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An Ellipti
 Boundary Control ProblemObje
tive min J(y ; u) = 12ky � ydk2L2(
) + �2kuk2L2(� )State equation ��y + y = 0 in 
��y = u on � = �
Control 
onstraintsa � u(x) � b for a.a. x 2 �M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 4



Pra
ti
al aspe
ts
distributed 
ontrol is only available via �elds (magneti
 �elds,ele
tri
 �elds)usually one 
an 
ontrol a pro
ess only by a
ting at the boundary(
ooling, heating, 
ontrol of �uids, ...)hen
e, boundary 
ontrol is important for pra
ti
al appli
ationhowever, boundary 
ontrol is more di�
ult in theory and numeri
sHowever, the situation di�ers essentially for1 Diri
hlet 
ontrol2 Neumann or Robin 
ontrolM. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 5



Diri
hlet 
ontrolThe theory is worked out in a re
ent paper of Casas and Raymond(SICON, 2006).They investigate pie
ewise linear 
ontrol fun
tions and linear �niteelements and 
onvex polygonal domains.The �nal result has the form:Error estimate k�u � �uhkL2(� ) � 
h1�1=pThe authors dis
uss the value of p only depending of the regularity ofsolutions. However, one 
an �ndFormula for p p < 22� �=!where ! denotes the largest angle of the 
onvex polygon.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 6



Outline
1 Introdu
tion and Motivation2 Neumann 
ontrolRegularityDis
retizationError estimates3 Numeri
al results and open questions
M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 7



A Neumann Boundary Control ProblemObje
tive min J(y ; u) = 12ky � ydk2L2(
) + �2kuk2L2(� )State equation ��y + y = 0 in 
��y = u on � = �
Control 
onstraintsa � u(x) � b for a.a. x 2 �M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 8



Regularity of the state
Theorem:For every u 2 Hr (� ), the solution y of the state equation belongs toHq(
) with q < min(r + 3=2; 1+ �=!)We assumed for the 
ontrol u only u 2 L2(
). However, we will applythis theorem for the optimal 
ontrol. Later, we will see that the optimal
ontrol is more regular than L2(
).That means that the regularity of the optimal state is limited by theregularity of the 
ontrol and the geometry.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 9



Regularity of the adjoint stateAdjoint equation ��p + p = y � yd in 
��p = 0 on � = �
Theorem:Assume y � yd 2 Hr (
) with r � 0. Then, the solution p of the adjointequation belongs to H�max (
) for�max < min(1+ �=!; 2+ r):Again, the regularity is limited by the regularity of the sour
e term andthe geometry.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 10



Regularity of the optimal 
ontrolOptimality 
ondition �u = �[a;b℄ (�1� �pj�)Here, the operator � is de�ned as pointwise proje
tion:�[a;b℄f (x) := max(a;min(b; f (x)));Theorem:(i) The optimal 
ontrol �u belongs to the spa
e W 1;1(� ) if ! < � andyd 2 Hr (
) for some r > 0.(ii) If the domain has at least one reentrant 
orner, i.e. ! > �, then theoptimal 
ontrol �u belongs to every Hölder spa
e C0;�(� ) with � < �=!.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 11



Dis
retization
We use for our numeri
al studies:pie
ewise 
onstant fun
tions for the 
ontrol
onform �nite elements for state and adjoint stateRemarkIn the 
ase of higher order FE we observe results expe
ted by the theory.However, for linear FE we see better numeri
al results than we 
an prove! Open Question
M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 12



ChallengesWhy is the dis
ussion of the approximation error mu
h more di�
ult thanfor distributed 
ontrol ?We observe numeri
ally an interesting behavior:k�u � ~uhk2 � 
h�1 For the largest angle ! < 2=3� we observe approximation order� = 2.2 For ! 
lose to � the rate is only � = 3=2.3 For ! 
lose to � = 2� the rate is nearly 1.4 Former theoreti
al result: 
onvergen
e order h (Casas, Mateos, andTröltzs
h)M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 13
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Dire
t extension IA dire
t extension of the approa
h for distributed 
ontrol does no work.In the distributed 
ase the following property is used:kpkH2(
) � 
ky � ydkL2(
):For boundary 
ontrol we would needkpkH2(� ) � 
ky � ydkL2(
)Of 
ourse one 
an only obtainkpkH3=2(� ) � 
ky � ydkL2(
)Moreover, a duality tri
k delivers onlykp � phkL2(� ) � 
h3=2ky � ydkL2(
)M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 14



Dire
t extension IIConsequen
e IA dire
t extension of the known results 
an only guarantee approximationresults up to order � = 3=2. That means we 
an prove the observedapproximation order for ! > � for uniform meshes.Consequen
e IIA 
ompletely new theory is needed in the 
ase of 
onvex polygonals.Next, we will sket
h some of the new results. We di�er between two sets:K1 := fIntervals, where the optimal 
ontrol has a kinkgK2 := fIntervals, where the optimal 
ontrol is smoothgAssumption jK1j � 
hM. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 15



K1-estimateRh - operator generates a pie
ewise 
onstant fun
tion taking the value inthe midpointPh - L2-proje
tion on the pie
ewise 
onstant fun
tions.LemmaThe inequality
∫K1 vh � (Ph�u � Rh�u) dx � 
h2kvhkL1(� )k�ukW 1;1(� )is satis�ed for 
onvex domains for all vh 2 Vh provided that theassumption is ful�lled. In the 
ase of at least one reentrant 
orner

∫K1 vh � (Ph�u � Rh�u) dx � 
h1+�kvhkL1(� )k�ukC0;�(� )is satis�ed.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 16



K2-estimate (smooth part)LemmaThe error estimate kRhf � Phf kL2(K2) � 
hskf kHs(K2)is valid for arbitrary f 2 Hs(K2) and s 2 [1; 2℄.Note, that we have the H2-regularity on � only for ! < 2�=3.LemmaThe estimate kf � Phf kH�1(� ) � 
h2kf kH1(� )is valid for every f 2 H1(� )M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 17



Consequen
es ITheoremThe inequality(vh; �u � Rh�u)L2(� ) � 
h�(kvhkL1(� ) + kvhkH1(� ))(k�ukL1(� ) + kydkHr (
))is satis�ed for � spe
i�ed below.Note that in former estimates we had kvhk0H2 instead of kvhkH1.Spe
i�
ation of �� = 2 if min(�=! + 1; r + 2) > 5=2and1 < � < min(�=! + 1=2; r + 3=2) if min(�=! + 1; r + 2) � 5=2:M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 18



Consequen
es IIError estimate for state and adjoint stateThe estimatesk�y � �yhkL2(
) � 
h�(k�ukL1(� ) + kydkHr (
))k�p � �phkL2(
) � 
h�(k�ukL1(� ) + kydkHr (
))are valid. ~uh = �[a;b℄(� 1� �ph)Postpro
essingk~uh � �ukL2(� ) � 
h�(k�ukL1(� ) + kydkHr (
))M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 19
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Numeri
al Resultso(!) - expe
ted approximation rater(!) - observed approximation rateConvex 
ase:!=� 1=2 0:6 2=3 3=4 0:9o(!) 2 2 2 1.83 1.61r(!) 2 1.95 1.97 1.83 1.57Con
ave 
ase:!=� 9=8 5=4 3=2 5=3 7=4o(!) 1.39 1.3 1.16 1.1 1.07r(!) 1.38 1.3 1.15 1.07 1.03M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 21



An open questionAn essential estimate is the approximation of the boundary values by theFE-solution: ��p + p = f in 
��p = 0 on � = �
kp � phkL2(� ) � 
h2kf kXFor higher order elements we approximate the values in the domain witha

ura
y hs , s > 5=2. The tra
e theorem delivers the desired estimate.But this argumentation is impossible for pie
ewise linear FEs. Is itpossible to show that the FE-approximation of the boundary data has thea

ura
y of the interpolation or of the best approximation ?kp � phkL2(� ) � 
 infvh2Vh kp � vhkL2(� )The obtained numeri
al results show this behavior.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 22



SummaryBoundary 
ontrol is important for pra
ti
al appli
ations.The numeri
al analysis is mu
h more di�
ult be
ause of theregularity of solutions.Approximation rate h2 is obtained only in the 
ase ! < 2�=3.Hen
e, even in the 
onvex 
ase we see a dependen
e of theapproximation rate on the geometry.In the 
on
ave 
ase we have approximation rates between h andh3=2.There is an open question for linear �nite elements in 
onvexdomains.M. Mateos, A. Rös
h FE approximation of boundary 
ontrol problems Chemnitz, September 2006 23
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