A unified convergence analysis for
a local projection stabilisation
applied to the Oseen problem

Gunar Matthies

Fakultat fir Mathematik
Ruhr-Universitat Bochum

Piotr Skrzypacz, Lutz Tobiska

Institut far Analysis und Numerik
Otto-von-Guericke-Universitat Magdeburg

Gunar.Matthies@ruhr-uni-bochum.de, http://www.ruhr-uni-bochum.de/ jpnum

partly supported by DFG through grant To 143/4



© o o o o o o 0

Contents

Weak formulation of the Oseen equations
Finite element discretisations

Abstract setting

Special interpolation operator

A priori error estimate

Examples

Relation to subgrid modeling by Guermond
Summary and outlook



Weak formulation of Oseen equations

e o o o o

domain Q ¢ R%, d = 2,3
spaces: V := Hi ()%, Q = L3(Q)
parameters: v > 0,0 > 0
given divergence-free velocity field b ¢ W1 (Q)
bilinear form
A((u, p); (v,q)) =v(Vu, Vo) + ((b- V)u,v) + o(u,v)
— (0, V-v)+(q,V - u)
weak formulation

Find (u,p) € V x @ such that

A((u, p); (v,9)) = (f,v)  VY(v,q) €V xQ

uniquely solvable



Finite element spaces

# shape-regular triangulation 7;,
# scalar conforming finite element space Y,

» equal-order discrete spaces: Vj, :=Y4NV, Qn =Y, NQ

Assumption AT
there exists an interpolation operator i, : H*(Q2) — Y}, with

® i H&(Q) — (Yh M H&(Q))

® |w—ipwlox + hr|lw—ipw| gk < C’h%-Hw
Vw € H (w(K)),VK € Tp, 1 <0 <r+1

lw(K)s



Finite element discretisation

# discrete problem
Find (uy, py) € Vj, x Qp, such that

A((up,pn); (0nan)) = (fron) V(o qn) € Vi, X Qp

# two drawbacks
s discrete inf-sup condition is violated
s dominating convection

# one remedy

local projection schemes



Abstract setting
# macro element M: union of neighbouring cells K € 7;,

# macro triangulation M,;,: shape-regular (M;, = 7;, allowed)

# projection space Dy, discontinuous f.e. space w.r.t M;,
® Dp(M) :={wly :w € Dy}

» local projection 7y : L?(M) — Dy (M)
® 7, : L?(Q) — Dy, such that (m,w)|a == 7 (w|ar)

Assumption A2 fluctuation operator «;, := id — m;, with

|5ngllor < Chiylalen
Vg€ H (M), YM € M, 0< (<7



Stabilised problem

# stabilisation term

S (o) (o an) == 3 (7 (kn (- V)un, (b Vo) y,
MeMy

+ s (lih(v ‘ Uh)a "‘fh(v ' vh))M
+ ) (Hhvpha /ihVQh)M)

® user-chosen parameters 7, yr, and apy

# stabilised problem
Find (up, prn) € Vi, x @Qp, such that

(A+Sh) ((un,pn); (vn, qn)) = (f,vn) V(vh, qn) € Vi X Qp
# norm

[0l = (ool +o)lald 48 (@, a5 (. 0)))



Special interpolant 3
o Yh(M) = {wh]M cwy, € Yy, wp =00n Q\M}

Assumption A3 inf-sup condition
(Vn, qn) M

inf sup > (1 >0
an€Dn(M) o, vy, (M) [Vnllo.ar [lanllon

VM € My,

Lemma Let A1 and A3 be satisfied. Then, there exists an
interpolation operator j;, : H'(Q2) — Y3, such that

“ ||w —jtho i h|w —jhwh < Ohe ||ng, Yw € HE(Q),
1</i<r+1

® (w—jrw,qp) =0, Vg, € Dy, Yw € H'(Q)



Proof 1

o forw e H'(Q) exists z,(w) € Y3, (M) such that

(zn(w), qn) ;= (W — tpw, qn) m Vaqy, € Dp(M)

and
1

[z (w)lo,nr < EHUJ — ipw||o,n1
due to the inf-sup condition A3
® set jpw|y = tpw|n + 2, (w) on each M € M,
o from

D (M) cy,

MeMy,

we get j;, : H1(Q) — Y,



Proof 11

® estimate

. 1 .
lw — jnwllo < (1 ' E) lw — inwllo < € Rl

forallwe H'(Q), 1 <1 <r+1

o [H'-estimate by inverse inequality
o orthogonality follows from definition of z; and j;, indeed:

(w = jrhw, gn) = (w — (ipw + 2p(w)), gn)
= (w —ipw,qn) — (2p(w), qn) =0



Error Analysis 1

for all (wy,ry) € Vi, x Qp
® A((u—up,p—pn); (wn, 1)) = Sh((un, pn); (wp,4))
® for (u,p) € (H1(Q))" x H™+1(Q), we have

Sk ((u,p); (vhyqn))| < ChTH/Q(HUHrH + Ipllr+1) ||| (vny an) ||

provided oy, 1y, T ~ hpy @and b piecewise smooth



Error Analysis 11

Lemma There exists a positve constant 5, such that
| (A + Sp) ((vh, qn); (wh, 8))

f > 3.

na) () N ) [ 1o, )] 2

Theorem error estimate
|| (w = up,p —pr)|| < C(v'/% + hl/z)hr(HUHrH + Ipllr+1)



Two-level approach 1

# macro simplex

# spaces

V=P, ={veH(Q) :v|xe€P(K), KecT}
Dy, = P¥¢,, = {ve L*(Q) : vy € P (M), M € Mp}

r



Two-level approach 11

A1 and A2 are satisfied

Proof of A3 (inf-sup condition)
# affine transformation to reference macro
b piecewise linear base function of barycentre

S
® let g e D(M) = P._i(M) be arbitrary, set 6 := b
S

—

v € Y (M) since
P ?3|8M\ =0, ?}’IAQ e Pr([?i)s NS OO(]\/J)

# norm equivalence in finite dimensional spaces gives

(¢,0)  _ (q,4b) (4:9) (¢:4)  _
N N - A N 2 6 A A Z 6 A A — 6
ldllollollo il [loflo = llgllo [Ioll0 = ldllo lIgllo



Enrichment method 1

# quadrilaterals or hexahedra
# local space

Qbubble( ) = QK )@Span(égﬁg_l,izl,...,d)

with bubble function b € Q2(K) N HE (K)
o mapped finite element spaces
Y Qbubble {’U c Hl(Q) :
v|oFy! € QRUPPR(K), K € Ty}
Dy = P¥¢, = {ve L*(Q):
U‘KOFK c Pr,n_l(K), K € Q’h}



Enrichment method 11
A1 and A2 are satisfied

proof of A3 (inf-sup condition)

#® ();-transformation to reference cells

# estimate determinant of Jacobian

® letje D(K) = P,_i(K) be arbitrary, set 4 := ¢b
s

AN

v € Y(K) since
s b€ HNEK)
s O € QPUbble( ) due to
G=do+q Wwith goespan(z]~'i=1,...,d),
G € Qra(K)



Relation to subgrid modeling

local projection: fluctuations of gradient
subgrid modeling: gradient of fluctuations

linear element on simplices: both approaches coincide
for
two-level methods and enrichment method

higher order element on simplices: spectral equivalence
of both approaches for
two-level methods and enrichment method

on quadrilaterals and hexahedra: no specitral
equivalence



°

Summary and outlook

local projection methods works for large classes of finite
element spaces

works on simplices, quadrilaterals, and hexahedra

two-level approach
enrichment method

spectral equivalence to subgrid modeling on simplices

comparison to other stabilisation techniques like SUPG
and edge/face stabilisation
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