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Introduction

Features:

Stiff problem

Excellent stability properties. 1 -

Easy to implement. / AN

Suitable for parallelization. 0s \\
Applicable to Mx = f(x). -/
Rapid change of step size.
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x(t) = —100(x(t) — sin(t)), x(0)=1 t>0.
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Rosenbrock methods

Schemes

Let us consider an autonomous ODE system

x(t) = f(x), x(to) =x0, to <t <ty

s-stage Rosenbrock method

ki

hf(x,,—i—zj Loiki) + b vk, =1,
Xptr1 = x,,—i—zj:lbkj,

where ajj, 7y, b; are the determining coefficients, h is the step size and J
is chosen as f'(x,).

@ For J = f'(x9) W-methods (T. Steihaug and A. Wolfbrand 1979).
@ For J =0 a DIRK method is recovered.
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Rosenbrock schemes

Schemes

Let us consider an non-autonomous ODE system

x(t) = f(x, t), x(t) = x0, to <t <ty

s-stage Rosenbrock method for non-autonomous systems

ki = hf(t +ath+Z’710‘uk)+hJZJ 1 iiKj
'\/Ih2af(t Xn) I = ]‘
Xn+1 S XH+ZJ:1

where avj, 7j, b; are the determining coefficients, J = 2£(x,), and h is
the step size, and

i—1 i
aj = E Qijs Vi = E Vi
j=1 j=1
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Schemes

Autonomous case

Rosenbrock method of second order

Linearly implicit Euler

Xn+1 Xn + hki, Xl = Xt ghkl u %hkz’
(1= bk = f(xm). (= hdk = flxn),
(I —=yhd)ky = f(xn+ hki) — 2kq,
@ Order one.
@ Stability function as for @ -~y appears in the stability function.
implicit Euler. @ v >1/4, A-stable.

o y=1+41//2, L-stable.
[Verwer BT AL, '99] studied the second order method applied to atmospheric
dispersion problems.
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Rosenbrock schemes

Schemes

Non-autonomous case

Rosenbrock method of second order

Linearly implicit Euler

Xnt1 = Xn + hki, G = e ghkl + %hkz’
(I —hD)ky = f(xp)+hfe.} (I —yhNke = f(x,) + vhfy,
(I =yhd)ky = f(xn+ hki) — 2ky — vhfy,
@ Order one.
@ Stability function as for @ -~y appears in the stability function.
implicit Euler. @ v >1/4, A-stable.

o y=1+41//2, L-stable.
J= %(tmxn)v ft - %(tmxn)-
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Application to DREs

Large-scale DRESs arising in optimal control of PDEs

Application to DREs Diﬂ-

Linear implicit Euler

We consider DREs of the form

X(t) = Q(t) + AT(t)X(t) + X(t)A(t) — X(t)R(t)X(t) = F(t, X(t))
X(to) = Xo, to<t<T.

The (Frechét) derivative of F at X is given by the Lyapunov operator
f/(Xk) U — (Ak — Ska)TU + U(Ak — Ska),
where Xy ~ X(tx), Ax = A(tk), Sk = S(tk) and U € R™".

Linear implicit Euler method

X1 = Xk + hKy,
AT Ky + KAk —F(X).

where Ay = h(Ax — SkXi) — 1.
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Linear implicit Euler

We consider DREs of the form

X(t) = Q(t) + AT(t)X(t) + X(t)A(t) — X(t)R(t)X(t) = F(t, X(t))
X(to) = Xo, to<t<T.

The (Frechét) derivative of F at X is given by the Lyapunov operator
f/(Xk) U — (Ak — Ska)TU + U(Ak — Ska),
where Xy ~ X(tx), Ax = A(tk), Sk = S(tk) and U € R™".

Linear implicit Euler method

X1 = Xk + hKy,
AT Ky + KiAx —F(Xi) — hFy,.

where Ay = h(Ax — S Xk) — 21 and Fy, &~ 25 (1, X ().
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Application to DREs
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Application to DREs Diﬂ-

Linear implicit Euler (one step)

If we write F(Xk) as

(Ak — S Xk — %/) TXk + Xk(Ak — S Xk — 2_1h/)
+ Qi 4 XicSiXic + 3 Xk,

and denoting 74;( = A — S5 X — %I, then we can re-write the linear
implicit Euler method as

linear implicit Euler method (one step)

- - 1
A;Z-XkJrl + Xkr1Ak = —Qx — X Sk Xy — EX/(. (1)
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Application to DREs

Linear implicit Euler (one step)

If we write F(Xk) as

(Ak — S Xk — %/) TXk + Xk(Ak — S Xk — 2_1h/)
+ Qi 4 XicSiXic + 3 Xk,

and denoting 74;( = A — S5 X — %I, then we can re-write the linear
implicit Euler method as

linear implicit Euler method (one step)

- . 1
AL X1 + Xicpa A = = Q= XicSiXic = 7 Xk — hFe. (2)
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Application to DREs
Large-scale DRESs arising in optimal control of PDEs

Application to DREs Diﬂ-

Rosenbrock method of second order

Rosenbrock method of second order

3 1
Xer1 = X+ EhKl ¢ Eth,
ATK + KA, = —F(Xy),
AlKy + KoA = —F(Xi + hKy) + 2Ki.
where: 1
A = yh(Ax — SiXi) — 5l tiy1 =t +h

@ Suitable for changing the step size.
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Application to DREs

Large-scale DRESs arising in optimal control of PDEs

Application to DREs Diﬂ-

Rosenbrock method of second order

Ify=1

Rosenbrock method of second order

3 1
Xer1 = X+ EhKl aF Eth,
/,Z\Z—Kl + Klzz\k = —F(Xk),
Al Ky + KAy = —h?KiSKy — Ki.
where:
Ak:h(Ak_Ska)_Elv tkr1 =tk + h

@ A-stability is achieved.
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Application to DREs Diﬂ-

Rosenbrock method of second order

Rosenbrock method of second order

3 1
Xer1 = X+ EhKl ¢ Eth,
ATKi + KiAy = —F(Xi) — vhFy,,
//Z\Z—Kz A Kzzz\k = —F(tt+1,Xk ¢ hKl) + 2K1 + vhFy,.

where:

n 1
A = 'yh(Ak — Ska) — 5/, tkr1 =t + h
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Application to DREs

Large-scale DREs arising in optimal control of PDEs

Consider a semi-discrete LQR problem for a parabolic PDE
Xpn = Apxp+ Bpu,
Yo = Chxp

with cost function
T
J(u) = / < Yn, Quyn > + < u, Ru > dt+ < x1,, Gx1, >,
0

then u is given in feedback form as

u=—R B Xpxy

where X}, is the solution of

Differential Riccati Equation(DRE)

X = —(ChQnCh + Al X + XA, — XByR7IBI X),  X(T¢)=G.
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Large-scale DREs arising in optimal control of PDEs

Consider a semi-discrete LQR problem for a parabolic PDE
Mxp, = Apxn+ Bhu,
Yo = Chxn

with cost function
T
J(u) = / < Yn, Quyn > + < u, Ru > dt+ < x1,, Gx1, >,
0

then u is given in feedback form as

u=—R B X,Mxy,

where X}, is the solution of

Differential Riccati Equation(DRE)

X = —(ChQnCh+Al XM4MXA,—MXB,R™IBTXM),  X(Tf) = G.
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Application to DREs Diﬂ-

Large-scale DREs arising in optimal control of PDEs

General form for AR =R",Q = QT € R"™ " given and X € R"™*"
unknown:

X(t) = —(Q+ATX(t)+ P(t)A— X(t)RX(t)),
X(Tf) = G.

Here, control-theoretic assumptions ensure existence and uniqueness of
the solution.

In large scale applications from semi-discretized control problems for
PDEs,
@ n=10%-10° (= 10° — 10% unknowns!),
@ A has sparse representation (A = —M~1L),
@ R, Q low-rank with
e R=BB", BeR™™ m<n,
e Q=CTC, CeRP*", p<n.
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Large-scale DREs arising in optimal control of PDEs Dil]-

Low-rank approximation

Consider the spectrum of ARE solution

eigenvalues of P | for h=0.01
10

@ Linear 1D heat equation with ol
point control. B
e Q= [O, 1] e %
@ FEM discretization using linear i
B-splines. w ° 1 e
o h=0.01.
10—
0
Index k
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Large-scale DREs arising in optimal control of PDEs D EI]-
Consider the spectrum of ARE solution

@ Linear 1D heat equation with
point control
°

eigenvalues of P | for h=0.01
10°
10° 0‘2
Q=10,1]. el %
@ FEM discretization using linear i
B-splines w ° 1 e
o h=0.01. 3
107 . . . . . .
0 20 40 60 80 100
Index k
n
T T _
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k=1
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Low-rank Rosenbrock methods

ADI Method for Lyapunov equations

Lyapunov equation

FTP+PF=-GG"

ADI iteration for the Lyapunov equation

Py = 0
(FT +pil)P;_y —GGT — Pi1(F — pjl)
(FT+pl)P = —GGT = PT.(F—pil)

[PExzL 1999; LiyWiite 2002] rewrite to iterate on the low rank Cholesky
factors Q; of P; to exploit rank(P;) < n ( G € R"*P, p < n)
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Low-rank Rosenbrock methods
Schemes

Low-rank Rosenbrock methods

Schemes

Let us assume,
Q = C'c, C € RPX",
S = BBT, B e R™™M,
Xe = ZZ[T, Zy € R,

with p, m, zx < n. If we denote Ny = [CT Z(Z] B) Vh=1Z,], then
the linearly implicit Euler method

AT Xy + Xep1Ag = =Nk N

where Ay = A — B(Z(ZTB))T — £ 1.

L
2h
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Schemes

Low-rank Rosenbrock methods

Schemes

Let us assume,

Q = C'c, C € RPX",
S = BBT, B e R™M,
Xk = ZZ[T, Z) € R,

with p, m, zx < n. If we denote Ny = [CT Z(Z] B) Vh=1Z], then
the linearly implicit Euler method

AT Xip1 + Xer1Ag = =Nk N

where Ay = A — B(Z«(Z] B))T — L 1.
@ rank(Ny) < p+ m+ zx < n — LRF-ADI iteration.
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Low-rank Rosenbrock methods
Schemes

Low-rank Rosenbrock methods

Schemes

Rosenbrock method of second order

3 1
Xer1 = Xk+§hK1+§hK2,
AlKi+ KiAw = —F(X),
/IAZ—Kz-f—Kz/’Ak = —F(Xk+hK1)+2K1.

where:
Ak = vh(Ax — SkXk) — =1 tiyr =tk + h
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Low-rank Rosenbrock methods

Schemes

Rosenbrock method of second order

3 1
Xer1 = Xk+§hK1+§hK2,
AlKi+ KiAw = —F(X),
/’AZ—K2+K2/’A/( = —F(Xk+hK1)+2K1.

where:
Ak = vh(Ax — SkXk) — =1 tiyr =tk + h

@ Idea: write right hand side of Lyapunov equations as low rank matrix
product.
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Low-rank Rosenbrock methods

Schemes

For k=0

AT Z0Z0 + 202 A = (AT 2o+ 20) (AT 20+ 20) T —[AT Zy Z5][A7 20 Z0]7.
Let Lo := ATZO + Zo, My = [ATZO Zo], and Wy = Zo(ZOTB), denoting
No:=[CT Lo], Up := [ Mo W], we can split the first Lyapunov

equation into

ALK+ KAy, = —Uply (3)
AlKi+ KAy = —NoNg (4)

where K1 = kl — Rl.
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Low-rank Rosenbrock methods

Schemes

For k=0
AT Z0Z0 + 202 A = (AT 2o+ 20) (AT 20+ 20) T —[AT Zy Z5][A7 20 Z0]7.

Let Lo := ATZO + Zo, My = [ATZO Zo], and Wy = Zo(ZOTB), denoting
No:=[CT Lo], Up := [ Mo W], we can split the first Lyapunov
equation into

ALK+ KAy, = —Uply (3)
AlKi+ KAy = —NoNg (4)
where K1 = kl — Rl.

@ Low-rank factor of K7 becomes complex.

@ Kj is probably no longer positive semidefinite.
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Low-rank Rosenbrock methods

Schemes

@ ldea: work with the low rank factors of Rl and f(l in the iteration.

o Prove Xi ~ Z0Z] + h(?'k 7T - T« 7'[) for each k.
o Rewrite —F(Xx), —F(Xx + hK1) + 2K1 as a matrix product.

@ Each Lyapunov equation is split.

@ The resulting Lyapunov equations can be solved simultaneously.
o Column compression technique maybe needed.

@ The special case v = 1 simplifies the iteration.

@ Our analysis can be extended to s-stage Rosenbrock methods.
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Low-rank Rosenbrock methods

Schemes

@ ldea: work with the low rank factors of Rl and f(l in the iteration.

o Prove Xi ~ Z0Z] + h(?'k 7T - T« 7'[) for each k.
o Rewrite —F(Xx), —F(Xx + hK1) + 2K1 as a matrix product.

@ Each Lyapunov equation is split.

@ The resulting Lyapunov equations can be solved simultaneously.
o Column compression technique maybe needed.

@ The special case v = 1 simplifies the iteration.

@ Our analysis can be extended to s-stage Rosenbrock methods.

Ft, can be represented as a low rank matrix product combination to
non-autonomous case.
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Numerical examples

Small-scale

Example 1. [Cror/Laus 1990]

Let us now consider the following symmetric DRE of size n,

X(t) = =X2(t) + K21,
X(to)=Xo to<t<T

If Xo is diagonalizable, i.e, Xo = SAS™! where A=diag[)\/], then its
analytic solution is:

k sinh kt + \; cosh kt 51
cosh kt + %sinh kt '

X(t) = Sdiag[

Here, we choose
Xo=1,, k=3, n=60.
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Numerical examples

Numerical examples

Small-scale

[0.1] [0,3.5]
3 — 35
E— e A
55
2.8
26 3
2.4
2.2 25
d 2 d
X

18 c/ 2

16f / ——Rosl
14 f o Rosl 15 ——Ros2
12 + Ros2
’ — Solution — Solution
1
0 0.2 0.4 0.6 0.8 1 0 05 1 15 2 25 3 35
time time
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Numerical examples

Numerical examples

Small-scale

Rosl

Ros2

eror
error

0.5 1 25 35

time
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Numerical examples

Numerical examples

Small-scale

x10 1)(10
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7 0.8 *
0.7
6
0.6
85 .
] 5
g 300
2 0.4
3
0.3,
2 02
E 0.1
0 0
0 0.2 0.4 0.6 0.8 1 0 0.002 0.004 0.006 0.008 0.01
time step size
29
26
24
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g 2
18]
16
14
12
0z 08
tme
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Numerical examples

Large-scale
@ Mathematical model: boundary control for h
linearized 2D heat equation. ¥ 0
c- pax = MAx, e |
/\O%X = k(uk—x), €l 1<k<T, :
—_— = 0 7. 5 .
an” ’ tel

@ FEM discretization, different models for
initial mesh (n = 371),
1, 2, 3, 4 steps of mesh refinement =-
n = 1357,5177, 20209, 79841.

Source: Physical model: courtesy of Mannesmann/Demag.
Math. model: TROLTZSCH/UNGER 1999/2001, PENZL 1999, S. 2003.
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Numerical examples

rge-scale

35

Control parameters
INd
N (3]

=
&

0.5

time

30
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Conclusion and Outlook

Conclusion and Outlook

@ Rosenbrock schemes allow an efficient implementation for large-scale
DREs arising in optimal control for PDEs.

@ Computation of the feedback matrices directly.

@ Parallel implementation.

hermann.mena@tu-chemnitz.de Hermann Mena Rosenbrock methods for solving DREs 31



Thank you for your attention!
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