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Delay differential equation (DDE)

x(t) = Aox(t) + Aix(t —7), t >0
x(t) = ¢(t), t € [-7,0]

Definition
o Characteristic equation:
M(s)v := (—sly + Ag + Are" ™) v =0

e eigenvalue: s € C, nonzero eigenvector: v € C"
e spectrum o(X): set of all eigenvalues
e 0(X) cC = |x(t)]| — 0 when t — 0
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Hot-shower Example

e x(t) = Temp diff from optimal Temp
e o« = Human sensitivity

e 7 = Length of pipe / Speed of water
Delayed negative feedback: x(t) = —ax(t — 1)

-1 0 1 1 2 3 4
In fact: Stability < 7a < 7 « Generalizable?
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Problem: For what 7 is there (iw, v) s.t.

M(iw)v := (—iwl + Ag + Are™™) v =0

Hale & Huang 1993: Scalar two delays: Geometric classification
Chen & Gu & Nett 1995: Commensurate delays

Louisell 2001: Single delay, neutral, moderate size

Sipahi & Olgac 2003 : Small systems, few delays:

Form determinant + Routh table + Rekasius Substitution.

Fu & Niculescu & Chen 2006: Neutral systems
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Define Lyapunov-type operator from the characteristic equation

Definition
L(X,s) = M(s)X + XM*(s) =

_ (on + XAT + AiXe ™ + XAT e_TE) —2XRe's

Theorem
Equivalent:

e M(s)v =0
o L(w* s)=0A v*M(s)v=0
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Define Lyapunov-type operator from the characteristic equation

Definition
L(X,s) = M(s)X + XM*(s) =
_ (on + XAT + AiXe ™ + XAT e_T§> —2XRe s
Theorem =0
Equivalent:
e M(s)v =0

o L(w* s)=0A vM(s)v=0

Critical case: s = iw
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Theorem
The delay T is a critical delay iff

—Arg z 4 2qm
T = —_—m
w
2 * * AT * AT __ *
z2Aiw” + z(Agw* + w¥Ap ) + wrA] =0, *

where z € 0D and L
Computational difficulty

iw=v"(Ap+ A1z) v.
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Solving (*):
1) Vectorization = Quadratic eigenproblem

2) Linearization (Companion form) = Eigenproblem dim
2n? x 2n?

3) Exploit Lyapunov structure = Matrix-vector complexity n*
reduces to n3



INTRODUCTION REsuLTs EXPLOITATION EXAMPLES
0000 000@0 [e]e} 000

AW+ z (onv* + vv*AJ) +w*A] =0



RESuLTS
000@0

AW+ z (onv* + vv*AJ) +w*A] =0
Vectorization =

M G K

(2l A f =
1)+ z(l @A+ A ® 1)+ A ®u=0,

where u =vec w* = vV



INTRODUCTION RESULTS EXPLOITATION ’XAMPLES

0000 00 000

AW+ z (onv* + vv*AJ) +w*A] =0
Vectorization =

M G K
Zf—"\ﬂ 7 — -
(2l @A) +z(l @ Av+ A @)+ AL @ )u=0,

where u =vec w* = vV

Quadratic EVP size n? x n?



INTRODUCTION REsuLTs EXPLOITATION EXAMPLES

0000 [e]e]e] o} e]e] [e]e]e}

AW+ z (onv* + vv*AJ) +w*A] =0
Vectorization =

M G K
Zf—"\ﬂ 7 — -
(2l @A) +z(l @ Av+ A @)+ AL @ )u=0,

where u =vec w* = vV

Quadratic EVP size n? x n?
Problems:



INTRODUCTION RESuLTS EXPLOITATION
0000 0000 [e]e}

AW+ z (onv* + vv*AJ) +w*A] =0
Vectorization =

M G K
Zf—"\—\ 7 — -
(2l @A) +z(l @ Av+ A @)+ AL @ )u=0,

where u =vec w* = vV

Quadratic EVP size n? x n?
Problems:

e An approximated eigenvector of u is not of form u = vec wv



RESuLTS
000@0

AW+ z (onv* + vv*AJ) +w*A] =0
Vectorization =

M G K
Zf—"\—\ 7 — -
(2l @A) +z(l @ Av+ A @)+ AL @ )u=0,

where u =vec w* = vV

Quadratic EVP size n? x n?
Problems:

e An approximated eigenvector of u is not of form u = vec w*

o Large size - efficient matrix-vector product



RESuLTS
000@0

AW+ z (onv* + vv*AJ) +w*A] =0
Vectorization =

M G K
Zf—"\—\ 7 — -
(2l @A) +z(l @ Av+ A @)+ AL @ )u=0,

where u =vec w* = vV

Quadratic EVP size n? x n?
Problems:

e An approximated eigenvector of u is not of form u = vec w*
o Large size - efficient matrix-vector product

e How to linearize? (Work in progress FaBbender, Mackey et al)
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An approximated eigenvector of u is not u = vec vv*

Question: Assume u = vec vv*. Given an approximation &, how
do we approximate v?

Lemma

Let (z,u) be an eigenpair of

(z2M 4 2G + K)u = 0

andu=vav |u|l=1|z|=1 Sayi=u+y=v®V+qisan

approximation of u, then

[sin(@, V)| < VIly [ (IM + 1+ 1GI+ KT + llgll-

Answer: We can minimize g by picking ¥ corresponding to the
dominant singular vector of .
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Search z € 9D of

(k o) () =<l ) (2)

Cayley Transform z = 3% = Search o € R .

l1—io

(e 6) (o M) =l(k o)+ (6 )] ()
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Search z € 9D of

(k o) () =<l ) (2)

Cayley Transform z = 3% = Search o € R .

© 06 E-+16 06 I
o ()= (h L) (ko) (2)-

(2o ) (6" )k o3m) (2)

Computationally difficult:(G — M — K)x = b
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b=(G—M-K)x=
(I @ (=A1+ Ag) + (A1 + Ag) ® 1) x

“Matrify”, i.e. b=vec B, x =vec X =
B=AX+ XA;, As:=—-A1+ Ao

i.e. a Lyapunov equation. In the same manner:
o A7lb: As = A1+ A
e (A — ul)~1b: Sylvester equation
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Ezxample (Partial differential difference equation)

\

U(x, t) = U (x, t) + B(1 + sin(3mx)) u(x, t)
— kod(x — xo)u(0,t — 1)
— R10(x — x1)u(xz, t — 7)
— R2d(x — x2)u(l,t —7)
u(0,t) =0
ux(1,t) =0,

where we pick kg = k2 =4, k1 =10, xo = 1/3, x1 = 1/2, xo = 3/4

and 3 = 10.
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Ezxample (Partial differential difference equation)

U(x, t) = U (x, t) + B(1 + sin(3mx)) u(x, t)
— kod(x — xo)u(0,t — 1)
— R10(x — x1)u(xz, t — 7)
— R2d(x — x2)u(l,t —7)
u(0,t) =0
( ux(1,t) =0,

where we pick kg = k2 =4, k1 =10, xo = 1/3, x1 = 1/2, xo = 3/4
and 8 = 10. Discretize with finite difference in space =

u(t) = Aou(t) + Aju(t — 1)
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Computational time:
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Multiple delays:
x(t) = Aox(t) + Aix(t — 1) + Aox(t — 12) + Asx(t — 73)

where

30 -1 -07
A0:(71 15)’ Al:(l 02)’

-16 —0.7 —0.7 0.2
A27(048 0 ) A3*(70.5 72>'
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