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OUTLINE

© The discrete problem

(Sylvester) AX —XB+G =0,
(Riccati) AX +XAT —XFX +G =0, A F,GeRVN

@ Structure of the solution X

» Low rank structure — O(N) data
» H-matrix structure — O(N log N) data

© Multigrid Method
» Requires: Grid hierarchy + suitable system
» Sylvester: Linear Multigrid
» Riccati: Nonlinear Multigrid / Newton
© Numerical results for systems of size N = 4190209
» Lyapunov
» Riccati
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MODEL PROBLEM: CONTROL OFHEAT FLOW

Continuous model: minimise J(u) = [;°u(t)? +y(t)?,
gtx(t) = AX(t)+Bu(t) y(t) = Cx(t)

X :[0,00) — H}(Q), QcRY

Semidiscrete model (FEM, FD)

X =AX +Bu, Xx(t) € Vp, y = Cx
Optimal feedback control is u = —BTXx, X solves

AX +XAT —XBBTX +CTC =0 (Riccati)

Linearisation (Newton’s method) yields equationsi =1, ...

AX +XAT +G; =0  (Lyapunov)
In the first step A; = A, otherwise

A =A—X;_1BBT.

LARS GRASEDYCK (MPI LEIPZIG) MULTIGRID FOR RICCATI JUNE 15, 2007 3/20



EXISTENCE OFLOW RANK SOLUTIONS X

Singular values of X
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EXISTENCE OFLOW RANK SOLUTIONS X
Diagonal case: DX + XD =1,D >0

Xij=1/(di +d))

@ Taylor expansionin d; atd := %(ming d; + max, dy):

1/(di +dj) = i (d —di)*~2(d +dj) 2
v=1

k 0o v
d _dmin) 3 k
— Ui, Vi, | < — d+dmn) <%, n<1
di+dj ,;1 ivVj gk(d‘f’dmin /( mln) n, n
k
~ I
Xi~ > UV, = X I
v=1
X =Xl < o
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EXISTENCE OFLOW RANK SOLUTIONS X
Theorem [G. '01,02] Low Rank case
Assumptions:

o]
o X solves AX —XB +G =0 Q(B !
e cona(A)) N conyc(B)) = 0 J
Result: for each ¢ exists X s.t. ) —
o X —X|| < <X
o rankX) = O(log?(¢)rank G))
Generalisation

. . NMMH» EQH
@ up to O(1) eigenvalues arbitrary ii i wﬁ
e also for Riccati AX — XB — XFX + G =0 P F
]
@ blockwise low rank matrices :ﬁﬁijmﬂ 5 i

(G., Hackbusch,Khoromskij '03, Computing 70)

RELATED RESULTS. Symmetric Lyapunov: Penzl 99
Computable bounds: Antoulas,Sorensen,Zhou '02
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FIRST SUMMARY
THEORY. e We want to solve Riccati/Sylvester equations
AX +XAT —XFX +G =0

AX -XB+G =0

Solution matrix

X e RV

We can represent an approximate solution
X e RN*N with O(N log® ¢) data

IX =X < ellX]]

PRACTICE: @ How do we compute X ?
@ How do we compute X without forming X ?
o Recall: Can easily solve diagonal Sylvester equations
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INTRODUCTION: MULTIGRID
Sylvester eq. AX — XB + G = 0is N? x N2 linear system Mx +g =0

M=(I®A-B®l), x:=vedX), g:=vedG)

o Multilevel discretisation (Mgx, + g, = 0)}_;
@ Want to solve M x, +g. =0
@ Approximate solution X, error e, := x, — X;, defect d, := MyX, + gy

Me,+d;, =0 (defect equation)

If e¢,d, smooth: — coarse grid approx. P

M;_1€0-1+dp_1 =0
o Need transfer operators

Ry_1¢: levelftolevel ¢ —1, Py_,_q1: level{—1tolevel ¢

@ Need solver (“smoother”) on level ¢ so that e,, d, smooth (not
small!)
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MULTIGRID SMOOTHER FORMX +g =0

Approximation X,

errore :=x — X, M
defectd := MX +g e
Me+d =0  (defect equation) o

Goal: e,d smooth
The two simplest smoothers:

JacoBlI: _ _ ‘
x'*1.=x' —diagM)~*(Mx' + g)
RICHARDSON: _ _ _
xHi=x' —g(Mx' +g)
Convergence: very slow
Smoothing: very good
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MULTIGRID FORMx +g =0

Procedure multigrid_step(Mg, gy, var x;)

if =1then
Solve Myx; +g, =0 {solve coarse grid}
else
Xp := Sp(Xs, 9e) {presmooth}
9r-1:=Ry_1.¢(Mpx; + Q¢) {restrict defect to coarse grid}

Xp—1:=0
Call multigrid_step(My_1, gs—1, Xy—1)
Xp = Xg + Ppg_1(Xe—1)
X = Sg(Xr, 9r)
end if
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MULTIGRID CONVERGENCE
System to solve:

Myx; +9¢=0
Linear iteration

X =" — W(Mex/' + gp)

|
has iteration matrix | — W,M,, convergence rate p(I — W,M;) < 1.
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MULTIGRID CONVERGENCE
System to solve:
M¢X; +9¢ =0
Linear iteration
X =500 — We(Mex' + ge)

|
has iteration matrix | — W,M,, convergence rate p(I — W,M;) < 1.

Smoothing iteration:
(Richardson)  x,/*1 =, — 0(Myx/' + g/)
(Jacobi)  x/*t=x' — diagM.) " (Mx/' + g¢)
Iteration matrix of smoothers:

Richardson: S;:=1— 6M,, Jacobi: S, := | — diag(M,)~M,.
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MULTIGRID CONVERGENCE
System to solve:

Myx; +9¢=0
Linear iteration

X/ =% = We(Mex' + gp)
[
has iteration matrix | — W,M,, convergence rate p(I — W,M;) < 1.

Richardson: S, :=1—6M,, Jacobi: S, := | — diag M) "1M,.
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MULTIGRID CONVERGENCE
System to solve:

Myx; +9¢=0
Linear iteration

X/ =% = We(Mex' + gp)
[
has iteration matrix | — W,M,, convergence rate p(I — W,M;) < 1.

Richardson: S, :=1—6M,, Jacobi: S, := | — diag M) "1M,.
Coarse grid correction:

1 : 1 .
X/ =% = P s aMT Re_ 1 o(Mexd' + go)
Iteration matrix of coarse grid correction:

Mcg := | — Ppg 1M, Re_1¢My
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MULTIGRID CONVERGENCE
System to solve:

Myx; +9¢=0
Linear iteration

X =" — W(Mex/' + gp)

|
has iteration matrix | — W,M,, convergence rate p(I — W,M;) < 1.

Richardson: S;:=1—6M,, Jacobi: S, := | — diag M) "1M,.
. -1
Mceg =1 —Ppp 1M, 3Ry 1. My
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MULTIGRID CONVERGENCE
System to solve:

Mx, + 9, =0
Linear iteration

X/ =% = We(Mex' + gp)
|
has iteration matrix | — W,M,, convergence rate p(I — W,M,) < 1.
Richardson: S;:=1—6M,, Jacobi: S, := | — diag M) "1M,.

Meg := | — Pyp— 1M, S Ri_1¢My
Iteration matrix of twogrid method with » smoothing steps:
MegS; = (I —Prr 1M 4Rr 10 Mp)S]

B (Mf_ - Pﬁ*f—lMe_—lle—lheMO (M,SY)

LARS GRASEDYCK (MPI LEIPZIG) MULTIGRID FOR RICCATI

JUNE 15, 2007 11/20



MULTIGRID CONVERGENCE
System to solve:

Mx, + 9, =0
Linear iteration

X/ =% = We(Mex' + gp)
|
has iteration matrix | — W,M,, convergence rate p(I — W,M,) < 1.

Richardson: S;:=1—6M,, Jacobi: S, := | — diag M) "1M,.

Meg := | — Pyp— 1M, S Ri_1¢My
Iteration matrix of twogrid method with » smoothing steps:

MS; = (M[l — PeeeflM[_llReleeMe) (MSY)

o Approx. property: HM[l - PE«—E—lMg_,llRZ—thMZ‘ ‘2 < Ca/[[Mell2
@ Smoothing property: [|M;S¥|2 < n(v)||M¢|2

o Together: [IMcgS/ |2 < Can(v), lim, o n(r)=0
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MULTIGRID AND NESTEDITERATION

S S solve
o fo evel 4 @ 5 @
restric %

prolong \/79
S S solve
o— level3 @ — = o, o

restric S prolong

S
o— —Q level 2 .

. ~Lry,
restric prolong w)g
solve

level 1 @

LEFT: One multigrid cycle with smoother S
RIGHT: Nested iteration provides good starting values
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Low RANK MULTIGRID

@ Each iterate X, of low rank
@ Have to compute

Mox/ = AX + XUAT = XJFX + Gy
@ Prolongation/Restriction
Preo—1X' = Pres1 X' Pic g
@ Truncation for rank reduction:

X =UuvT
1. U=0QuRy, V =0QvRy
2. RyR} =UgrZVRT

3. X =(QuUr)Z(QvVR)"
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MULTIGRID CONVERGENCE

What can we prove ?
© One step of multigrid costs O(Nkz), where X, of rank k

Q If Ais the FEM discretisation of a d-dimensional elliptic PDE then
M =A®E + E ® Ais the FEM discretisation of a 2d-dimensional
elliptic PDE

© Without truncation the convergence rate is

» level-independent and
» bounded from 1
© We need O(1) multigrid steps on the fine level

© We observe: Truncation does not influence the convergence,
unless we are very close to the best approximation
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NUMERICAL EXAMPLE (ONE PROCESSOR900 MHZz)
We solve
AX +XA+G=0
where
@ A: 2d-Laplacian on unit square with N = 1272, 2552, 5112 dof
o G:rank 6
e Target accuracy: e =3 x 10723,1 x 1073,3 x 10~*
@ Algorithm: Low Rank Multigrid
o Complexity: ~ O(N log? N) (truncation)
Time in seconds for solve:
N =1272 N =2552 N =511?
e =0.003 £=0.001 ¢=0.0003

Sec. . 2.7 12.3 74.3

REMARK Complexity is not optimal: O(Nk) data < O(Nk?) time
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NONLINEAR MULTIGRID

QUESTION What do we have to do for Riccati?

R(X):=AX + XAT = XFX +G, R(X)=0
ANSWERA Newton-Kleinman iteration + linear solves

i+1 . -1 iEyi

X = L (=G —X'FX ), |
Lai(Y) = (A=XF)Y +Y(A-X'F)T
ANSWERB e Replace Jacobi iteration by
Xi+1 — XH—l o QR(XI)

— nonlinear Richardson iteration
o Modify coarse grid correction (operator nonlinear)
Total Complexity O(Nk?) as for Sylvester/Lyapunov
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NONLINEAR MULTIGRID

THEOREM [G., '06]:
° |X - X <e,
e Y',i=1,..., iterates of linear Richardson for
linearised Riccati at X
o [YI—X|<e

e X', i=1,...,iterates of nonlinear Richardson for
Riccati (start X)
Then
IY' =X <&

CONCLUSION :

o Nonlinear Richardson for Riccati behaves like
linear Richardson for the linearisation
o Positivity is not preserved — projection
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NUMERICAL EXAMPLE (ONE PROCESSOR900 MHZz)

We solve
AX +XA-—XFX+G=0
where
@ A: 2d-Laplacian on unit square with N = 5112, 10232, 20472 dof
o G,F:rank 1

o Target accuracy: discretisation error
@ Algorithm: Low Rank Multigrid
o Complexity: ~ O(N log? N) (truncation)

N =511> N =1023% N = 20477
k=5 k=6 k=7

Seconds . a0 956 6376

REMARK Complexity is not optimal: O(Nk) data < O(Nk?) time
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OUTLOOK

AX + XAT - XFX +G =0

SPEED Optimal complexity solver O(N)
— Not possible in low rank format!

GENERALITY Algebraic multigrid/ robust smoothers
— Bart Vandereycken, KU Leuven

H Non Low Rank solvers for general G

AX - XB+G =0

ROBUSTNESS ADI as smoother
SPEED Acceleration by GMRES/cg
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THANK YOU FORYOURATTENTION!

L. Grasedyck:

Existence of a low rank or H-matrix approximant to the
solution of a Sylvester equation,

Num.Lin.Alg.Appl. 11

L. Grasedyck, W. Hackbusch:

A multigrid method to solve large scale Sylvester
equations,

accepted for SIMAX

L. Grasedyck:

Nonlinear multigrid for the solution of large scale Riccati
equations,

accepted for Num.Lin.Alg.Appl.
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