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OUTLINE

1 The discrete problem

(Sylvester) AX − XB + G = 0,

(Riccati) AX + XAT − XFX + G = 0, A, F , G ∈ R
N×N

2 Structure of the solution X
◮ Low rank structure → O(N) data
◮ H-matrix structure → O(N log N) data

3 Multigrid Method
◮ Requires: Grid hierarchy + suitable system
◮ Sylvester: Linear Multigrid
◮ Riccati: Nonlinear Multigrid / Newton

4 Numerical results for systems of size N = 4190209
◮ Lyapunov
◮ Riccati
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MODEL PROBLEM: CONTROL OFHEAT FLOW
Continuous model: minimise J(u) =

∫

∞

0 u(t)2 + y(t)2,

∂

∂t
x(t) = ∆x(t)+Bu(t) y(t) = Cx(t)

x : [0,∞) → H1
0 (Ω), Ω ⊂ R

d

Semidiscrete model (FEM, FD)

ẋ = Ax + Bu, x(t) ∈ Vn, y = Cx

Optimal feedback control is u = −BT Xx , X solves

AX + XAT − XBBT X + CT C = 0 (Riccati)

Linearisation (Newton’s method) yields equations i = 1, . . .

AiX + XAT
i + Gi = 0 (Lyapunov)

In the first step A1 = A, otherwise

Ai = A − Xi−1BBT .
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EXISTENCE OFLOW RANK SOLUTIONS X
Singular values of X
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EXISTENCE OFLOW RANK SOLUTIONS X
Diagonal case: DX + XD ≡ 1, D > 0

Xij = 1/(di + dj)

Taylor expansion in di at d̄ := 1
2(minℓ dℓ + maxℓ dℓ):

1/(di + dj) =

∞
∑

ν=1

(d̄ − di)
ν−1(d̄ + dj)

−ν−2

d̄ + dj ≥ d̄ + dmin, |d̄ − di | ≤ d̄ − dmin
∣

∣

∣

∣

∣

1
di + dj

−
k

∑

ν=1

uiνvjν

∣

∣

∣

∣

∣

≤
∞

∑

ν=k

(

d̄ − dmin

d̄ + dmin

)ν

/(d̄ + dmin) ≤ ηk , η < 1

Xij ≈
k

∑

ν=1

uiνvjν =: X̃ij

|Xij − X̃ij | ≤ ηk
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EXISTENCE OFLOW RANK SOLUTIONS X
Theorem [G. ’01,’02] Low Rank case
Assumptions:

X solves AX − XB + G = 0

conv(σ(A)) ∩ conv(σ(B)) = ∅

Result: for each ε exists X̃ s.t.

‖X − X̃‖ ≤ ε‖X‖

rank(X̃ ) = O(log2(ε)rank(G))

Generalisation

up to O(1) eigenvalues arbitrary

also for Riccati AX − XB − XFX + G = 0

blockwise low rank matrices
(G., Hackbusch,Khoromskij ’03, Computing 70)

A

B

σ(   )

σ(   )

RELATED RESULTS: Symmetric Lyapunov: Penzl ’99
Computable bounds: Antoulas,Sorensen,Zhou ’02
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FIRST SUMMARY

THEORY: We want to solve Riccati/Sylvester equations

AX + XAT − XFX + G = 0

AX − XB + G = 0

Solution matrix
X ∈ R

N×N

We can represent an approximate solution

X̃ ∈ R
N×N with O(N logc ε) data

‖X − X̃‖ ≤ ε‖X‖

PRACTICE: How do we compute X ?
How do we compute X̃ without forming X ?
Recall: Can easily solve diagonal Sylvester equations
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INTRODUCTION: MULTIGRID
Sylvester eq. AX − XB + G = 0 is N2 × N2 linear system Mx + g = 0

M := (I ⊗ A − B ⊗ I), x := vec(X ), g := vec(G)

Multilevel discretisation (Mℓxℓ + gℓ = 0)L
ℓ=1

Want to solve MLxL + gL = 0
Approximate solution x̃ℓ, error eℓ := xℓ − x̃ℓ, defect dℓ := Mℓx̃ℓ + gℓ

Mℓeℓ + dℓ = 0 (defect equation)

If eℓ, dℓ smooth: → coarse grid approx.

Mℓ−1eℓ−1 + dℓ−1 = 0
Need transfer operators

Rℓ−1←ℓ : level ℓ to level ℓ − 1 , Pℓ←ℓ−1 : level ℓ − 1 to level ℓ

Need solver (“smoother”) on level ℓ so that eℓ, dℓ smooth (not
small!)
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MULTIGRID SMOOTHER FORMx + g = 0

Approximation x̃ ,
error e := x − x̃ ,
defect d := Mx̃ + g

Me + d = 0 (defect equation)
Goal: e, d smooth

The two simplest smoothers:

JACOBI:
x i+1 := x i − diag(M)−1(Mx i + g)

RICHARDSON:
x i+1 := x i − θ(Mx i + g)

Convergence: very slow
Smoothing: very good

LARS GRASEDYCK (MPI LEIPZIG) MULTIGRID FOR RICCATI JUNE 15, 2007 9 / 20



MULTIGRID FOR Mx + g = 0

Procedure multigrid step(Mℓ, gℓ, var xℓ)
if ℓ = 1 then

Solve Mℓxℓ + gℓ = 0 {solve coarse grid}
else

xℓ := Sℓ(xℓ, gℓ) {presmooth}
gℓ−1 := Rℓ−1←ℓ(Mℓxℓ + gℓ) {restrict defect to coarse grid}
xℓ−1 := 0
Call multigrid step(Mℓ−1, gℓ−1, xℓ−1) {recursive call}
xℓ := xℓ + Pℓ←ℓ−1(xℓ−1) {coarse grid correction}
xℓ := Sℓ(xℓ, gℓ) {postsmooth}

end if
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MULTIGRID CONVERGENCE
System to solve:

Mℓxℓ + gℓ = 0

Linear iteration
xℓ

i+1 = xℓ
i − Wℓ(Mℓxℓ

i + gℓ)

has iteration matrix I − WℓMℓ, convergence rate ρ(I − WℓMℓ)
!

< 1.
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System to solve:

Mℓxℓ + gℓ = 0

Linear iteration
xℓ

i+1 = xℓ
i − Wℓ(Mℓxℓ

i + gℓ)

has iteration matrix I − WℓMℓ, convergence rate ρ(I − WℓMℓ)
!

< 1.

Smoothing iteration:

(Richardson) xℓ
i+1 = xℓ

i − θ(Mℓxℓ
i + gℓ)

(Jacobi) xℓ
i+1 = xℓ

i − diag(Mℓ)
−1(Mℓxℓ

i + gℓ)

Iteration matrix of smoothers:

Richardson: Sℓ := I − θMℓ, Jacobi: Sℓ := I − diag(Mℓ)
−1Mℓ.
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System to solve:
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Linear iteration
xℓ

i+1 = xℓ
i − Wℓ(Mℓxℓ

i + gℓ)

has iteration matrix I − WℓMℓ, convergence rate ρ(I − WℓMℓ)
!
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Richardson: Sℓ := I − θMℓ, Jacobi: Sℓ := I − diag(Mℓ)
−1Mℓ.

Coarse grid correction:

xℓ
i+1 = xℓ

i − Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓ(Mℓxℓ

i + gℓ)

Iteration matrix of coarse grid correction:

Mcg := I − Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓMℓ
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Mℓxℓ + gℓ = 0

Linear iteration
xℓ

i+1 = xℓ
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has iteration matrix I − WℓMℓ, convergence rate ρ(I − WℓMℓ)
!
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Richardson: Sℓ := I − θMℓ, Jacobi: Sℓ := I − diag(Mℓ)
−1Mℓ.

Mcg := I − Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓMℓ

Iteration matrix of twogrid method with ν smoothing steps:

McgSν

ℓ = (I − Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓMℓ)Sν

ℓ

=
(

M−1
ℓ

− Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓMℓ

)

(MℓSν

ℓ )
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Mcg := I − Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓMℓ

Iteration matrix of twogrid method with ν smoothing steps:

McgSν

ℓ =
(

M−1
ℓ

− Pℓ←ℓ−1M−1
ℓ−1Rℓ−1←ℓMℓ

)

(MℓSν

ℓ )

Approx. property:
∣

∣

∣

∣

∣

∣
M−1

ℓ
− Pℓ←ℓ−1M−1

ℓ−1Rℓ−1←ℓMℓ

∣

∣

∣

∣

∣

∣

2
< CA/‖Mℓ‖2

Smoothing property: ‖MℓSν

ℓ
‖2 < η(ν)‖Mℓ‖2

Together: ‖McgSν

ℓ
‖2 ≤ CAη(ν), limν→∞ η(ν) = 0
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MULTIGRID AND NESTED ITERATION

solve
prolong

S

restrict
S

restrict
S

restrict

S
prolong

S
prolong

S
level 4

solve

solve

solve

solve
prolong

prolong

prolong

level 1

level 2

level 3

LEFT: One multigrid cycle with smoother S

RIGHT: Nested iteration provides good starting values
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LOW RANK MULTIGRID

Each iterate Xℓ
i of low rank

Have to compute

Mℓxℓ
i = AℓXℓ

i + Xℓ
iAT

ℓ − Xℓ
iFℓXℓ

i + Gℓ

Prolongation/Restriction

Pℓ←ℓ−1xℓ
i = pℓ←ℓ−1Xℓ

ip∗ℓ←ℓ−1

Truncation for rank reduction:

X = UV T

1. U = QURU , V = QV RV

2. RURT
V = URΣVR

T

3. X = (QUUR)Σ(QV VR)T
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MULTIGRID CONVERGENCE

What can we prove ?
1 One step of multigrid costs O(Nk2), where Xℓ of rank k
2 If A is the FEM discretisation of a d-dimensional elliptic PDE then

M = A ⊗ E + E ⊗ A is the FEM discretisation of a 2d-dimensional
elliptic PDE

3 Without truncation the convergence rate is
◮ level-independent and
◮ bounded from 1

4 We need O(1) multigrid steps on the fine level
5 We observe: Truncation does not influence the convergence,

unless we are very close to the best approximation
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NUMERICAL EXAMPLE (ONE PROCESSOR, 900 MHZ)
We solve

AX + XA + G = 0

where

A: 2d-Laplacian on unit square with N = 1272, 2552, 5112 dof

G: rank 6

Target accuracy: ε = 3 × 10−3, 1 × 10−3, 3 × 10−4

Algorithm: Low Rank Multigrid

Complexity: ∼ O(N log2 N) (truncation)

Time in seconds for solve:

N = 1272 N = 2552 N = 5112

ε = 0.003 ε = 0.001 ε = 0.0003

Sec. 2.7 12.3 74.3

REMARK Complexity is not optimal: O(Nk) data ↔ O(Nk2) time
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NONLINEAR MULTIGRID

QUESTION What do we have to do for Riccati?

R(X ) := AX + XAT − XFX + G, R(X )
!
= 0

ANSWERA Newton-Kleinman iteration + linear solves

X i+1 := L−1
X i (−G − X iFX i),

LX i (Y ) := (A − X iF )Y + Y (A − X iF )T

ANSWERB Replace Jacobi iteration by

X i+1 := X i+1 − θR(X i)

→ nonlinear Richardson iteration
Modify coarse grid correction (operator nonlinear)

Total Complexity O(Nk2) as for Sylvester/Lyapunov
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NONLINEAR MULTIGRID

THEOREM [G., ’06]:
‖X − X̃‖ ≤ ε,
Y i , i = 1, . . . , iterates of linear Richardson for
linearised Riccati at X̃
‖Y i − X̃‖ ≤ ε
X i , i = 1, . . . , iterates of nonlinear Richardson for
Riccati (start X̃ )

Then
‖Y i − X i‖ ≤ ε2

CONCLUSION :
Nonlinear Richardson for Riccati behaves like
linear Richardson for the linearisation
Positivity is not preserved → projection
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NUMERICAL EXAMPLE (ONE PROCESSOR, 900 MHZ)

We solve
AX + XA − XFX + G = 0

where

A: 2d-Laplacian on unit square with N = 5112, 10232, 20472 dof

G, F : rank 1

Target accuracy: discretisation error

Algorithm: Low Rank Multigrid

Complexity: ∼ O(N log2 N) (truncation)

N = 5112 N = 10232 N = 20472

k = 5 k = 6 k = 7

Seconds 90 956 6376

REMARK Complexity is not optimal: O(Nk) data ↔ O(Nk2) time
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OUTLOOK

AX + XAT − XFX + G = 0

SPEED Optimal complexity solver O(N)
→ Not possible in low rank format!

GENERALITY Algebraic multigrid/ robust smoothers
→ Bart Vandereycken, KU Leuven

H Non Low Rank solvers for general G

AX − XB + G = 0

ROBUSTNESS ADI as smoother

SPEED Acceleration by GMRES/cg
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THANK YOU FORYOUR ATTENTION!

L. Grasedyck:
Existence of a low rank or H-matrix approximant to the
solution of a Sylvester equation,
Num.Lin.Alg.Appl. 11

L. Grasedyck, W. Hackbusch:
A multigrid method to solve large scale Sylvester
equations,
accepted for SIMAX

L. Grasedyck:
Nonlinear multigrid for the solution of large scale Riccati
equations,
accepted for Num.Lin.Alg.Appl.

Please visit http://www.hmatrix.org
http://www.mis.mpg.de
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