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Riccati equation from transport theory
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• X(µ, ν) - Scattering function

X(µ, ν) : [−α, 1]× [α, 1] 7→ R+

• α - angular shift 0 ≤ α < 1
• β - average of # of particles from a collision

0 ≤ β ≤ 1
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By approximating the integrals with the Gauss-Legendre

quadrature on [0, 1] with nodes

0 < ωn < ωn−1 < . . . < ω2 < ω1 < 1,

and weights

c1, . . . , cn > 0, c1 + . . . + cn = 1,

and restricting the values of X(µ, ν) on the nodes on

[−α, 1]× [α, 1], one has the Riccati equation

XA + DX −XBX − C = 0,
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A = Γ− peT , D = ∆− epT , B = ppT , C = eeT ,

Γ = diag(γ1, . . . , γn), γj =
1

β(1− α)ωj

∆ = diag(δ1, . . . , δn), δj =
1

β(1 + α)ωj

p =
[

p1 . . . pn

]T
, pj =

cj

2ωj
,

e =
[

1 . . . 1
]T

0 < δ1 < . . . < δn, 0 < γ1 < . . . < γn, δj ≤ γj.
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An equivalent eigenvalue problem

Let

Φ = diag(
√

p1, . . . ,
√

pn), φ =
[ √

p1 . . .
√

pn

]T
.

X̃ = ΦXΦ

Ã = Φ−1AΦ = Γ− φφT

D̃ = ΦDΦ−1 = ∆− φφT

B̃ = Φ−1BΦ−1 = φφT = ΦCΦ = C̃.

Then the Riccati equation becomes

X̃Ã + D̃X̃ − X̃B̃X̃ − B̃ = 0.
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Define ([Juang/Lin, 98])

H̃ =

[
Ã −B̃

B̃ −D̃

]
=
[

Γ 0
0 −∆

]
−
[

φ

−φ

] [
φ

φ

]T

.

The least positive solution X̃ satisfies

H̃

[
In

X̃

]
=

[
In

X̃

]
R̃,

where

R̃ = Ã− B̃X̃, λ(R̃) ⊂ R+.

Riccati Equation from Transport Theory 7



The eigenvalues are the roots of the secular equation

χ(λ) = 1 +
n∑

j=1

pj

λ− γj
−

n∑
j=1

pj

λ + δj
.

λ(H̃) = {−λ−n , . . . ,−λ−1 , λ+
1 , . . . , λ+

n}.

0 ≤ λ−1 < δ1 < . . . < δn−1 < λ−n < δn,

0 ≤ λ+
1 < γ1 < . . . < γn−1 < λ+

n < γn.
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Figure 1: Eigenvalue interlacing property of H̃
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Least positive solution formulas

H̃

[
In

X̃

]
=

[
In

X̃

]
R̃1, H̃

[
X̃T

In

]
=

[
X̃T

In

]
R̃2,

λ(R̃1) = {λ+
1 , . . . , λ+

n}, λ(R̃2) = {−λ−1 , . . . ,−λ−n}.
We have

Γ− φξ̃T = R̃1, ∆− φη̃T = −R̃2,

X̃Γ + ∆X̃ = η̃ξ̃T ,

ξ̃ = (In + X̃T)φ, η̃ = (In + X̃)φ.
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Lemma [Mehrmann/HX, 98] Suppose

A = diag(a1, . . . , an), λ(B) = {b1, . . . , bn},

q =
[

q1 . . . qn

]T
, Q = diag(q1, . . . , qn),

where a1, . . . , an, b1, . . . , bn are distinct and qj 6= 0. If k

satisfies

A− qkT = B,

then

k = Q−1f =
[

f1
q1

. . . fn
qn

]T
, fk =

n∏
j=1

(ak − bj)∏
j 6=k

(ak − aj)
.
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From Γ− φξ̃T = R̃1, λ(R̃1) = {λ+
1 , . . . , λ+

n},

ξ̃ = Φ−1ξ,

and from ∆− φη̃T = −R̃2, λ(−R̃2) = {λ−1 , . . . , λ−n},

η̃ = Φ−1η,

where ξ =
[

ξ1 . . . ξn

]T
, η =

[
η1 . . . ηn

]T
,

ξj =

n∏
j=1

(γk − λ+
j )∏

j 6=k

(γk − γj)
> 0. ηj =

n∏
j=1

(δk − λ−j )∏
j 6=k

(δk − δj)
> 0.
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From X̃Γ + ∆X̃ = η̃ξ̃T ,

X̃ = Φ−1EΘKΦ−1, Θ =
[

1
δi + γj

]
,

E = diag(η1, . . . , ηn), K = diag(ξ1, . . . , ξn).

Because X = Φ−1X̃Φ−1, we have the first formula:
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I. X = Φ−2EΘKΦ−2

Φ2 = diag(p1, . . . , pn),

Θ =
[

1
δi + γj

]
,

E = diag(η1, . . . , ηn), ηk =

∏n
j=1(δk − λ−j )∏
j 6=k(δk − δj)

,

K = diag(ξ1, . . . , ξn), ξk =

∏n
j=1(γk − λ+

j )∏
j 6=k(γk − γj)

.
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det(λI − H̃) = det(λI − Γ) det(λI + ∆)χ(λ) ⇒
n∏

j=1

(λ− λ+
j )

n∏
j=1

(λ + λ−j ) = χ(λ)
n∏

j=1

(λ− γj)
n∏

j=1

(λ + δj)

⇒ ξk = pk

n∏
j=1

(γk + δj)

n∏
j=1

(γk + λ−j )

=: pkκk.

Then

K = K̂ = K̂Φ2, K̂ = diag(κ1, . . . , κn).
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II. X = Φ−2EΘK̂

Φ2 = diag(p1, . . . , pn),

Θ =
[

1
δi + γj

]
,

E = diag(η1, . . . , ηn), ηk =

∏n
j=1(δk − λ−j )∏
j 6=k(δk − δj)

,

K̂ = diag(κ1, . . . , κn), κk =

∏n
j=1(γk + δj)∏n
j=1(γk + λ−j )

.
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III. X = ÊΘKΦ−2

Φ2 = diag(p1, . . . , pn),

Θ =
[

1
δi + γj

]
,

Ê = diag(ε1, . . . , εn), εk =

∏n
j=1(δk + γj)∏n
j=1(δk + λ+

j )
,

K = diag(ξ1, . . . , ξn), ξk =

∏n
j=1(γk − λ+

j )∏
j 6=k(γk − γj)

.
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IV. X = ÊΘK̂

Θ =
[

1
δi + γj

]
,

Ê = diag(ε1, . . . , εn), εk =

∏n
j=1(δk + γj)∏n
j=1(δk + λ+

j )
,

K̂ = diag(κ1, . . . , κn), κk =

∏n
j=1(γk + δj)∏n
j=1(γk + λ−j )

.
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Bounds for least positive solution

I. Entry-wise bounds.

ak < ηk < δk

bk < ξk < γk,

1 < εk <
δk + γn

δk
,

1 < κk <
γk + δn

γk
.

ak =
(δk−λ−k )(λ−k+1−δk)

δn−δk
bk =

(γk−λ+
k )(λ+

k+1−γk)
γn−γk

(k < n)
an = δn − λ−n bn = γn − λ+

n
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Lb

δi + γj
< xij <

Ub

δi + γj

Lb = max
{

aibj

pipj
,
ai

pi
,

bj

pj
, 1
}

Ub = min
{

δiγj

pipj
,

δi(γj + δn)
piγj

,

(δi + γn)γj

δipj
,
(δi + γn)(γj + δn)

δiγj

}
.
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II. Norm Bounds

Let H̃(t) =
[

Γ 0
0 −∆

]
− t

[
φ

−φ

] [
φ

φ

]T

, 0 ≤ t ≤ 1.

H̃(t)

[
In

X̃(t)

]
=

[
In

X̃(t)

]
R̃1(t).

λ(R̃1(t)) = {λ+
1 (t), . . . , λ+

n (t)}.[
In

−X̃(t)

]T [
In

X̃(t)

]
= I − X̃(t)TX̃(t) > 0

for 0 ≤ t < 1. Hence

I − X̃TX̃ ≥ 0 ⇒ 0 < ||X̃||2 ≤ 1.
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Because X = Φ−1X̃Φ−1,

0 < ||X||2 <
1

minj pj
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Summary

What we have got

• Four formulas for the least positive solutions.

• Entry-wise and norm bounds for the least positive

solutions

What we will try to do

• Formulas for other Riccati equations
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That’s all Folks!
Thank you!
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