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Variational Problems




Maxwell Boundary Value Problem

Bounded Lipschitz cavity Q ¢ R3 with PMC walls

= Electric wave equation
curl ur ' curlE — k2¢E = ikjy inQ,
urlcurlExn = 0 on ax .
Jo . exciting current er . rel. dielectric constant
K . wavenumber, k := w./epuol wur - relative permeability

Assumption: ¢, ur uniformly positive, piecewise smooth

Variational formulation
Seek E € H(curl; ) such that

(,u{l curl E, curl v)0 — K2 (erE,Vv)o =1k (g, V)g Vv e H(curl;Q).

.

=:a(YE,v)
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Coercivity

V Banach space, sesqui-linear form a(-, ) : V x V — C satisfies generalized
Garding inequality, if

3c>0: |a(u, Xu) 4+ (Ku, Uiy | = clulld, YueV.

for some isomorphism X : V +— V, compact K : V > V',

4 plus a injective: au,v) =0 YveV = u=0 A
Fredholm alternative — Y
VieV': FueV: auv)=(f o)y YveV.
. /

Example: Helmholtz equation —Au — «2u = f with V = H(Q):

au, v) = [ (gradu, grad v)o]—[/cz (u, v)o}, u,ve H(Q) .

/

principal part compact perturbation = K }

= X=Id

Coercivity




Splitting Idea




Maxwell Challenge (1)

Acoustic waves
B> Helmholtz equation

—Ap —/<2,0 =0

Potential “energy” : [ |1 grad p|?
Kinetic “energy” : [ |p|?

—_—
Kinetic energy is compact perturbation
of potential energy

&Iz
Strong ellipticity

Electromagnetic waves
B> Electric wave equation

curlcurl E — k2E =0

Magnetic “energy” : [ |1 curl E|?
Electric “energy” : [ |EJ?
[Perfect symmetry of E and H!]

—_—
Electric energy is no compact
perturbation of magnetic energy

&Iz
Lack of strong ellipticity

Maxwell Challenge (1)



Splitting Ildea

ldea:
Split E into predominantly electric and
predominantly magnetic components.

—~———

Example: L2-orthogonal Helmholtz decomposition of electric field:

E = grad o + curl A
Electric component Magnetic component
(curl-free) (divergence-free)
U )
No magnetic energy Magnetic energy dominates

> Recover (strong) ellipticity by restricting electric wave equation to components
of Helmholtz decomposition

> Generalization: Stability sufficient, orthogonality not required

Splitting Idea 4



Regular Decomposition

Lemma (Girault, Raviart): (8>(2) = 0)

There is a continuous operator L : H(div0; ) — H L(©) with

curlLu=u, divLu=0, ||Lu||H1(Q) §C||u||L2(Q) :

> Projections: R:=Locurl , Z:=1d-—R
[RZ=R,Z2=Z,RoZ=Z0oR =0]
> Stable direct splitting: H(curl; Q) = X (2) N ()

X(Q) := R(H(curl; Q) c HI(Q),
N (R2) := Z(H (curl; Q)) = Ker(curl) .

B> Compact embedding: X(Q) — LAQ)

= Stability: ”U”Hl(sz) < C|curl ulle(Q), Yu € X (£2)

Regular Decomposition



Coercivity

Split variational problem:
UseE=EL +EY v=vl-0 EL vliexX),E?V c M(Q)

<icurl El,curlv¢>0—/<2(erE¢,v¢)O — KZ(ErEO,VJ‘)O - iK(jo,VJ‘)O AVl
K? (e EL V), + «*(¢E%VY), = ik (o. V), W.
Note: red terms are compact !

I Introduce “sign flipping isomorphism™:

X: =R —-Z:H(curl; Q) — H(curl; Q)
> Generalized Garding inequality:

3 compact sesqui-linear form k on H(curl; ) and c > 0

la(u, Xu) + k(u, u)| > c||u||%_|(cur|;9) Yu € H(curl; Q) .

> Existence & uniqueness provided that « # resonant frequency

Coercivity



Galerkin Discretization




Abstract Theory (1)

Setting: e V Hilbert space, a: V x V — C continuous sesqui-linear form
e a satisfies generalized Garding inequality & is injective
e sequence V, C V, h € H, of finite-dimensional subspaces,
asymptotically dense:

YueV: Iim inf |lu—wvhlly =0.
h—0 vheVh

Goal: Asymptotic discrete inf-sup condition

a(up,
=0 |a(un, vh)|

> €llunlly  Vun € Vi [Vh < hg .

thVh ”vh”V

—~—g——

Existence & quasi-optimality of Galerkin solution up,

1a]

U —Unlly =— 1nf [[u—onlly .

C VvheW
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Abstract Theory (ll)

Define S:V — V compact: a(v,Su) = (Kv,U)y/yy VYU veV,
Ph:V — V, V-orthogonal projections .

=% N~ g pointwise > compact (ld — Ph)S— 0 uniformly

> Yields discrete inf-sup condition for X = Id !
! fX=R—-2Z,XV,) Vs, 0O Needprojector Prf( : X (R2) — Vj satisfying

Hen) CRY, lim en = 0: (1d = BYORUplly < enllunlly  Yup € Vi, vh € H
—~——
a(up, (PXX + PhSup)| =
[a(Up, Xuh) + (KUh, Th)yry — a((ld — PZ)2RuUp, up) — a((1d — Ph)Sup, up)|
> (c— llallen + II(1d — Ph)SI)) llunlly,

[ Discrete inf-sup condition for sufficiently small h

Abstract Theory (II)



Edge Elements

Local space on tetrahedron:
E(T) ::{Xr—>a—|—bxx,a,beR3}

6 local degrees of freedom: “edge voltages”

Local shape functions (A = barycentric coord.)
bjj = AjgradAj — Ajgrada;

B> Edge FE space on tetrahedral mesh Mp: &p

[Ty = FEinterpolation onto & Commuting diagram properties
In = Nodal interpolation onto 4
(8h = p.w. linear continuous FE on M}) [ [T o grad = grad ol
Jn = Face flux interpolation onto #p, Jn o curl = curloIlp

(¥n = H (div; ©2)-conforming face elements)

Note: Il unbounded even on H! () !
But [[u — HhU”H(curl;Q) < h(”u”Hl(Q) + ||curl u”Hl(Q))

Edge Elements



Z-Projection (I)

Goal: Find projection P : R(&h) — &h such that

Id — PYRu H < hjcurlu YUh € &h .
[ad = RORun |, - <hiicuriunly  Vun € &

Surprise: P4 := Iy is eligible ! \

[] curl Ru=curlu 0O Ifup € &y, then curl Rup C Fn p.w. constant
1

[0 Poincaré mapping (LW)(X) =/ t (W(tx)) x xdt satisfies
0

e Curlof ocurl = curl,
i ||£W|||_2(Q) < diam(£2) ||W|||_2(Q)1
e if w = const on tetrahedron T, then £w € &(T).

[0 Pick tetrahedron T € Mp

Ifue (R&|IT O curl(u— L(curlu)) =0
0 u-— £(curlu)y=gradg forsome ¢ e H%(T)
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Z-Projection (ll)

[1 Use local inverse inequality & ||£w|||_2(T) < ht Wil 201y

|¢|H2(T) f, |U||_|1('|')‘|‘h'F1 ||£CUF|U||L2(T)
= |U|H1(T)—|—||CUF|U||L2(T)

[1 Use commuting diagram property Il o grad = grad olj

>

u — IMhu = L£(curlu) — MrL(curlu) +grad(e — Ihe)
=0
lu—Thull 207y = 10d = Telyiry < 0T lely2r) < hT Ul -

[1 By commuting diagram property Jn o curl = curloIlp

curl(Rup — IMhRup) = (Id — Jp) curl Rup = 0.

Z-Projection (1)
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Another Application: EFIE

EFIE = simplest boundary integral equation for electromagnetic scattering

1 : ; 1
arm,u)=K—2[<vx<dwrn>,d1vm>,]—[<v,<n,mr], 0, 1€ H 2(divp, T) .

\
Term of order 1 Term of order -1

H=2(I) > HI(T)

K|VX—Y| '
'Sﬁ N f(iﬂx ;“ﬁ( )dS ) coercive

Single layer BI-Op: V, : |

Tangential trace space of H (curl; ©2)
Again:

1
e Use trace induced “Hodge-type” regular deomposition of H 2(divp, I')

1
[0 Generalized Garding inequality for ap H™ 2(divF, ' x H 2(divp, M) — C

o Ph -projection = FE interpolation for H — 2(d1vF, [')-conforming BEM

R. HIPTMAIR AND C. SCHWAB, Natural boundary element methods for the electric field integral equation on polyhedra,
SIAM J. Numer. Anal., 40 (2002), pp. 66—86.

Another Application: EFIE
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