Finite Elements for Magnetohydrodynamics
and its Optimal Control

Roland Griesse
Karl Kunisch Marco Discacciati (RICAM)

RICAM

FEM Symposium Chemnitz
September 25-27, 2006

Roland Griesse FEM for Magnetohydrodynamics



Overview
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Introduction and Problem Description

What is Magnetohydrodynamics?

Magnetohydrodynamics (MHD)

concerns the mutual interaction of

@ electrically conducting fluids

@ and magnetic fields
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Introduction and Problem Description

What is Magnetohydrodynamics?

Magnetohydrodynamics (MHD)

concerns the mutual interaction of

@ electrically conducting fluids

@ and magnetic fields

Use taylored magnetic fields for . ..

@ stirring of conducting fluids

e flow damping (during casting or solidification)

@ electromagnetic filtration, melting, levitation
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Introduction and Problem Description

Application: Casting of Aluminum

Induztar \Water Jat

- Liquid hetal

Illustration: B.Q. Li
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Introduction and Problem Description

Application: Casting of Aluminum

Induztar

- Liquid hetal

@ convection flow due to temperature gradients

@ undesired inflow of impurities

@ idea: damping by magnetic fields

Illustration: B.Q. Li
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Introduction and Problem Description

Application: Production of Aluminum

Anods
Electrolytic
bath
‘Interface

Liquid
auminum

lllustration: J.-F. Gerbeau
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Introduction and Problem Description

Application: Production of Aluminum

~ Anods
Solidified
bath

o

Electrolytic
bath

‘Interface

Liquid
auminum

@ two fluids, free surface, free interface

@ electrolytic bath shallow: huge energy savings

@ electrolytic bath deep: damping of instabilities
(stray magnetic fields)

lllustration: J.-F. Gerbeau
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Introduction and Problem Description

Application: CZ Crystal Growth

Seed Pull rod
e

Single iicen Crystal
Quartz Crucible ‘ U

Wiater Cooled Chamber Seed . Crystal
Heat Shield 4

Carbon Heater

Crucible ||

Graphite Crucible

Grucible Support

Melt

™~ Inductor

Pedestal

Spill Tray

Electrode

Illustration: B.Q. Li

Roland Griesse FEM for Magnetohydrodynamics



Introduction and Problem Description

Application: CZ Crystal Growth

Seed Pull rod
e

Single Silicon Crystal

Seed _—— Crystal

Water Cooled Chamber ?
T

Heat Shigld

Carbon Heater

) Crucible ||
Graphite Crucible

Grucible Support

Melt

™~ Inductor

Pedestal

Spill Tray

Electrode

@ convection-driven flow

o free surface, Marangoni effect, non-local radiation

@ idea: damping or stirring by magnetic fields

Illustration: B.Q. Li
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Introduction and Problem Description

Application: FZ Crystal Growth

> Inert gas or vacuum
| — Polyfeedrod

Watercooled . f.col

[~ Mohen zone

[ Single crystal with growth ines

Illustration: B.Q. Li
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Introduction and Problem Description

Application: FZ Crystal Growth

Y2
Wy
I Features

> Inert gas or vacuum )
@ two free interfaces

| ——— Polyfeedred

o free surface

Watercookedr. col @ no mechanical support for
melt phase

[T Motten zone
@ idea: heat, confine and
| Singleciystalwith growthfnes shape the melt phase by
magnetic fields

Illustration: B.Q. Li
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Introduction and Problem Description

Summary: Applications of MHD

Numerous applications in . ..
@ metallurgy

@ crystal growth
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Introduction and Problem Description

Summary: Applications of MHD

Numerous applications in . ..

@ metallurgy

@ crystal growth

Most attractive features

@ contactless application of a volume force (Lorentz force)

@ induction heating
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Introduction and Problem Description

Interaction in MHD

Interaction principles

@ charge carries moving in magnetic field induce currents
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Introduction and Problem Description

Interaction in MHD

Interaction principles

@ charge carries moving in magnetic field induce currents

+

@ currents induce magnetic fields
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Introduction and Problem Description

Interaction in MHD

Interaction principles

@ charge carries moving in magnetic field induce currents

+

@ currents induce magnetic fields

@ magnetic fields exert a Lorentz force on moving charge carries
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Introduction and Problem Description

MHD Equations: The Stationary Case

Navier-Stokes system with Lorentz force

o(u-Viu—nAu+Vp=JxB fluid velocity u on Q
V.-u=0 pressure p on

v

current density J on Q

V.

magnetic field B on R3
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Introduction and Problem Description

MHD Equations: The Stationary Case

Navier-Stokes system with Lorentz force

o(u-Viu—nAu+Vp=JxB fluid velocity u on Q

V-u=0 pressure p on

Charge conservation and Ohm's law
ol +Vo=uxB current density J on Q
V-J=0 electric potential ¢ on 2

V.

magnetic field B on R3
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Introduction and Problem Description

MHD Equations: The Stationary Case

Navier-Stokes system with Lorentz force

o(u-Viu—nAu+Vp=JxB fluid velocity u on Q
V.-u=0 pressure p on

v
E 1

Charge conservation and Ohm's law

ol +Vo=uxB current density J on Q
V-J=0 electric potential ¢ on 2

V.
\ 1

No monopoles and Ampere's law

V-B=0and V x (p'B) = magnetic field B on R3
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Introduction and Problem Description

MHD Equations: The Stationary Case

Navier-Stokes system with Lorentz force

o(u-Viu—nAu+Vp=JxB fluid velocity u on Q
V.-u=0 pressure p on

v
E 1

Charge conservation and Ohm's law

o)+ Vé=uxB current density J on Q
V-J=0 electric potential ¢ on 2

V.
\ 1

No monopoles and Ampere's law

V-B=0and Vx (p'B) = magnetic field B on R3
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Introduction and Problem Description

MHD Equations: The Stationary Case

Navier-Stokes system with Lorentz force

o(u-Viu—nAu+Vp=JxB u=h
V.-u=0
Charge conservation and Ohm's law
o1+ Ve=uxB Jon=j
V-J=0 ¢ = ¢c
No monopoles and Ampere's law
V-B=0and Vx (p'B) =
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Introduction and Problem Description

MHD Equations: The Stationary Case

Navier-Stokes system with Lorentz force

o(u-Viu—nAu+Vp=JxB u=h
V-u=0
Charge conservation and Ohm's law
ol +Vo=uxB Jon=j
V-J=0 ¢ = ¢c

A

Elimination of magnetic field ~~ velocity—current formulation

B=BU)x) =~ | o

x J(y)dy  Biot—Savart law
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Introduction and Problem Description

MHD Equations: Velocity—Current Formulation

Coupled system

o(u-Vu—nAu+Vp=1Jx B(J) u=h
V-u=0

o+ Vo=ux BW) J-n=j

V-J=0 ¢:¢c
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Introduction and Problem Description

MHD Equations: Velocity—Current Formulation

o(u-V)u—nAu+Vp=1Jx (B(J)+By) u=h
V-u=0

o+ Ve=ux (BJ)+By) J-n=j
V-J=0 ¢:¢c
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Introduction and Problem Description

MHD Equations: Velocity—Current Formulation

Coupled system

o(u-V)u—nAu+Vp=1Jx (B(J)+By) u=h
V-u=0

o +Vo=ux (BUJ)+Bg) J-n=j

V-J=0 szﬁbc

Note

@ all quantities confined to fluid
domain
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Introduction and Problem Description

MHD Equations: Velocity—Current Formulation

Coupled system

o(u-V)u—nAu+Vp=1Jx (B(J)+By) u=h
V-u=0

o +Vo=ux (BUJ)+Bg) J-n=j

V-J=0 Qb:séc

Note

@ all quantities confined to fluid
domain

@ some adjustable quantities, e.g., &
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Introduction and Problem Description

MHD Equations: Velocity—Current Formulation

Coupled system

o(u-V)u—nAu+Vp=1Jx (B(J)+By) u=h
V-u=0

o +Vo=ux (BUJ)+Bg) J-n=j

V-J=0 szﬁbc

Note

@ all quantities confined to fluid
domain

@ some adjustable quantities, e.g., ¢
@ saddle point structure
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Introduction and Problem Description

MHD Equations: Analysis

Nonlinear saddle point problem

AO(U> J) + Al((uv J)’ (u7 J)) + B*(p, ¢) =F
B(u,J)=0
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Introduction and Problem Description

MHD Equations: Analysis

Nonlinear saddle point problem

AO(U7 J) + Al((uv J)’ (u’ J)) + B*(p, ¢) =F
B(u,J)=0

uc HY(Q) p € [3(Q)/R
JEHiv;Q) ={JeL?(Q): V-Jel?(Q) ¢cl>(Q/R
B(J) € HY(R?)

[1]; Meir, Schmidt: SIAM Journal on Numerical Analysis, 1999
[2]: Griesse, Kunisch: SIAM Journal on Control and Optimization, to appear
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Introduction and Problem Description

Related Work

Previous and ongoing work

@ M. Gunzburger, A.J. Meir, P. Schmidt
@ J-F. Gerbeau, C. Le Bris, T. Leliévre
e J. Rappaz, R. Touzani
°

many authors in engineering

S. Hou, J. Peterson, A.J. Meir, S.S. Ravindran

M. Hinze and co-workers

M. Gunzburger, C. Trenchea
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Finite Element Solution

Overview

© Finite Element Solution
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Finite Element Solution

FEM Discretization

Conforming and stable discretization

(u,p) € HY(Q) x L3(Q)/R
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Finite Element Solution

FEM Discretization

Conforming and stable discretization

(u,p) € HY(Q) x L3(Q)/R
Taylor-Hood elements
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Finite Element Solution

FEM Discretization

Conforming and stable discretization

(u,p) € HY(Q) x L2(Q)/R (J,6) € L?(div; Q) x L3(Q)/R
Taylor-Hood elements
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Finite Element Solution

FEM Discretization

Conforming and stable discretization

(u,p) € HY(Q) x L2(Q)/R (J,9) € L2(div; Q) x L2(Q)/R
Taylor-Hood elements Raviart-Thomas elements

[ S| o]
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Finite Element Solution

FEM Discretization

Conforming and stable discretization

(u,p) € HY(Q) x L2(Q)/R (J,9) € L2(div; Q) x L2(Q)/R
Taylor-Hood elements Raviart-Thomas elements

5 DAY\

Discrete stability condition

ot sup 2(8:9).(3.0))

[t T I Mg ="

A\
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Finite Element Solution

FEM Discretization

Biot-Savart law

H x—y
B(J)(x) = “ar s W x J(y) dy

fV-J=0...

VxB=pJ onR® V-B=0 onR3
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Finite Element Solution

FEM Discretization

Biot-Savart law

BU)(x) = —= [ XL < (y)dy

4n R3 [X — Y|3

Introduction of vector potential B=V x A
VxB=pJ onR® V.B=0 onR3
Vx(VxA)=puJ onR3

A\
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Finite Element Solution

FEM Discretization

Biot-Savart law

BU)(x) = —= [ XL < (y)dy

4n R3 [X — Y|3

Introduction of vector potential B =V x A
VxB=pJ onR® V.-B=0 onR3
Vx(VxA)=p) onR® V.-A=0 onR?(gauging)

A\
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Finite Element Solution

FEM Discretization

Biot-Savart law

BU)(x) = —= [ XL < (y)dy

r r3 X —y[?
Introduction of vector potential B=V x A

Vx(VxA)=p) onR® V-A=0 onR?(gauging)

A\
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Finite Element Solution

FEM Discretization

Biot-Savart law

BU)(x) = —= | XL < y(y)dy

r re X~y
Introduction of vector potential B=V x A

VXx(VxA)=ud onQs V-A=0 on Q4 (gauging)

\
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Finite Element Solution

FEM Discretization

Biot-Savart law

BU)(x) = —= | XL < y(y)dy

r re X~y
Introduction of vector potential B=V x A

VX(VxA)=ul onQa V-A=0 on Q4 (gauging)
Axn=0 onlxy

\
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Finite Element Solution

FEM Discretization

Biot-Savart law

u x—y
B(J)(X) = _E R3 ’X — y|3 X J(y) dy

Introduction of vector potential B=V x A

Vx(VxA)=puJ onQy V-A=0 on Q4 (gauging)
Axn=0 on 4

Solvability condition

V-J=00nQu { v /‘
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Finite Element Solution

FEM Discretization

Curl—curl equation
Vx(VxA)=ud on Qa V-A=0 on Q4
Axn=0 on 4
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Finite Element Solution

FEM Discretization

Curl—curl equation
Vx(VxA)=ud on Qa V-A=0 on Q4
Axn=0 on 4

Existence and uniqueness

For V - J =0, there exists a unique solution in H(curl; Q4).
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Finite Element Solution

FEM Discretization

Curl—curl equation
Vx(VxA)=ud on Qa V-A=0 on Q4
Axn=0 on 4

Existence and uniqueness

For V - J =0, there exists a unique solution in H(curl; Q4).

Conforming discretization
A € H(curl; Q4)
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Finite Element Solution

FEM Discretization

Curl—curl equation

Vx(VxA)=ud on Qa V-A=0 on Q4
Axn=0 on 4

Existence and uniqueness

For V - J =0, there exists a unique solution in H(curl; Q4).

Conforming discretization

A € H(curl; Q4)
Nédélec elements ™
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Finite Element Solution

FEM Discretization

on the boundary conditions

V-J=0 onQnp Vs N
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Finite Element Solution

FEM Discretization

Condition on the boundary conditions

V-J=0 onQy / \
- V-J=0 onQ / \
J-n=0 ondQ \ J

\\\ . ////

Roland Griesse FEM for Magnetohydrodynamics



Finite Element Solution

FEM Discretization

Condition on the boundary conditions

V-J=0 onQy s AN

V-J=0 onQ { \\\

J-n=0 onoQ \ J
Unless Q = Q,, this excludes ¢ = ¢! \\\ /
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Finite Element Solution

FEM Discretization

Condition on the boundary conditions

V-J=0 onQnu // \
- V-J=0 onQ { : \\
J-n=0 ondQ | ;
Unless Q = Q4, this excludes ¢ = ¢! \\\\ /
Use [¢]r, = ¢c instead. ~_
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Finite Element Solution

FEM Discretization

Condition on the boundary conditions

V-J=0 on® A //’ \

V-J=0 onQ { \\

J-n=0 ondQ | ;
Unless Q = Q4, this excludes ¢ = ¢! \\\\ /
Use [¢]r, = ¢c instead. ~_

[Hiptmair, Sterz]
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Finite Element Solution

FEM Discretization

Newton system

M —F SA

GJT Aul BT CIA]T Su
B op | =b

Hlu] —CI[A] D E"|[]dJ

E 5
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Finite Element Solution

FEM Discretization

—F JA
GRI' Al BT CIA]T du

B op | =b
Hlu] —CI[A] D E"|[]dJ
E 5
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Finite Element Solution

FEM Discretization

—F JA
GRI'  |Alw] BT| CIA]T du

B op | =b
Hlu] —CI[A] D E"|[]dJ
E 5
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Finite Element Solution

FEM Discretization

—F JA
GRI'  |Alw] BT| CIA]T du

B op | =b
Hlu] —CI[A] D ET||]dd
E 5
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Finite Element Solution

FEM Discretization

—F JA
GRI'  |Alw] BT| CIA]T du

B op | =b
Hlu] —CI[A] D ET||]dd
E 56

Challenges

@ mixture of finite element spaces

@ preconditioning of linear systems
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Finite Element Solution

Simulation Results (joint with M. Discacciati)

EE— S— o mm
9.506e-05 1.275e-04 1.509e-04 1.923e-04 2.247e-04

Hetgen 4.5

Problem description

@ By induced by currents in wires
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Finite Element Solution

Simulation Results (joint with M. Discacciati)

EE— S— o mm
9.506e-05 1.275e-04 1.509e-04 1.923e-04 2.247e-04

Hetgen 4.5

Problem description

@ By induced by currents in wires
e current J - n = £ at top/bottom (2 = Q4)
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Finite Element Solution

Simulation Results (joint with M. Discacciati)
Fluid velocity (from top, slice at half height), Stokes

EE— — |
3.690e-11 7.711e-04 1.542¢-03 2.313e-03 3.084e-03

Problem description

@ By induced by currents in wires
e current J - n = £ at top/bottom (2 = Q4)

@ two counter-rotating flow cells ([Gerbeau], 2000)
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Finite Element Solution

Simulation Results

Problem size

order of

Nédélec FE 1 2 1 3

Taylor-Hood FE 2 2 2 2

Raviart-Thomas FE 1 1 2 1
Grid 1 dofs 6071 9018 11543 14925

(344 tetr.) iterations 22 22 22 22
Grid 2 dofs 45549 67 171 85130 111 641

(2752 tetr.) iterations 22 22 23 22

o iterative damped splitting scheme: A and (u, p, J, ¢)

@ implementation in NGSOLVE, sparse direct solver PARDISO
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Optimal Control

Overview

© Optimal Control
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Roland Griesse FEM for Magnetohydrodynamics



Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions

Ly(y,u,A) = fy(y,u) +ej(y,u)A=0
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions

Ly(y,u,A) = f,(y,u) +ej(y,u) A =0 adjoint PDE system

Roland Griesse FEM for Magnetohydrodynamics



Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions

Ly(y,u,A) = f,(y,u) +ej(y,u) A =0 adjoint PDE system
Ly(y,u,A) = fuly,u)+e;(y,u)A=0
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions

Ly(y,u,A) = f,(y,u) +ej(y,u) A =0 adjoint PDE system

Ly(y,u,N)=fu(y,u)+e;(y,u)A=0  gradient equation
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions

Ly(y,u,A) = f,(y,u) +ej(y,u) A =0 adjoint PDE system

Ly(y,u,N) =fu(y,u)+e;(y,u)A=0  gradient equation
Ly(y,u,\)=e(y,u)=0
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Optimal Control

Optimal Control

Problem formulation

Minimize f(y,u) subject to e(y,u) =0

Lagrange functional

L(y,u,\) = f(y,u)+ (e(y,u),\) A adjoint state

”
Necessary conditions

Ly(y,u,A) = f,(y,u) +ej(y,u) A =0 adjoint PDE system

Ly(y,u,N) =fu(y,u)+e;(y,u)A=0  gradient equation
Ly(y,u,\)=e(y,u)=0 PDE system
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Optimal Control

Optimal Control

Newton's method in function space

Ly Ly €\ (by c,
Ly Ly € oul| =—1 L,
e, e 0 oA e
KKTVmatrix
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Optimal Control

Optimal Control

Newton's method in function space

Ly Ly €\ (by c,
Ly Ly € oul| =—1 L,
e, e 0 oA e
KKTVmatrix

.

Numerical challenges
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Optimal Control

Optimal Control

Newton's method in function space

Ly Ly €\ (by c,
Ly Ly € oul =—| Ly
e, e O P e
KKTVmatrix

.

Numerical challenges

e large system of equations (10°~10° variables)
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Optimal Control

Optimal Control

Newton's method in function space

Ly Ly €\ (by c,
Ly Ly € oul =—| Ly
e, e O P e
KKTVmatrix

.

Numerical challenges

o large system of equations (10°~10° variables)

@ symmetric, indefinite, ill conditioned
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup

fluid region Q
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup

electrodes

fluid region Q
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup

electrodes

fluid region Q

v

Purpose and control mechanisms

o influence flow pattern (stir or dampen)
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup

electrodes

fluid region Q

v

Purpose and control mechanisms

o influence flow pattern (stir or dampen)

@ using adjustable quantities
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup

¢ control € R

electrodes ¢ = {O

fluid region Q

v

Purpose and control mechanisms

o influence flow pattern (stir or dampen)

@ using adjustable quantities (applied potential difference)
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Optimal Control

An MHD Optimal Control Problem

A possible problem setup

¢c control € R

electrodes ¢ = {O

fluid region Q= Q4

v

Purpose and control mechanisms

o influence flow pattern (stir or dampen)

@ using adjustable quantities (applied potential difference)
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Optimal Control

An MHD Optimal Control Problem

Problem description

L a 2 T2
Minimize J = EHU — udH[_2(Q) + E‘ﬁbc,

s.t. MHD system
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Optimal Control

An MHD Optimal Control Problem

Problem description

C a
Minimize J = EHU = udH%2(Q) + %\@!2
s.t. MHD system
¢ = ¢ at electrode 1

¢ =0 at electrode 2
J-n=0 elsewhere

Roland Griesse FEM for Magnetohydrodynamics
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An MHD Optimal Control Problem

C a
Minimize J = EHU = ud||%2(Q) + %‘¢c’2
s.t. MHD system
¢ = ¢ at electrode 1

¢ =0 at electrode 2
J-n=0 elsewhere

o’

Given problem data

@ uq desired velocity field; cost parameters & > 0 and v > 0
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An MHD Optimal Control Problem

’ 2

L o
Minimize J = = [lu — ug|fq) + %Wc
s.t. MHD system
¢ = ¢, at electrode 1

¢ =0 at electrode 2
J-n=0 elsewhere

Given problem data

@ uq desired velocity field; cost parameters & > 0 and v > 0

@ applied magnetic field By
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An MHD Optimal Control Problem

’ 2

L o
Minimize J = = [lu — ug|fq) + %Wc
s.t. MHD system
¢ = ¢, at electrode 1

¢ =0 at electrode 2
J-n=0 elsewhere

Given problem data

@ uq desired velocity field; cost parameters & > 0 and v > 0

@ applied magnetic field By

@ u = h on the boundary 02
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An MHD Optimal Control Problem

o(Vu)'v—o(u-V)v—nAv+Vqg— (BJ)+Bo) xK="---
o 'K —B(Kxu+vxJ)+Vy—(BUJ)+Bg) xv=---

Incompressibility and boundary conditions
V-v=00nQ V:-K=0onQ
v =0 on 092 K-n=0or =0 on 0f2

Adjoint variables on Q

v adjoint velocity g adjoint pressure

K adjoint current 1) adjoint potential
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An MHD Optimal Control Problem

o(Vu)'v—o(u-V)v—nAv+Vqg— (BJ)+Bo) xK=---
oK —B(Kxu+vxJ)+Vy—(BUJ)+Bg) xv=---

Incompressibility and boundary conditions
V-v=00nQ V:-K=0onQ
v =0 on 092 K-n=0or =0 on 0f2

Adjoint variables on Q

v adjoint velocity g adjoint pressure

K adjoint current 1) adjoint potential
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Optimal Control

An MHD Optimal Control Problem

o(Vu)'v—o(u-V)v—nAv+Vqg— (BJ)+Bo) xK="---
o 'K —B(Kxu+vxJ)+Vy—(BUJ)+Bg) xv=---

Incompressibility and boundary conditions
V-v=00nQ V:-K=0onQ
v =0 on 092 K-n=0or =0 on 0f2

Optimality condition

YPe + / K-n=0 at electrodes
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Numerics for Optimal Control

~G\J] —HAT M G[J] H[u] T
-G\ JT % Alu]" BT-C[A]T
B

—H[AJ] —FTCIA] D

E

Y *
M —F
G[J]"  Au] BT C[A]T

B
Hlu] —CI[A] D ETx

E

ET
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Numerics for Optimal Control

~G\J] —HAT M G[J] H[u] T
-G\ JT % Alu]" BT-C[A]T
B
—H[AJ] —FTCIA] D ET
E
Y *
M —F
G[J]"  Au] BT C[A]T
B
Hlu] —CI[A] D ET|x
E
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Numerics for Optimal Control

~G\J] —HAT M G[J] H[u] T
-G\ JT % Alu]" BT-C[A]T
B
—H[AJ] —FTCIA] D ET
E
Y *
M —F
G[J]"  Au] BT C[A]T
B
Hlu] —CI[A] D ET|x
E
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Numerics for Optimal Control

Simplifications:
Gl -HT (M oGR HT
-G\ T % Alu]" BT-C[A]T
B
—H[\,] —F'C[A] D ET
E
v *
M —F
G[]T  Au] BT C[A]T
B
Hlu] —C[A] D ET|«
E
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Numerics for Optimal Control

Simplifications: Stokes flow
~G[\J)]  —H[M]T M G[J] Hu]"
-G\ JT % Alu]" BT-C[A]T
B
—H[\,] —F'C[A] D ET
E
Y *
M —F
G[]T  Au] BT C[A]T
B
Hlu] —C[A] D ET|x
E
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Numerics for Optimal Control

Simplifications: Stokes flow
6] -HT O [M oG HT
-G\ JT % A B'-CI[A]T
B
—H[\,] —F'C[A] D ET
E
y *
M —F
G]" A BT C[A]T
B
Hlu] —C[A] D ET|x
E
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Numerics for Optimal Control

Simplifications: Stokes flow, B = By known (low—R,, approx.)

—GA] —HDT
—G[>\J]T *
*H[)‘u]

v

M —F
GJ" A BT C[A]T

B
Hlu] —C[A] D ET|x

E

M G[J] Hu]"
A B'-CI[A]T
B
—FTC[A] D ET
E
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Numerics for Optimal Control

Simplifications: Stokes flow, B = By known (low—R,, approx.)
* A B'-CI[A]"
B
C[A] D ET
E
0% *
A BT C[A]T
B
—C[A] D ET|x
E
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Numerical Results (joint with M. Discacciati)

Problem data
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Numerical Results (joint with M. Discacciati)

Problem data

grounded electrode (¢ = 0)
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Numerical Results (joint with M. Discacciati)

Problem data
-— control electrode (¢ = )

grounded electrode (¢ = 0)
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Numerical Results (joint with M. Discacciati)

Problem data
-— control electrode (¢ = )

grounded electrode (¢ = 0)

By = 1074(0,0,x)T
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Numerical Results (joint with M. Discacciati)

Problem data
-— control electrode (¢ = )

grounded electrode (¢ = 0)
Bo = 1074(0,0,x)T

ug = swirl flow
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Optimal Control

Numerical Results (joint with M. Discacciati)

Problem data
-— control electrode (¢ = @)

grounded electrode (¢ = 0)
Bo = 1074(0,0,x)T

ug = swirl flow

Material data and solution

@ material data of liquid Al at 700° C

@ optimal control ¢. = —4.24851-107° V at v = 0.1

o current |J|max = 21.67 A/m?, velocity |u|max = 5.5-1073 m/s
o Ry, = puoUL = 0.0352

v
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Numerical Results

Problem discretization

768 tetrahedra

Taylor-Hood (u, p) order 2-1
Raviart-Th. (J, ¢) order 2-1

2 x 23488 degrees of freedom
implementation in NGSOLVE

L

<

@ matrix setup 30 s

@ sparse factorization (PARDISO) 36 s

@ solution of optimal control problem < 1's
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Numerical Results

Optimal solution (potential ¢)

-d,248e-06 -3,185e-06 -2,123e-06 -1,061e-06 1,428e-09

P‘Eu Netgen 4,5

V.
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Numerical Results

Optimal solution (current

0, 000e+00 2,500e-01 5,000e-01 7.500e-01 1,000e+00

P‘Eu Netgen 4,5

V.
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Numerical Results

Optimal solution (velocity u)

0, 000e+00 2,500e-01 5,000e-01 7.500e-01 1,000e+00

P‘Eu Netgen 4,5

V.
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Numerical Results

Optimal solution (velocity u)

9,912=-07 1,372e-03 2,743e-03 4,114e-03 5,485=-03

ia Nestgen 4,5

V.
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Optimal Control

Concluding Remarks

@ simulation and optimization problems in MHD
@ numerous applications in metallurgy, crystal growth

@ discretization: Taylor-Hood, Raviart-Thomas and Nédélec FE
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Concluding Remarks

@ simulation and optimization problems in MHD

@ numerous applications in metallurgy, crystal growth

@ discretization: Taylor-Hood, Raviart-Thomas and Nédélec FE

4

Future challenges

@ time-dependent and Navier-Stokes cases

@ adaptivity
@ preconditioning of linear systems
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Concluding Remarks

@ simulation and optimization problems in MHD

@ numerous applications in metallurgy, crystal growth

@ discretization: Taylor-Hood, Raviart-Thomas and Nédélec FE

4

Future challenges

@ time-dependent and Navier-Stokes cases

@ adaptivity
@ preconditioning of linear systems

Thank you!
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