables λ
r

.  
Proof: According to (6), the subspace spanned by ( )Q λ

r
 is 

the same one spanned by the coefficient matrices, 0Q , (1)
kQ  and 

(2)
kQ , since ( )Q λ

r
 is the linear composition of these matrices, 

 ( ){ } { }(1) (1) (2) (2)
0 1 1, ,..., , ,...,M Mspan Q span Q Q Q Q Qλ =

r  (12) 

According to (8), the coefficients (1)
kQ  and (2)

kQ  both are 
the linear compositions of 1

kQ , 2
kQ  and 0Q . Thereby, the 

subspace spanned by these projection matrices, 1
kQ , 2

kQ  and 
0Q , is the same one spanned by coefficients in (6). Then we 

have, 
 ( ){ } { }

{ }
(1) (1) (2) (2)

0 1 1
1 1 2 2

0 1 1

, ,..., , ,...,
, ,..., , ,...,

M M

M M

span Q span Q Q Q Q Q
span Q Q Q Q Q

λ =
=

r
 (13) 

Theorem 1 has been proved. 
Following Theorem 1, a projection matrix can be 

constructed as, 
 1 1 2 2

0 1 1P M MQ Q Q Q Q Q =  L L  (14) 
Obviously, the subspace spanned by ( )Q λ

r
 is the same as 

the one spanned by PQ . However, if PQ  is applied directly to 
do the projection, the order of the reduced system will be 
much larger than that obtained by ( )Q λ

r
 with the same 

accuracy. In order to decrease the order without much loss of 
accuracy, ESVD can be applied on PQ  to find out the 
principal bases of the projection subspace as proposed in 
Theorem 2. 
Theorem 2: If ESVD is applied on ( ) ( )2 1m M n

PQ R m n× +∈ >>  as 
T

PQ U V= ∑ , where ( )2 1m M nU R × +∈ , ( ) ( )2 1 2 1M n M nR + × +∑ ∈  and 
( ) ( )2 1 2 1M n M nV R + × +∈ , the subspace spanned by PQ  is the same as 

the subspace spanned by U . 
In practice, we can use a truncated ESVD, i.e., 

T
P r r rQ U V≈ Σ , where the singular values are larger than a given 

threshold level θ , and use the subspace spanned by rU  to 
approximate the subspace spanned by PQ . Therefore, 

m K
rU R ×∈  can be applied as a condensed projection matrix for 

(4). Since variations in the original system (4) are small, the 
rank of PQ  is likely to be much smaller than its size. Hence, 

if the threshold level θ  is setting suitably, loss of accuracy 
for the reduced system will be trivial enough to be ignored 
when taking no account for those orthogonal vectors 
corresponding to small singular values. 

At last, since the condensed projection matrix rU  is 
independent of stochastically varying parameters, based on 
(5), the reduced system matrix ( )C λ

r
%  can be constructed as, 

 ( ) ( ) 0 0
1 1

M M
T T

r r r k k r k k
k k

C U C U U C C U C Cλ λ λ λ
= =

 = = + = + 
 

∑ ∑
r r

% % %  (15) 

 0 0    T T
r r k r k rC U C U C U C U= =% %  (16) 

( )G λ
r

%  and ( )λΓ
r

%  can be obtained in the same way. In (16), the 
reduced system matrices 0C%  and kC%  are independent of the 
random variables. Accordingly, these matrices need to be 
calculated only once before Monte Carlo process. Finally, on 
each MC sampling point, (15) is applied to obtain the related 
reduced system. Since the projection of the original system 
to the reduced one need to be performed only once, we refer 
this proposed algorithm as ‘a one-shot projection method’. 
B. Summary of OPM algorithm 

The procedure of Monte Carlo scheme with OPM 
consists of the following five steps. 
Step1 Normalize the values of kC  and kG  so that values of all 
the random variables in (4) are between –1 and 1. 
Step2 Apply SAPOR [5-6] to obtain the projection matrices 
on all sampling points of the random variables to construct 

PQ  as (14). 
Step3 Apply truncated ESVD to obtain rU . 
Step4 Calculate the coefficients 0C%  and kC%  as (16). 
Step5 Use Monte Carlo scheme to obtain mean value and 
variance of transfer function or the pdf of delay for the 
reduced system. For each MC sampling point, (15) is applied 
to obtain the reduced system. 
C. Complexity analysis of OPM 

According to the procedure listed above, the main CPU 
time cost by Monte Carlo analysis with OPM includes four 
parts, Step2 with the complexity as ( ) ( )( )2 22 1O M mn nm+ ⋅ + , 
Step3 with the complexity as ( )( )2 22 1O m M n+ , Step4 with the 
complexity as ( )2O m K  and Step5 with complexity as ( )3O LK . 
Compared with perturbation scheme [2], OPM needs not to 
calculate the coefficients of (6), i.e. (1)

kQ  and (2)
kQ . Secondly, 

the projection matrix rU  for each MC sampling point is fixed 
and can be calculated before MC analysis. Thirdly, the 
reduced system matrices in (16), i.e., 0C%  and kC% , need to be 
calculated only once, and the reduced system on L  MC 
points can be obtained by (15). Consequently, OPM can 
obtain reduced system in much less CPU time without loss 
of accuracy compared with perturbation scheme [2]. 

IV. NUMERICAL RESULTS 
In this section, several numerical examples are given to 

demonstrate the advantages of the proposed OPM algorithm. 
A. Comparison of the Transfer function 

Comparison of the Accuracy 
The first example is an 8-bit bus interconnect RCS circuit 

extracted from an 8-bit bus line and 2- shielding line system 
[5]. The near end of the first line is excited by a current 
source and the far end of the second line is regarded as the 
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output. Here, we consider two independent random variables, 
variation 1λ  of the bus line width and variation 2λ  of the bus 
line height, each with Gaussian distribution. The order of the 
original system is 330 and the order of the reduced system is 
60. The number of Monte Carlo sampling points is 441. 
Simulation results obtained by Monte Carlo scheme for the 
original system are taken as the accurate results for error 
comparison. Figure 1 gives the relative error of the mean 
value and variance of the transfer function by three 
algorithms. ‘DR’ denotes the results of direct MOR 
algorithm, which means that for each MC sampling point, 
Block SAPOR is applied once to achieve the reduced 
system. ‘Perturbation Scheme’ denotes the results of 
perturbation scheme [2], and ‘OPM’ is the results of 
proposed algorithm. From Figure 2, we can find it clearly 
that the error of the results obtained by perturbation scheme 
[2] and OPM are almost the same. This is because the 
projection subspace obtained by OPM is the same one 
spanned by projection matrix calculated by (6). 
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Figure 1.  Comparison of mean value and variance of the transfer function 

of 8-bit bus system by OPM and Perturbation Scheme.  

Comparison of CPU time 
Table I gives the comparison of CPU time cost by 

perturbation scheme [2] and OPM for three bus circuits. The 
number of MC sampling points is 441. For each MC point, 
41 points are selected in the frequency domain 

6 1010 ,10Hz Hz   to calculate the transfer function. In TABLE I, 
Tp1 and Tf1 are the total times of MC analysis by 
perturbation scheme and OPM. 2mc morEerr e e= −  and 

2 2

2mc morSerr σ σ= − , where mce  and 2
mcσ  are the mean value and 

variance of the original transfer function respectively. more  
and 2

morσ  are the mean value and variance of the transfer 
function of the reduced system obtained by perturbation 
scheme or OPM. Speed-up parameter is defined as 

1 1R Tp Tf= . Compared with perturbation scheme, OPM 
needs not to compute the projection matrix and the reduced 
system on each MC point, while ESVD and calculation of 
reduced system matrices are need to be done only once in the 
whole MC analysis. Consequently, the time of Monte Carlo 
analysis can be speed up about 3-5 times by applying OPM 
than perturbation scheme. 

TABLE I.  COMPARISON OF CPU TIME  

Example bus_8 bus_16 bus_32 
Order of original system: m 330 1666 2210 
Order of reduced system: n 60 100 140 

Tp1 (s) 55.797  364.656 1409.391  
Eerr 0.447 0.160 0.183 Perturbation 

scheme 
Serr 0.439 0.150 0.188 

Tf1 (s) 31.906  106.922 240.594  
Eerr 0.042 0.004 0.002 OPM 
Serr 0.021 0.002 0.003 

Speed up parameter: R 1.75 3.41 5.86 

B. Comparison of 50% delay 
Figure 2 gives the pdf of 50% delay calculated by Monte 

Carlo method for the 8-bit system [5]. The number of Monte 
Carlo sampling points is 410 . The input for delay testing is a 
step signal from 0 to 1.8v, whose rising time is 90.2 10 s−× .  
According to Figure 2, the pdfs obtained by OPM and 
perturbation scheme are almost the same. However, OPM 
only needs 0.7311s to do the truncated ESVD to obtain rU  
and 0.0701s to calculate the reduced system (15), while 
perturbation scheme needs 650.936s  to obtain the reduced 
system during Monte Carlo process. 
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Figure 2.  The probability density function of 50% delay. 

V. CONCLUSION 
In this paper, OPM algorithm is proposed to deal with 

model reduction for interconnect with process variations. 
Compared with perturbation scheme, the projection matrix 
constructed by OPM is independent of process variations. As 
a result, the reduced system can be obtained before Monte 
Carlo process. It is also demonstrated that the subspace 
spanned by projection matrix generated by OPM is the same 
one spanned by projection matrix constructed by 
perturbation scheme. In conclusion, OPM can obtain the 
reduced system with the same accuracy but in much less 
CPU time compared with perturbation scheme.  
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