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• α = Human sensitivity
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In fact: Stability ⇔ τα < π
2 ← Generalizable?
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K︷ ︸︸ ︷
A1 ⊗ I )u = 0,

where u = vec vv∗ = v ⊗ v̄
Quadratic EVP size n2 × n2

Problems:

• An approximated eigenvector of u is not of form u = vec vv∗

• Large size - efficient matrix-vector product

• How to linearize? (Work in progress Faßbender, Mackey et al)
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An approximated eigenvector of u is not u = vec vv ∗

Question: Assume u = vec vv∗. Given an approximation ũ, how
do we approximate v?

Lemma
Let (z , u) be an eigenpair of

(z2M + zG + K )u = 0

and u = v ⊗ v̄ , ‖u‖ = 1, |z | = 1. Say ũ = u + y = ṽ ⊗ ¯̃v + q is an
approximation of u, then

| sin(ṽ , v)| ≤
√
‖y‖ (‖M + I‖+ ‖G‖+ ‖K‖) + ‖q‖.

Answer: We can minimize q by picking ṽ corresponding to the
dominant singular vector of ũ.
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| sin(ṽ , v)| ≤
√
‖y‖ (‖M + I‖+ ‖G‖+ ‖K‖) + ‖q‖.

Answer: We can minimize q by picking ṽ corresponding to the
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b = (G −M − K )x =

“Matrify“, i.e. b = vec B, x = vec X ⇒

B = AsX + XA∗
s , As := −A1 + A0

i.e. a Lyapunov equation. In the same manner:

• A−1b: As := A1 + A0

• (A− µI )−1b: Sylvester equation
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Example (Partial differential difference equation)

u̇(x , t) = u′′xx(x , t) + β(1 + sin(3πx))u(x , t)

− κ0δ(x − x0)u(0, t − τ)

− κ1δ(x − x1)u(x1, t − τ)

− κ2δ(x − x2)u(1, t − τ)

ux(0, t) = 0

ux(1, t) = 0,

where we pick κ0 = κ2 = 4, κ1 = 10, x0 = 1/3, x1 = 1/2, x2 = 3/4
and β = 10.
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u̇(x , t) = u′′xx(x , t) + β(1 + sin(3πx))u(x , t)

− κ0δ(x − x0)u(0, t − τ)

− κ1δ(x − x1)u(x1, t − τ)

− κ2δ(x − x2)u(1, t − τ)

ux(0, t) = 0

ux(1, t) = 0,

where we pick κ0 = κ2 = 4, κ1 = 10, x0 = 1/3, x1 = 1/2, x2 = 3/4
and β = 10. Discretize with finite difference in space ⇒

u̇(t) = A0u(t) + A1u(t − τ)
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Computational time:
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Multiple delays:

ẋ(t) = A0x(t) + A1x(t − τ1) + A2x(t − τ2) + A3x(t − τ3)

where

A0 =

„
3 0
−1 1.5

«
, A1 =

„
−1 −0.7
1 0.2

«
,

A2 =

„
−1.6 −0.7
0.8 0

«
, A3 =

„
−0.7 0.2
−0.5 −2

«
.
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