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In summary we have shown A = B = C for an arbitrary k, therefore
(D2 |1, )(@s) = (D1, )(ds) = (DaWilz,) (@) Yk =1,2,3.

This proves the stated hypothesis
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As above, a comparison of coefficients with (5) gives
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1 Introduction

Some relevant problems such as the biharmonic problem or the plate problem
can be described by a partial differential equation of fourth order. The weak
formulation of any such problem features functions from the Sobolev space H2.
Thus, the functions themselves as well as their first and second generalised de-
rivatives have to be square-integrable over the considered domain. The natural
approach to solving such problems numerically by the finite element method is to
use conforming finite elements. This means that the FE basis functions belong
to a finite-dimensional subspace of the appropriate space H2. This is fulfilled for
FE basis functions which are globally C'-continuous.

One example of Cl-continuous elements is the reduced Hsieh-Clough-Tocher
(tHCT) element, which goes back to [1]. It is a triangular element with piecewise
cubic shape functions defined on three subtriangles. The shape functions are con-
structed in such a way that the resulting global basis functions are C'-continuous.
The element uses the values of the function and both first derivatives at all three
vertices as degrees of freedom, which sums up to 9 in total. Global C!-continuity
is achieved by inner C'-continuity and the condition that the restriction of the
normal derivative of any shape function to any element edge has to be linear with
respect to the local line coordinate. The splitting into three subtriangles may be
based on an arbitrary interior point, which is called splitting point.

The goal of this article is to show the following remarkable property. While
the second derivatives of rHCT shape functions may jump across internal edges,
they do not jump at the splitting point of the element. The current article is
an extension of [4], where this property was shown for a splitting based on the
barycenter.

Our practical motivation for this article comes from remarks 7.10 and 7.11 in [3].
The above property was used there to get rid of nodal jump terms in the construc-
tion of an a posteriori error estimator for rHCT elements for plate and laminate
problems, but no proof was given.

2 Shape functions

There exist several approaches to the definition of rHCT shape functions. They all
lead to the same functions eventually; only the formulations differ. We consider
the method given in [5], which is a generalisation of [2] to an arbitrary interior point
as splitting point. The construction of shape functions is shortly recapitulated in
this section.



Consider a split of the original triangle 7" with the vertices
a; = [zjy;]", j=123
based on an arbitrary interior point
— [ T
as = [zs,ys) € intT.

Shape functions that belong to node a; of the triangle T" are written as a row
vector

7i(a) = [0 (a), " (a), ¥} (a)]

and the full vector of all shape functions takes the form
¥(a) = [W1(a), ¥s(a), ¥3(a)]

at an arbitrary point @ = [z,y]T. Shape functions with superscript (0) are related
to the function value at the respective node and those with superscripts (1) and
(2) are related to the function derivative with respect to z and y at the respective
node.

In order to shorten the following expressions, we introduce some abbreviations to
be used throughout the article. We use z;; and y;; to denote x; — z; and y; — y;,
respectively. This implies x; ; = —x;; and y; ; = —y;;. Furthermore, all indices
k,k—1,k+1run from 1 to 3 and k£ £ 1 is always understood implicitly as

ka1 = ((k£1-1) mod3)+1

to stay in the admissible index set {1,2,3}. Formulas that use k as an index are
valid for £ = 1,2, 3.

The outer edges of the element are denoted by FEj and the inner edges by fi.

Their orientation is as given in Figure 1, which leads to the formulas

B — |:5L'k—1,k+1:| and f — |:5L'k,s:| .

Yk—1,k+1 Yk.s

We define normals of the outer edges with the same length by

N, = |:7yk—l,k+1:| ]

Th—1,k+1

The subtriangle containing Ej, is denoted Ty. The Jacobians of the mappings
from the reference triangle to the three subtriangles, confer also section 3, are

_ | Tk+ls Thk-1s
Jp= .
Yk+1s  Yk—1,s

B2:

(E/m (Do®2) () His1 + Frir (Do) () (b 1)T
+ Fiqa (BZéO)(&s)Hk+le)2:
1
2
»

(xkfl,syk,s + Ik.,syk'fl,s) (b§+1)T

Hig

1 kT
= Tro1stk-1s(¢7) + 5
o1 k

+ m(ﬁxk,k—lyk.k—l(ﬂzck + 2ﬂkﬂk—1b£+1 + Qﬂk#kﬂbﬁ,l)

+ 61T 1 (—pn Vb1 k1 — (aYrr s + /Lk—lyk—l,kJrl)bi_;_l
— (WY -1 + Hrs1Yr—10+1)b5_1)
- 6.“k+1yk,k—1(/lk$k—1,k+1ck + (Mg p + Mk—lxk—l,k+1)b£+1
+ (fTh -1 + Mk+11’k—1,k+1)bz,1))T
= m(—ﬂil’kq.sykim + /‘Zxk,k—lyk,k—l — HkME1 Tk k—1Yk—1,k+1
- ,U«k//«kJrlxk—l,kJrlyk,k—l)(Ck)T
+ m(ﬂi(‘rk—l,syk,s + ThsUk-15) + 2Lk k-1 Tk k-1 Yk k1
— Lot (Th o1 Ykt 1.6 + Tht 1 kb k—1)
— ,U«k+1/lk—1(xk,k—1yk—1,k+1 + Ik—l,kJrlyk,k—l))(b]}erl)T

- é(xk,k—lyk—l,kJrl + $k—1,k+lyk,k—1)(bﬁ—1)T7

Co. = (Fioy (Daty)(a) Hy—y + Fiy (Do) (as) (B )T
+ Fiq (ﬁz‘io)(as)ﬂquk)

2:

= *‘uz1 $k+1,syk+1,s(ck)T + #21 (Ik+1,syk,s + l’kﬁsylwl,s)(bﬁfﬂT
k—1 k—1

+ W (6f5k+1,k’!/k+1,k(/l'£ck + 2ppti1bf gy + 2 bl
6t 1Th e (— Y1 1€ — (Y1 + Bt Y1 k1) b5
— (Yr -1 + ﬂk+1yk—1.k+1)bllz—1)
— Bt Y1 (e i1 €+ (e + 1 Trm )04
+ (g1 + Mk+1xk—1,k+1)b£—1))T

_ 1
MY Hg—1

— 1Tt 1Y) (€) T

2. 2.
(=M Thg1 sYk41s T Tk 1k Ykt 1k — HhMh—1 Thp 1 kY h—1 k41

- é(xk+l,kyk—l,k+1 + T W) (OF )T

1 2 .
+ T (15 (Thg1,5Uhs + ThosUhtis) + 201 Tkt 1 kYk+1k
— Piofbe—1 (T kYhk—1 F Th 1Ykt 1,k)

— W 1 (Tt kYh—1 pt1 + Tho b1 Yernr)) (OF_) T
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which are the same coefficients as in Ay, with 1/(u?p? ) factored out. The
coefficients of (b’,g,l)T in A;. and By, are evidently also equal. Therefore, it holds
B;. = A;.. Similarly, one gets C;. = Aj.. The coefficients of (bﬁﬂ)T in A;. and
(. are evidently equal and it holds

uiyﬁﬂ,s - ,uiylirl,k + 20— 1 kY k1 kY =1, k41
= (Mkyk+17k + Nk—lyk+1,k—1)2 - Miyﬁﬂ,k + 21 kY1 kY1 k41
= Ni?f}%ﬂk + 20k k-1 Ykt 1k Ykt 1,6—1 T Hiqyiﬂ,kq
— Y1 g 2H e Yk kY L1
= /Li—lylz—l,kdrlv
*uiyk,symlﬁ — ukukﬂyzﬂ,k + Hk—1HkYk+1,kYk k—1 T Hk—1Mk+1Yk+1,kYk—1,k+1
= — (Mt 1Yhkr1 + Hi—1Ykk—1) (BkYr+1,k T He—1Ykt1,k—1)
- ﬂkﬂk+1yz+1,k + Pk—1 Yk 1,k Yk k—1 T k=1 1Yk+1,kYk—1,k+1
= Nk+1,uky13,k+1 — Pk—1 Mk Yk—1,kF1Yk+1,k — Hk—1 kYK k—1Yk+1,k
+ fh 1Yk kY1 k-1
- Hkuk+1yi+1,k + k=1 Yk 1k Yk k—1 T Mk—1 e+ 1Yk+1,kYk—1,k+1

= Ni—lylﬁrl,k—lyk‘k—lv
which are the coefficients of (¢*)T and 2(bf_,)T with 1/(u%uf_,) factored out.

As. = Bs. = (3, follows analogously with all y, replaced by the corresponding x.;
a double ‘—’ cancels out.

Finally, we consider As., Bs., and Cy. and get

Ao = (Fy (Daby) (a.) Hy, My

2:
1

= m(&ﬂkq,kﬂykq?kﬂ(ﬂzck + Q/Lkﬂkflblzzﬂ + 2Mkﬂk+1b]1271)
+ 611 (— Y s € — (Y1 + k-1 Yk 11)bE
— (Y p—1 + Nk’-%—lyk—l,k-%—l)bﬁ—l)
— 611 (Tho 1 + (T + 1Tk 1 1) DE g
+ (feTr -1 + Nk+1‘rk—1,k+1)b])z—l))T

L

k k
) ( — Tt k1 Yh—1,h1C F (Tom1 ke 1Yk et1 T Thobr1Yb—1,641)0f 41

.
. ) &
+ (Tr—1 1 Yh—1,k + 'Ek—lykyk—l,kJrl)bkfl) ,

10

a2

Figure 1: Triangle T with splitting

Their determinants are abbreviated as

Mk = deth = Tk4+1,5Yk-1,s — Tk—1,sYk+1,s-

The final shape functions are constructed to fulfil three propositions.

1. The functions ¥ are cubic polynomials in each subtriangle, are continuous
within 7", and fulfil

¥i(a;) = [1,0,0] 9y

VU, (a;) {0 10

00 1}& Vi, j=1,2,3

with the Kronecker delta
Li=j,
dij = { o,
0 i#7
2. The normal derivatives of all functions are linear along outer element edges
with respect to the local line coordinate.

3. The functions are C''-continuous inside T'.

The final shape functions are defined with the help of basic functions and some
transformations in order to assure the above propositions. We shortly repeat the
results here, the whole derivation can be found in [5] together with [2].

The formulas for all shape functions on subtriangle T}, read
Yl = &y Hy, My,
Upri|r, = é1ﬂk+/§(b£+l)T+qgoﬂkMk+h (1)
U_i|r, = &y Hy, + 3 (BFHT + b0 Hy My



with the basic functions

bo(a) = (1 -2 —§)°[1 + 22 +29, &, 9],
Bi(a) =2*[3-22, -1, 7, )
Ba(a) = 9*[3-29, &, §— 1]
Bla)=ag(1 -2 —19)
given on the reference triangle
T={&9"€eR*:2>0,§>0,a+§<1} (3)

and the auxiliary terms

1 0o [t 0o 0 Loo
H. =10 JT 0 Tpt1s Yetrs| = |0 f’;r“ )
0 =k 0 ZTp—1s Yr—1s 0 fl;r—l
b — L OF¢ fin
|Ek‘2 SMka+2|Ek|2fk—l
pt = 1 —65] fr
|Ewl® |3k Nk + 2| B fraa |
6
k_
C |:_2fk:| 5
3 flT 3 Tis Yis
S=—2u, |3 f2T = —2uq (3 T2 Yas|
3 fér 3 T3s Yss
571 — 7i H1 H2 13
= 6p3 [3N1 3Ny 3N3|’
Ty = e (pnblgsn) "+ enrn (ublp_1) T + en(pe1biy + prsabl_y + puc®)T,
Mk = —Silljkw

The e; in the formula for T}, denote the j-th unit vectors with (e;); = d;;.

3 Transformation of second derivatives

The shape functions (1) are formulated with the help of the basic functions (2),
which are given on the reference triangle (3). Each of the three subtriangles is
mapped to the reference triangle by an affine linear mapping like illustrated in

Cp. = (Ek—l (Do) () Hy—1 + Fyy (Do) () (0 )T

+ Fp (f)ZéU)(&s)ﬂk—le)l:

= Vs — kst (O )T

+ plf( 61 (" 4 2pn by + 2ppabl)

MY H—1

- 12/"1@—1yk+1,k(*/l/kyk—1,k+lCk — (eYrsrk + /l’k—lyk—l,k+l)b§+1

T
— (kYr -1 + Nk+1yk—1,k+1)b£—1))

= %(Mii’/gﬂ,s - uiyiﬂ,k + 2/1/k—1/1kyk+1,kyk—1,k+l)(Ck)T

MR
2 k T
+ Eyk+1,kyk—l,k+1(bk+1)
2 2 2
+ m(—mryk.sykﬂ,s = Bk Y1 T -1 Y+ 1k Yk k-1

+ Hk—l#k+1yk+1,kyk—1,k+l)(bllz—l)T'

We recall
HkYks + Bk Yk1s + pe—1Yk-1s = 0
from [5] to show the auxiliary formula
Ht-Yks = MkYks T Mk1Yk,s T Hk—1Yk,s
= — [ 1Yk+1s — Mk—1Yk—1s T Mkt 1Yks + Hk—1Yks (5)
= Mk+1Ykk+1 T Me—1Yk k—1-
Analogous results hold for piyygy1s and pyyr—1 and also for all variants with
y replaced by z. We consider the coefficients of (c*)T and 2(bf,,)T in B;. with
1/ (uiui +1) factored out to shorten the equations. With the help of the above
formula, we get
Mi@//%q,s - N‘zy}ik—l + 2 k1 Yh k-1 Y1, k41
= (Nlcyk—l,k + Hk+lyk—1,k+1)2 - Uzylz,k—l + 2p 1 Yk k- 1Yk 1 k41
= JeYn—1 g 2l Yl kY= 11+ 1 Yo 1 1
- szz,ka + 2 1 Yk k-1 Y1kt L
= /‘i+1yz—1,k+lv
— 1 Yk1,5Yks — Hrbk—1Yi 1 Pl Yk k=1 Yk 1 T [ 1 Y k=1 Y1 1
= — (Y1 + et1Yk—1 1) (b1 Yk Jo—1 + Mot 1 Yk Jit1)
- /‘«kﬂk—lyi,k—l + L1 Yk o—1Yk+ 1,k + k41 Hk—1Yk k—1Yk—1,k+1
= ,Uk,uk—l?/z,k—l = HEHE+1Ykk—1YE+1,k — Hk4+1HEk—1Ykk—1Yk—1,k+1
- ﬂi+lyk—1,k+1yk,k+1
- ,U«k-ﬂk—lylik—l + L1 Yk o —1Yk+ 1,k + Pkt1Hk—1Yk k—1Yk—1,k+1

— 2 ,
= M1 Yk—1,k+1Yk41,k>



Next we use Ny + Nii1 + Ni—1 = 0 to reformulate M}, as

My, = -S7'T;,

[ g g
L [ A [CRTP SR

k i k\T
+ ek(ﬂk—lbk+1 + prs1by g + e ) )
(3P +2pnpn b 20 pr410F )T }

e 3(Nk(ukc’”+uk WF ke 0f ) TN (abf ) T+ N (ibf_ )T )

(B R 2 pp—1bF 20k e bf_y)T :|

d(/lka(f*)TJr(me 1k 1NA)(bk“)TJr(/lrkaHl+uk+1Nk)(bﬁ,l)T>

With these intermediate results, we are now ready to formulate the rows of A,

B, and C as linear combinations of the row vectors (¢F)T, (b, )7, and (0f_;)T.

Denote the i-th row of A by A, for B and C respectively.
We first consider A;., By., and C}. and get

Ay = (B (Do) (@) Hi M)

=

k & &
= Wijg( —6Y7 1 g1 (" 4 21Uy A 2k ab_y)
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Figure 2: Mapping between the reference triangle and T}

Figure 2. Inner edges are mapped to the axes of the reference triangle. This can
be formulated as

a=x1,@) =Li+a, a=gxg(a)=x7'(a)=J"(a—a) foracT

with the Jacobian

| Th41s Tk—1s
= Vier * fial = |:yk+ls Yk 15}

associated with the subtriangle Tj.

The derivatives with respect to the coordinates = and y can be obtained from
the derivatives with respect to the master coordinates & and ¢ via a simple
transformation. It can be written for the second derivatives as

(Dy¥|7,) (@) = Fi, (DoW |z, )(a) (4)
with the matrix differential operators
L (o e 2T o P
Dy = [812 9209 99> } ’ 2= {W’mw}

and an appropriate transformation matrix F}. The transformation matrix takes
the form

1 (Jx)3, —2(Jk)21(Jk)22 (Jr)3,
I, = 2 —()12(de)22 (Ir)12( )2 + (Je)u(k)oz  — (e (i)
k (i) =2(Ji)11 (k)12 (i)t
1 yifl‘s —2Yk—15Yk+1s yl%+1,s
= 5 | = Th-15Yk—-15 Tht1Yk—15 T Th-1,Yk+1s —Lh+1sYk+1s
Hi 22 —2x 2
k—1s Uk—1,sTk+1,s Trt1,s

as shown in section 8.3 of [3].



4 Second derivatives at the splitting point

The splitting point of the complete triangle has the master coordinates a, = [0, 0]7
for all three subtriangles. Our hypothesis that the second derivatives of the shape
functions do not jump at the splitting point therefore reads

(Do¥|7,)(as) = (D2¥|r,)(s) = (Do¥|7y)(as)-

This is a comparison of 3 x 9 values evaluated on 3 subelements, which gives 81
values which are to be shown as being 3 same sets of 27 values per set. After
splitting the vector ¥ into the vertex related parts ¥, s, W3, one can use (1)
(reformulated such that now the index of ¥, is constant and the index of T, varies)
and (4) to write
A= (Do) (s
B = (D, )
= Fi1 (Do
= (D%l _, ) (@
= Fiy (Do

) = Fi (DaW|1,)(as) = Fy, (Dobo) () Hy, My,
as) = Fip1 (DaWy|1,, ) (@
(a

—

|Tk+1

1

as)Hyy1 + Fr1 (D2§
is) = Fyo1 (DaWy|1,
(65)Hy,—1 + Fy—1 (Do) (@

for any fixed k from 1 to 3. It remains to show A = B = (}; this is done in the
following by evaluating all necessary terms.

\Q
VAV

)( DT+ Fyy (Do) () Hy1 My,

The second master derivatives of all basic functions at the splitting point are

N -6 —4 0 o 6 -2 0
(Dybo)(as) = | -6 —2 -2, (Do) (@)= [0 0 0],
-6 0 —4 0 0 O
o 00 O L 0
(Dyds) (@)= [0 0 0|, (Dyf) () = |1
6 0 -2 0
This yields
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For the next steps we recall

Mk = Tht1sYk—1,s — Th—1,sYk+1,s

This yields

Fy1(Do®y)(as) Hy

Fr (D2B) (ﬁs)(bfiﬂ)T

Ey1(Dof3) (a5) (b

)7

1
I

2
Hiet1

2
Mt

—2Tp 11,6 Th s

AYk41,8Yk—1,k+1

—2Tpp 1 sYk—1,k+1 2Tk —1 k+1Yk+1,5

AT 41 sTh—1,k+1

1 0 0
and Hp = |0 Zpi1s Uktis
0 Tr-1s Yk-1s
—6yi_ 1k+1 =4k Yr—1 k41
0Tk 1 ks 1Uk—1h+1  2HkTh—1k+1
—6af_ 1,k+1
2 T
Gyk—l,s *ka,q,sfk,s
T
76Ik—1,syk—l,s 2xk—l,syk—l7sfkﬁs
2 2 T
02,1 —2%71,sfk,s
2
Yk—1,s T
—Thk-1,sYk—1,s (C) 3
2
'kal,s
2 2 T
OYis1,s _2yk+1,sfk,s_r
_6751€+1,syk+1,s 2Ik+1,syk+1,sfk,s
2 2 T
6xk+115 _Zkarl,sfk,s
2
Yk+1s T
“Tr41,sYk+1s (C) )
2
Thtls
—2YksYk-15
Th—-1,8Yk,s T ThsYk—1,s (bk+1) 5
721k,s$k71,s
—2Yp115Yk s

k,])T'

T sYk+1,s + Lk4+1,5Yk,s (bk

100
0 fin
0 fi
0

=20k Yk—1,k11
A1 g1

J



