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Model Equation

Model Equation

Model convection-diffusion equation
Lu:=—eAu—buy+cu=f inQ=(0,1)2

withu=00n0Q2,b>3>0and0<e < 1.
Furthermore for coercivity of the bilinear form in Galerkin FEM

C+ by >~ >0.
This can always be ensured by transformation of the problem

using u(x, y) = u(x, y)e >* with » chosen appropriately.
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Layer Adaption and Solution Decomposition

Shishkin Mesh

Transition points:

. [1 oe (1
/\X::mm{z,BInN} and /\y;:m|n{4,aﬁlnN}

1-X

Q1= 1] x [Ay, 1= A)]

Q2 := [0, A X [Ay, 1 = A)]

Qo1 := [Ax, 1] x ([0, Ay ] U [T = Ay, 1])
Ay Qap 1= [0, A x ([0, Ay ] U1 = Ay, 1])

Ax
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Layer Adaption and Solution Decomposition

We assume the solution u of our model equation to be
decomposed as

U=v-+w + W + Wy,

where for all (x,y) € Qand 0 < i+ j < 2 we have pointwise
estimates

<c,

v(X,)
yw1(x y)| < Celem e,
Kywa(x,y)| < CeTI2 (eVIVE 4 e (1NIVE),
y)

< Ce(i+1/2)g=Bx/e (e—y/ﬁ L0 —y)/ﬁ> ‘

04l Wiz (X,
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Layer Adaption and Solution Decomposition

We assume the solution u of our model equation to be
decomposed as

U=v-+w + W + Wy,

where for all (x,y) € Qand 0 < i+ j < 2 we have pointwise
estimates and L, boundsfor0 <+, <3

o
aXf}i’vHo,Q =G ‘

a"a/wH < Ce—it1/2
x“y V¥ 00~ ’

|
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Layer Adaption and Solution Decomposition

We assume the solution u of our model equation to be
decomposed as

U=v-+w + W + Wy,

where for all (x,y) € Qand 0 < i+ j < 2 we have pointwise
estimates and L, boundsfor0 <+, <3

i o —j/2+1/4 [ of —i—j/2+3/4
] = 0T g, < o

o
aXf}i’vHo,Q =G ‘

|

Kellogg/Stynes *06: assumptions fulfilled for constant b and ¢
if f =0 in corners.

NM

S. Franz Superconvergence of Galerkin-FEM and SDFEM



Introduction
oe

Layer Adaption and Solution Decomposition

We assume the solution u of our model equation to be
decomposed as

U=v-+w + W + Wy,

where for all (x,y) € Qand 0 < i+ j < 2 we have pointwise
estimates and L, boundsfor0 <+, <3

i o —j/2+1/4 [ of —i—j/2+3/4
] = 0T g, < o

o
aXf}i’vHo,Q =G ‘

|

Kellogg/Stynes *06: assumptions fulfilled for constant b and ¢
if f =0 in corners.
besides: ||0Z0) wa ||, , < Ce™'/2
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Weak Formulation and Discretisation

Weak Formulation

Find u € V := H}(Q) such that

e(Vu,Vv) + (—buy + cu, v)

aga(u,v)

Corresponding norm

2. 2 2
IVIIZ = elvI§ + vl
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Weak Formulation and Discretisation

Weak Formulation with Streamline Diffusion
Find u € V := H}(Q) such that

e(VU, V) + (—bux + cu,v) + > 6. (f — Lu, bvy),

TeTN

=(f,v)=:f(v) VYvelV.

aga(u,v)

Corresponding norms

2. 2 2
IVIIZ = elvI§ + vl
2 2
IVIEp := IIVIIZ + > 6-(bvx, brx)-

TeTN
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Weak Formulation and Discretisation

SDFEM Discretisation

Find uN € VN ¢ V piecewise bilinear such that for all vV e VN

asp(uM, vlV) = aga(uN, vN) + agap(u", vN) = fop(vN)
with
Bstan(U, V) 1= Y S (blyx — cu, bvy)-
T€TN
and
fsp(u, v) Z 6-(f, bvx)~
TeTN
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Theoretical and Numerical Results

Numerical Example - Definition

The numerical example is given by

—5Au—(2—x)ux+gu:f inQ = (0,1)?

with homogeneous Dirichlet boundary conditions and
right-hand side f chosen such that

x  eXe_ g/ (1 — e‘Y/\/E) (1 — e‘“—y)/ﬁ)
u(x,y)=1cos — —
2 1—e /¢ 1 — e 1/ve

is the exact solution.
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Theoretical and Numerical Results

Exact Solution for e = 103

0.8
0.6
1@“‘5::‘“‘:::\\‘\\\
0.4 —_——
S SSERRRNRY
NURNNNNY
0.2
O>
0.5
04"
p\
0.3 { 1
0.2
0.1
y 0 o

NM
X

S. Franz Superconvergence of Galerkin-FEM and SDFEM



Theoretical and Numerical Results

Exact Solution for e = 10-°
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Theoretical and Numerical Results
e0

Results for Galerkin-FEM

Theorem (Convergence)

Let o > 2. Then the (linear or bilinear) Galerkin-FEM solution
uN fulfills

lu—uNj|l. < CN~TInN.
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Theoretical and Numerical Results
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Results for Galerkin-FEM

Theorem (Convergence)

Let o > 2. Then the (linear or bilinear) Galerkin-FEM solution
uN fulfills

lu—uNj|l. < CN~TInN.

Theorem (Superconvergence)
Let o > 5/2. Then the bilinear Galerkin-FEM solution uN yields

[|u' = uN|||. < CN~2In? N.
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Results for Galerkin-FEM

Theoretical and Numerical Results

N | ||lu—uN|. rate | ||u'—udV||. rate | |u—uN|.. rate
32 | 1.099e-01 0.73 | 1.580e-02 1.47 | 7.808e-02 1.15
64 | 6.639e-02 0.77 | 5.705e-03 1.56 | 3.524e-02 1.33

128 | 3.883e-02 0.81 | 1.941e-03 1.62 | 1.399e-02 1.47
256 | 2.221e-02 0.83 | 6.331e-04 1.66 | 5.040e-03 1.57
512 | 1.250e-02 0.85| 2.001e-04 1.70 | 1.693e-03 1.64
1024 | 6.943e-03 0.86 | 6.170e-05 1.73 | 5.414e-04 1.70
2048 | 3.819e-03 1.865e-05 1.670e-04
N~ N-Tate = rate = In (rN/rZN) /In2
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Theoretical and Numerical Results
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Results for Galerkin-FEM

N | ||lu—uN|. rate | ||u'—udV||. rate | |u—uN|.. rate

32 | 1.099e-01 0.99 | 1.580e-02 1.99 | 7.808e-02 1.56
64 | 6.639e-02 1.00 | 5.705e-03 2.00 | 3.524e-02 1.71
128 | 3.883e-02 1.00 | 1.941e-03 2.00 | 1.399e-02 1.82
256 | 2.221e-02 1.00 | 6.331e-04 2.00 | 5.040e-03 1.90
512 | 1.250e-02 1.00 | 2.001e-04 2.00 | 1.693e-03 1.94
1024 | 6.943e-03 1.00 | 6.170e-05 2.00 | 5.414e-04 1.97

2048 | 3.819e-03 1.865e-05 1.670e-04
N . p-rate _ N /2N
r., ~N :>rate_ln(r* /re )/In2
N . (pn—1 rate _ N 2N In(N)
r., =~ (N7 "InN) =rate =1In (r* s )/In <2In(2N)
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Theoretical and Numerical Results
@00

Results for SDFEM

Choice of

Suppose the stabilisation parameter § satisfies,

Og@,éﬂﬂimwgv fori,j=1,2
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Theoretical and Numerical Results
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Results for SDFEM

Choice of

Suppose the stabilisation parameter § satisfies,

0 < Jj, 5,-,-||c|y§m(ﬂij)§7 fori,j=1,2

N o' ife < N1,
" =1C% N2 ife> N

with some positive constant C* independent of £ and the mesh.
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Results for SDFEM

Choice of

Suppose the stabilisation parameter § satisfies,

0 < Jj, 5,-,-||c|y§m(ﬂij)§7 fori,j=1,2

N o' ife < N1,
" =1C% N2 ife> N

and
512 < C*eN~2
with some positive constant C* independent of £ and the mesh.
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Results for SDFEM

Choice of

Suppose the stabilisation parameter § satisfies,

0 < Jj, 5,-,-||c|y§m(ﬂij)§7 fori,j=1,2

N o' ife < N1,
" =1C% N2 ife> N

and
512 < C'eN72, §pp < C*3/4N72
with some positive constant C* independent of £ and the mesh.
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Results for SDFEM

Choice of

Suppose the stabilisation parameter § satisfies,

0 < Jj, 5,-,-||c|y§m(ﬂij)§7 fori,j=1,2

N o' ife < N1,
" =1C% N2 ife> N

and
5120 < C*eN™2, 6pp < C*3/*N72, 6oy < C*e 1/ANT2
with some positive constant C* independent of £ and the mesh.
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Theoretical and Numerical Results
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Results for SDFEM

Theorem (Superconvergence)

Assume the stabilisation parameter ¢ is chosen as above. Let
uN be the bilinear streamline-diffusion approximation to u on a
family of Shishkin meshes with o > 5/2, then

I~ o]l gp < ON2i2 N,
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Results for SDFEM

Theorem (Superconvergence)

Assume the stabilisation parameter ¢ is chosen as above. Let
uN be the bilinear streamline-diffusion approximation to u on a
family of Shishkin meshes with o > 5/2, then

I~ o]l gp < ON2i2 N,

Corollary (Convergence)

The theorem above, interpolation error estimates and the
triangle inequality provide bounds for the error in the c-weighted
energy norm:

[|[u=u"|]|.< CN"TInN.
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Theoretical and Numerical Results
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Results for SDFEM

N | |ju—uN. rate | ||u'—uN||lsp rate | |[u—uN|,.. rate
.

32 | 1.097e-01 0.73 | 1.450e-02 1.45 | 1.426e-01 1.60
64 | 6.635e-02 0.77 | 5.300e-03 1.55| 4.703e-02 1.62
128 | 3.882e-02 0.81 1.814e-03 1.61 | 1.528e-02 1.53
256 | 2.221e-02 0.83 | 5.937e-04 1.65| 5.289e-03 1.57
512 | 1.250e-02 0.85| 1.893e-04 1.69 | 1.787e-03 1.60
1024 | 6.943e-03 0.86 | 5.875e-05 1.72 | 5.885e-04 1.56
2048 | 3.819e-03 1.786e-05 1.991e-04

r}l\l ~ N~ rate
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Theoretical and Numerical Results
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Results for SDFEM

N | |lu—uN|. rate | ||u'—uN||sp rate | |u—uN|.. rate

32 | 1.097e-01 0.98 | 1.450e-02 1.97 | 1.426e-01 2.17
64 | 6.635e-02 0.99 | 5.300e-03 1.99| 4.703e-02 2.09
128 | 3.882e-02 1.00 | 1.814e-03 2.00 | 1.528e-02 1.90
256 | 2.221e-02 1.00 | 5.937e-04 1.99 | 5.289e-03 1.89
512 | 1.250e-02 1.00 | 1.893e-04 1.99 | 1.787e-03 1.89
1024 | 6.943e-03 1.00 | 5.875e-05 1.99 | 5.885e-04 1.81
2048 | 3.819e-03 1.786e-05 1.991e-04

N~ N-Tate N~ (N~TInN)ate
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Postprocessing

Macroelements and Interpolation Operator

Interpolation operator P:

Let Py be the standard biquadratic
interpolation operator on M. Then P
is the extention of P, to a continuous
global interpolation operator by

: z Pv)(x,y) := (Puv)(x,y) for (x,y) € M.
Construction of (Pv)(x,y) = (Puv)(x,y) for (x,y)

macroelements
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Postprocessing

Macroelements and Interpolation Operator

Interpolation operator P:

Let Py be the standard biquadratic
interpolation operator on M. Then P
is the extention of P, to a continuous
global interpolation operator by

i [ Pv)(x,y) = (Puv)(x,y) for (x,y) € M.
Construction o (PV)(x,y) = (Puv)(x,y) for (x.y)

macroelements
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Theoretical and Numerical Results
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Postprocessing

Superconvergence

Theorem
Let uN be the Galerkin or SDFEM solution on a Shishkin-mesh
with o > 5/2. Then the postprocessed solution yields

llu—PuN||. < C <5N“’+‘ + N-2|n2 N) .

Corollary (Superconvergence)

Assuming e < CN~'/21n? N or o > 3 superconvergence of
almost order 2 can be concluded.

NM

S. Franz Superconvergence of Galerkin-FEM and SDFEM



Theoretical and Numerical Results
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Postprocessing

Numerical Results
Galerkin-FEM

N | ||lu—=uN|. rate rate | ||u—Pul||. rate rate

32 | 1.099e-01 0.73 099 | 1.977e-02 1.62 2.19
64 | 6.639e-02 0.77 1.00| 6.441e-03 1.66 2.13
128 | 3.883e-02 0.81 1.00 | 2.043e-03 1.66 2.06
256 | 2.221e-02 0.83 1.00 | 6.449e-04 1.68 2.02
512 | 1.250e-02 0.85 1.00 | 2.014e-04 1.70 2.01
1024 | 6.943e-03 0.86 1.00 | 6.183e-05 1.73 2.00
2048 | 3.819e-03 1.866e-05

d\/ ~ N—rate N~ (N‘1 In N)rate

*
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Numerical Results

SDFEM

N | ||lu—=uN|. rate rate | ||u—Pul||. rate rate
32 | 1.097e-01 0.73 0.98 | 1.790e-02 1.59 2.16
64 | 6.635e-02 0.77 0.99 | 5.927e-083 1.64 2.11
128 | 3.882e-02 0.81 1.00| 1.899e-03 1.65 2.04
256 | 2.221e-02 0.83 1.00 | 6.051e-04 1.67 2.01
512 | 1.250e-02 0.85 1.00 | 1.905e-04 1.69 2.00
1024 | 6.943e-03 0.86 1.00 | 5.888e-05 1.72 1.99

2048 | 3.819e-03 1.787e-05

rN ~ N—rate rN ~ (N—1 In N)rate
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Theoretical and Numerical Results
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Theoretical and Numerical Results
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Postprocessing

Thank you for your attention!
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