Einfiihrung in die Diskrete Mathematik
Solution to exercise 5, problem 1

Prove
a) O(f(n))O(g(n)) = O(f(n)g(n)),
b) if Vn : f(n) > 0, then O(f(n)g(n)) = f(n)O(g(n)), and
¢) O(f(n)) +O(g(n)) = O(|f(n)| + [g(n)]).

Loésung

a)

If h(n) € O(f(n))O(g(n)) , then there are functions hy and hy such that

e Vn:h(n) =hs(n)hg(n)

e dng,cr:Vn>nyg:|hp(n)| < crlf(n)]

e Ing,cq:Vn>ng:lhg(n)| < cqlg(n)

Therefore, Vn > max{ns,n,} we have |h(n)| = |hs(n)| x |hg(n)| < creq|f(n)g(n)] and h(n) €
O(f(n)g(n)) becomes obvious (with n, = max{ns,ny} and ¢, = cyey).

If h(n) € O(f(n)g(n)), then there are positive numbers nj, and ¢, such that ¥n > ny, : |h(n)| <
cn|f(n)g(n)|. We have to prove, that there are functions hy(n) € O(f(n)) and hy(n) € O(g(n))
such that h(n) = hy(n)hgy(n).

We define hy in such a way, that hy(n) = 0 — h(n) = 0 (we have to be able to divide non-zero
values h(n) by hy(n)) and hy(n) € O(f(n)):

f fn) o n>my
hf(n){ 1 @ n<ny
The latter condition is obvious (with ny = nj and ¢; = 1), while the former condition holds
because of the following:
If hy(n) =0 we know f(n) =0, n > n;, and therefore 0 < |h(n)| < ¢p|f(n)] =0.
We define h, in such way, that Vn : hy(n)hge(n) = h(n).

h(n) .
hq(n) _ NONE hf(n) >0
: 0 : hr(n)=0

Our condition holds, because if h¢(n) = 0 we know already, that h(n) = 0 = 02. It remains to
prove hy(n) € O(g(n)). We choose ¢4 = cp and ng = nyp,. If hy(n) = 0, we get obviously |hg(n)| =
h(n h(n cr|f(n)g(n
0 < ¢glg(n)|. If hy(n) > 0, we get ¥n > ng : |hy(n)| = ‘hf((rS) = Ifgngl < "{;(gé’l( I — cqlg(n)),
and the proof is done.
b) Because f(n) € O(f(n)) we get {f(n)} C O(f(n)) and therefore:

f(n)O(g(n)) = {f(n)}0(g(n)) € O(f(n))O(g(n))

It remains to prove h(n) € f(n)O(g(n)) for all h with h(n) € O(f(n))O(g(n)). If h(n) €
O(f(n))O(g(n)) then there is an hy with hy(n) € O(f(n)) and an hy with hy(n) € O(g(n))
with Vn : hy(n)he(n) = h(n). But then for large enough n (in the previous notation n > nj =
max{ng,ng}) we have [h(n)| = [hy(m)llhg(m)] < cslf(mlcylg(n)] = cseyl f(n)g(n)] and with cp =
cfcg the proof is done.

¢) C: Vi > max{ng, n} : [h(m)] = [y (n) + by ()] < by ()| + g ()] < s F(m)] + cglg(m)
max{c, g7 ()] + lg(n))
D: Define hy(n) = h(n) and hy(n) = 01if | f(n)| > |g(n)| and hy(n) = 0, hy(n) = h(n) otherwise.
We have h(n) = hy(n) + hy(n) If hy(n) # 0 we have
2enlf(n)] = en([f ()| + |F(0)]) = en([F ()] + lg(n)]) = [R(n)] = |hs(n)| and therefore:

h(n) € O(f(n))

IN

If hy(n) # 0 we have
2enlg(n)| = enllg(n) +1g(n)]) = cn([f(n)| + lg(n)]) = [h(n)

hg(n) € O(g(n))

= |hg(n)| and therefore:

This completes the proof.



