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Weak formulation of Oseen equations
domain Ω ⊂ Rd, d = 2, 3

spaces: V := H1
0 (Ω)d, Q := L2

0(Ω)

parameters: ν > 0, σ ≥ 0

given divergence-free velocity field b ∈ W 1,∞(Ω)

bilinear form

A
(
(u, p); (v, q)

)
:=ν(∇u,∇v) +

(
(b · ∇)u, v

)
+ σ(u, v)

− (p,∇ · v) + (q,∇ · u)

weak formulation
Find (u, p) ∈ V ×Q such that

A
(
(u, p); (v, q)

)
= (f, v) ∀(v, q) ∈ V ×Q

uniquely solvable



Finite element spaces
shape-regular triangulation Th
scalar conforming finite element space Yh

equal-order discrete spaces: Vh := Y d
h ∩ V , Qh := Yh ∩Q

Assumption A1
there exists an interpolation operator ih : H1(Ω)→ Yh with

ih : H1
0 (Ω)→

(
Yh ∩H1

0 (Ω)
)

‖w − ihw‖0,K + hK |w − ihw|1,K ≤ Ch`K‖w‖`,ω(K),
∀w ∈ H`

(
ω(K)

)
, ∀K ∈ Th, 1 ≤ ` ≤ r + 1



Finite element discretisation
discrete problem

Find (uh, ph) ∈ Vh ×Qh such that

A
(
(uh, ph); (vh, qh)

)
= (f, vh) ∀(vh, qh) ∈ Vh ×Qh

two drawbacks
discrete inf-sup condition is violated
dominating convection

one remedy

local projection schemes



Abstract setting
macro element M : union of neighbouring cells K ∈ Th
macro triangulationMh: shape-regular (Mh = Th allowed)

projection space Dh: discontinuous f.e. space w.r.tMh

Dh(M) := {w|M : w ∈ Dh}

local projection πM : L2(M)→ Dh(M)

πh : L2(Ω)→ Dh such that (πhw)|M := πM (w|M )

Assumption A2 fluctuation operator κh := id− πh with

‖κhq‖0,M ≤ Ch`M |q|`,M
∀q ∈ H`(M), ∀M ∈Mh, 0 ≤ ` ≤ r



Stabilised problem
stabilisation term

Sh
(
(uh, ph); (vh, qh)

)
:=

∑

M∈Mh

(
τM
(
κh(b · ∇)uh, κh(b · ∇)vh

)
M

+ µM
(
κh(∇ · uh), κh(∇ · vh)

)
M

+ αM
(
κh∇ph, κh∇qh

)
M

)

user-chosen parameters τM , µM , and αM
stabilised problem

Find (uh, ph) ∈ Vh ×Qh such that

(A+Sh)
(
(uh, ph); (vh, qh)

)
= (f, vh) ∀(vh, qh) ∈ Vh×Qh

norm
∣∣∣∣∣∣(v, q)

∣∣∣∣∣∣ :=
(
ν|v|21+σ‖v‖20+(ν+σ)‖q‖20+Sh

(
(v, q); (v, q)

))1/2



Special interpolant jh
Yh(M) := {wh|M : wh ∈ Yh, wh = 0 on Ω \M}

Assumption A3 inf-sup condition

inf
qh∈Dh(M)

sup
vh∈Yh(M)

(vh, qh)M
‖vh‖0,M ‖qh‖0,M

≥ β1 > 0

∀M ∈Mh

Lemma Let A1 and A3 be satisfied. Then, there exists an
interpolation operator jh : H1(Ω)→ Yh such that

‖w − jhw‖0 + h|w − jhw|1 ≤ Ch` ‖w‖`, ∀w ∈ H`(Ω),
1 ≤ ` ≤ r + 1

(w − jhw, qh) = 0, ∀qh ∈ Dh, ∀w ∈ H1(Ω)



Proof I
for w ∈ H1(Ω) exists zh(w) ∈ Yh(M) such that

(
zh(w), qh

)
M

= (w − ihw, qh)M ∀qh ∈ Dh(M)

and

‖zh(w)‖0,M ≤
1

β1
‖w − ihw‖0,M

due to the inf-sup condition A3

set jhw|M := ihw|M + zh(w) on each M ∈ Mh

from ⊕

M∈Mh

Yh(M) ⊂ Yh

we get jh : H1(Ω)→ Yh



Proof II
estimate

‖w − jhw‖0 ≤
(

1 +
1

β1

)
‖w − ihw‖0 ≤ C hl‖w‖l

for all w ∈ H l(Ω), 1 ≤ l ≤ r + 1

H1-estimate by inverse inequality

orthogonality follows from definition of zh and jh, indeed:

(w − jhw, qh) = (w − (ihw + zh(w)), qh)

= (w − ihw, qh)− (zh(w), qh) = 0



Error Analysis I
for all (wh, rh) ∈ Vh ×Qh

A
(
(u− uh, p− ph); (wh, rh)

)
= Sh

(
(uh, ph); (wh, rh)

)

for (u, p) ∈
(
Hr+1(Ω)

)d ×Hr+1(Ω), we have
∣∣Sh
(
(u, p); (vh, qh)

)∣∣ ≤ Chr+1/2
(
‖u‖r+1 +‖p‖r+1

)∣∣∣∣∣∣(vh, qh)
∣∣∣∣∣∣

provided αM , µM , τm ∼ hM and b piecewise smooth



Error Analysis II
Lemma There exists a positve constant β2 such that

inf
(vh,qh)

sup
(wh,rh)

(A+ Sh)
(
(vh, qh); (wh, rh)

)
∣∣∣∣∣∣(vh, qh)

∣∣∣∣∣∣ ∣∣∣∣∣∣(wh, rh)
∣∣∣∣∣∣ ≥ β2.

Theorem error estimate
∣∣∣∣∣∣(u− uh, p− ph)

∣∣∣∣∣∣ ≤ C(ν1/2 + h1/2)hr
(
‖u‖r+1 + ‖p‖r+1

)



Two-level approach I
macro simplex

â3

â1 â2

F
−1

M

FM

a1

a2

a3

a0

â0

K̂3

K̂1K̂2

K3

K1

K2

spaces

Yh = Pr,h = {v ∈ H1(Ω) : v|K ∈ Pr(K), K ∈ Th}
Dh = P disc

r−1,2h = {v ∈ L2(Ω) : v|M ∈ Pr−1(M), M ∈Mh}



Two-level approach II
A1 and A2 are satisfied

Proof of A3 (inf-sup condition)

affine transformation to reference macro

b̂ piecewise linear base function of barycentre

let q̂ ∈ D(M̂) = Pr−1(M̂) be arbitrary, set v̂ := q̂b̂

v̂ ∈ Y (M̂) since

v̂|
∂cM = 0, v̂| bKi

∈ Pr(K̂i), v̂ ∈ C0(M̂)

norm equivalence in finite dimensional spaces gives

(q̂, v̂)

‖q̂‖0 ‖v̂‖0
=

(q̂, q̂b̂)

‖q̂‖0 ‖v̂‖0
≥ β

(q̂, q̂)

‖q̂‖0 ‖v̂‖0
≥ β

(q̂, q̂)

‖q̂‖0 ‖q̂‖0
= β



Enrichment method I
quadrilaterals or hexahedra

local space

Qbubble
r (K̂) := Qr(K̂)⊕ span

(
b̂ x̂r−1

i , i = 1, . . . , d
)

with bubble function b̂ ∈ Q2(K̂) ∩H1
0 (K̂)

mapped finite element spaces

Yh = Qbubble
r,h = {v ∈ H1(Ω) :

v|K◦F−1
K ∈ Qbubble

r (K̂), K ∈ Th}
Dh = P disc

r−1,h = {v ∈ L2(Ω) :

v|K◦F−1
K ∈ Pr−1(K), K ∈ Th}



Enrichment method II
A1 and A2 are satisfied

proof of A3 (inf-sup condition)

Q1-transformation to reference cells

estimate determinant of Jacobian

let q̂ ∈ D(K̂) = Pr−1(K̂) be arbitrary, set v̂ := q̂b̂

v̂ ∈ Y (K̂) since

v̂ ∈ H1
0 (K̂)

v̂ ∈ Qbubble
r (K̂) due to

q̂ = q̂0 + q̂1 with q̂0 ∈ span
(
x̂r−1
i , i = 1, . . . , d

)
,

q̂1 ∈ Qr−2(K̂)



Relation to subgrid modeling
local projection: fluctuations of gradient

subgrid modeling: gradient of fluctuations

linear element on simplices: both approaches coincide
for

two-level methods and enrichment method

higher order element on simplices: spectral equivalence
of both approaches for

two-level methods and enrichment method

on quadrilaterals and hexahedra: no spectral
equivalence



Summary and outlook
local projection methods works for large classes of finite
element spaces

works on simplices, quadrilaterals, and hexahedra

two-level approach

enrichment method

spectral equivalence to subgrid modeling on simplices

comparison to other stabilisation techniques like SUPG
and edge/face stabilisation
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