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Riccati equation from transport theory
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« X (u,v) - Scattering function

X(u,v): [—a,1] X [a,1] — RT
« « - angular shift 0<ax<l

. 3 - average of # of particles from a collision
0<p6<1
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By approximating the integrals with the Gauss-Legendre
quadrature on [0, 1] with nodes

O<w, <wp1 < ... <wy<wi <11,
and weights
Cly...,Cp >0, ciL+...+c,=1,

and restricting the values of X (u,v) on the nodes on
—a, 1] X |, 1], one has the Riccati equation

XA+ DX - XBX —C =0,
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[' = diag(m,
A = diag(dy,
p = |p ...
e = [1

0<01<...<0p,
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An equivalent eigenvalue problem

Let

¢ = diag(\/p1,---,\/Dn), ¢:[\/171 \/]Tn}T

= OXP
= ® AP =T — ¢’
= ®DO 1= A — gl
O 'BP ! = gl = dCP = C.

wel @* N N?

Then the Riccati equation becomes

XA+ DX - XBX - B=0.
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Define ([Juang/Lin, 98])

H =

where

ml :3>z
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The least positive solution X satisfies
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The eigenvalues are the roots of the secular equation

- Dj - Dj
X(A) =1+

jzl)\_% i )\—l—(gj
MH)={=X,...,= A\, . A0

0< A <01 < ... <01 < A, < Op,

D<A <y <. <91 <A <
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Figure 1. Eigenvalue interlacing property of H

Riccati Equation from Transport Theory



L east positive solution formulas

~ I Ji - - XT XT _
H X — X R17 H In — In R27
A(Rl) — {)‘ii_aa)‘fz—zi_}a A(RQ) — {_>\1_7“‘7_)\T_L}'
We have

' — ¢§T — Rla A — ¢ﬁT — _R%
XT + AX =7l

~

E=(I,+ XN, 7= I, +X)¢.
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Lemma [Mehrmann/HX, 98] Suppose
A = diag(ay,...,a,), XB)=1{by,...,b,},

T .
g = |a .. ¢l , Q=diaglq,...,q),

where ay,...,ap,b1,...,b, are distinct and ¢; # 0. If k

satisfies
A—qgk! = B,
then

k=Q =0 L B] gi=
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From ' — gbfT = fh, A(RD = {>\1+7 ey )\;}

E=07l¢,
and from A — ¢i7 = —Ry, A—R2) ={\;,....\ 1,
n=o",
where £ = | & ... €n}T, n=1|m ... nn}T»
[ — A7) [ — A7)
£ == >0, p == > 0.

110w =)
ik o
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From XTI+ AX = ¢,

. 1
X=¢'FOK® O = { } ,
0; +j

E =diag(ni,...,n,), K =diag(&,...,&).

Because X = <I>_1X'<I>_1, we have the first formula:
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| X = *FOK® 2

(1)2 — diag(pb © e 7pn>7
1

@ — 9
LSZ'-I—’YJ}
Hn:1(5k_ )
E = diag(ny,...,n,), np= “7 :
( 1 ) Hj;ék;(csk )
)

[Ty — A
Hj;ék(’yk ])

K = diag(&,...,6), & =
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det(A\ — H) = det(A] —T)det(M + A)x(\) =

n n n

[T =TI +2) = x [T = [T+
H(’Yk +9;)
= &L = Dk 3:1 = PkRk-
H(% + A7)
Then

K=K=Ko> K = diag(Kk1,...,Kn).
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®* = diag(p,...
1
° = |5
0; + 7;
E = diag(n,...
K =
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X =d2EOK

diag(Kk1,...,Kn),

, Dn),s

H?ﬂ(ék - >\7_)
Hj;ék((sk _ 5]') |
H?ﬂ(% + 4;)
B H?ﬂ(% T )\J_)
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.| X = EOKd 2

H? = diag(pi,...,Pn),

o = i)
0; + ;

E = diag(e,...,€,), €=

.?:1(57« + )‘}L)j
| [T (e — A)

K = diag(&,..., &), & == J
1 j;ék(%: — %)
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Bounds for least positive solution

[. Entry-wise bounds.

ak<77k<5k
br. < &k < Vi
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II. Norm Bounds

Letﬁ(t):{g _OA}—t{_gb} {er,ogtq.

H(t) X[ nt) - XI nt) Ri(®)
AR = O A0}
) ){;(t) | XI&) |=1- X)X () > 0

for O g_t < 1. Hence
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Because X = &1 Xd !
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Summary

What we have got

» Four formulas for the least positive solutions.

« Entry-wise and norm bounds for the least positive
solutions

What we will try to do

« Formulas for other Riccati equations
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That's all Folks!
Thank you!

Riccati Equation from Transport Theory

24



