 TECHNISCHE UNIVERSITAT CHEMNITZ

Marcus Meyer

Parameter identification problems for
elastic large deformations

Part I: model and solution of the inverse
problem

CSC/09-05

PREPRINTS

Chemnitz Scientific Computing

Preprints
Chemnitz Scientific Computing Preprints — ISSN 1864-0087



Impressum:

Chemnitz Scientific Computing Preprints —  ISSN 1864-0087

(1995-2005: Preprintreihe des Chemnitzer SFB393)

Herausgeber: Postanschrift:

Professuren fiir TU Chemnitz, Fakultat fir Mathematik
Numerische und Angewandte Mathematik 09107 Chemnitz

an der Fakultat fir Mathematik Sitz:

der Technischen Universitat Chemnitz Reichenhainer Str. 41, 09126 Chemnitz

http://www.tu-chemnitz.de/mathematik/csc/



08-02

08-03

08-04

08-05

08-06

08-07

08-08

09-01

09-02

09-03

T. Eibner. A fast and efficient algorithm to compute BPX- and overlapping
preconditioner for adaptive 3D-FEM. June 2008.

A. Meyer. Hierarchical Preconditioners and Adaptivity for Kirchhoff-Plates.
September 2008.

U.-J. Gorke, A. Bucher, R. Kreifiig. Ein numerischer Vergleich alternativer
Formulierungen des Materialmodells der anisotropen Elastoplastizitéit bei
grofien Verzerrungen. September 2008.

U.-J. Gorke, R. Landgraf, R. Kreiflig. Thermodynamisch konsistente For-
mulierung des gekoppelten Systems der Thermoelastoplastizitéit bei groen
Verzerrungen auf der Basis eines Substrukturkonzepts. Oktober 2008.

M. Meyer, J. Miiller. Identification of mechanical strains by measurements
of a deformed electrical potential field. November 2008.

M. Striebel, J. Rommes. Model order reduction of nonlinear systems: sta-
tus, open issues, and applications. November 2008.

P. Benner, C. Effenberger. A rational SHIRA method for the Hamiltonian
eigenvalue problem. December 2008.

R. Unger. Obstacle Description with Radial Basis Functions for Contact
Problems in Elasticity. January 2009.

U.-J. Gorke, S. Kaiser, A. Bucher, R. Kreiflig. A fast and efficient algorithm
to compute BPX- and overlapping preconditioner for adaptive 3D-FEM.
February 2009.

J. Glanzel. Kurzvorstellung der 3D-FEM Software SPC-PM3AdH-XX. Jan-
uary 2009.

The complete list of CSC and SFB393 preprints is available via
http://www.tu-chemnitz.de/mathematik/csc/

TECHNISCHE UNIVERSITAT CHEMNITZ

Chemnitz Scientific Computing
Preprints

Marcus Meyer

Parameter identification problems for
elastic large deformations

Part I: model and solution of the inverse
problem

€SC/09-05

Abstract

In this paper we discuss the identification of parameter functions in
material models for elastic large deformations. A model of the the for-
ward problem is given, where the displacement of a deformed material
is found as the solution of a nonlinear PDE. Here, the crucial point
is the definition of the 2nd Piola-Kirchhoff stress tensor by using sev-
eral material laws including a number of material parameters. In the
main part of the paper we consider the identification of such parameters
from measured displacements, where the inverse problem is given as an
optimal control problem. We introduce a solution of the identification
problem with Lagrange and SQP methods. The presented algorithm is
applied to linear elastic material with large deformations.

CSC/09-05 ISSN 1864-0087 September 2009



Contents
1 Introduction

2 Elastic large deformations
2.1 PDE model for the direct problem . . . . . ... ... ... ...,
2.2 Material laws and the 2nd Piola-Kirchhoff stress tensor . . . . . .
2.3 The 2nd Piola-Kirchhoff stress tensor for linear elasticity . . . . .
2.4 The 2nd Piola-Kirchhoff stress tensor for nonlinear material laws .
2.5 Solution of the direct problem . . . . . ... ... ... ......

3 Identification of material parameters
3.1 Discussion of identification problems . . . . .. .. ... ... ..
3.2 The inverse problem as a minimization problem . . ... ... ..
3.3 Solution of the constrained minimization problem . . . .. .. ..
3.4 Parameter identification for linear elastic material . . . . . . . ..

4 Future work, ideas and problems

Author’s addresses:

Marcus Meyer

TU Chemnitz

Fakultat fiir Mathematik
D-09107 Chemnitz

http://www.tu-chemnitz.de/mathematik/
marcus.meyer@mathematik.tu-chemnitz.de

Some titles in this CSC and the former SFB393 preprint series:

06-01

06-02

06-03

06-04

07-01

07-02

07-03

07-04

07-05

07-06

07-07

07-08

07-09

07-10

08-01

T. Eibner, J. M. Melenk. p-FEM quadrature error analysis on tetrahedra.
October 2006.

P. Benner, H. Fafibender. On the solution of the rational matrix equation
X =Q+ LX'L". September 2006.

P. Benner, H. Mena, J. Saak. On the Parameter Selection Problem in the
Newton-ADI Iteration for Large Scale Riccati Equations. October 2006.

J. M. Badia, P. Benner, R. Mayo, E. S. Quintana-Ort{, G. Quintana-Orti,
A. Remén. Balanced Truncation Model Reduction of Large and Sparse
Generalized Linear Systems. November 2006.

U. Baur, P. Benner. Gramian-Based Model Reduction for Data-Sparse
Systems. February 2007.

A. Meyer. Grundgleichungen und adaptive Finite-Elemente-Simulation bei
"Groflen Deformationen’. Februar 2007.

P. Steinhorst. Rotationssymmetrie fiir piezoelektrische Probleme. Februar
2007.

S. Beuchler, T. Eibner, U. Langer. Primal and Dual Interface Concentrated
Iterative Substructuring Methods. April 2007.

T. Hein, M. Meyer. Simultane Identifikation voneinander unabhéngiger
Materialparameter - numerische Studien. Juni 2007.

A. Bucher, U.-J. Gorke, P. Steinhorst, R. Kreifiig, A. Meyer. Ein Beitrag
zur adaptiven gemischten Finite-Elemente-Formulierung der nahezu inkom-
pressiblen Elastizitit bei groflen Verzerrungen. September 2007.

U.-J. Gorke, A. Bucher, R. Kreifiig Zur Numerik der inversen Aufgabe fiir
gemischte (u/p) Formulierungen am Beispiel der nahezu inkompressiblen
Elastizitat bei grofien Verzerrungen. October 2007.

A. Meyer, P. Steinhorst. Betrachtungen zur Spektraldquivalenz fiir das
Schurkomplement im Bramble-Pasciak-CG bei piezoelektrischen Proble-
men. Oktober 2007.

T. Hein, M. Meyer. Identification of material parameters in linear elasticity
- some numerical results. November 2007.

T. Hein. On solving implicitly defined inverse problems by SQP-approaches.
December 2007.

P. Benner, M. Déhler, M. Pester, J. Saak. PLICMR - Usage on CHiC. July
2008.



developments of the general theory. Philos. Trans. Roy. Soc. London, Ser. A
241: 379-397, 1948.

[17] Schade H.: Tensoranalysis. (German), de Gruyter Lehrbuch. Berlin: Walter
de Gruyter, 1997.

[18] The MathWorks, Inc.: Partial Differential Equation Toolbox™ User’s
Guide. MATLAB software documentation, www.mathworks.com, 2009.

[19] Troltzsch, F.: Optimal control of partial differential equations. Theory, pro-
cedures, and applications. (German), Wiesbaden: Vieweg, 2005.

28

1 Introduction

In mechanical engineering the simulation of deformations and stresses is an im-
portant application of FEM software. For given geometry and loads the dis-
placement of a body has to be calculated as the solution of an elliptic partial
differential equation. In this context, the stress tensor needs to be defined with
an adequate material law, depending on the considered material. A wide variety
of such material laws exists. Common for all of them is, that several material
properties are involved via material parameters. In the following we want to
deal with the identification of these material parameters from given displacement
data. This denotes an inverse identification problem in contrast to the direct
simulation problem.

While solving identification problems for large deformations, difficulties emerge
due to several facts. At one hand, the governing equation denotes a nonlinear
PDE even for linear material laws. This results from nonlinear terms in the strain
tensor, that cannot be omitted in the case of large deformations. See [11] and [12]
for details on the nonlinear PDE model. Additionally, nonlinearity arises from
nonlinear material laws, such as Neo-Hooke and Mooney-Rivlin (basing on the
fundamental papers [14] and [16]), or Modified Fung material [3]. On the other
hand, we are interested in the identification of parameter functions and thus the
inverse problem may turn out to be ill-posed. Therefore, a stable solution of the
identification problem needs to involve regularization methods. For a survey on
regularization theory see e. g. [4] and [9].

In the last years the theory on the identification of material parameters made
considerable progress. Thus, for the linear theory with small deformations and
linear elasticity the identification of scalar parameters as well as parameter func-
tions is well known. See in the linear context e. g. the survey paper [1] and
the references therein or the numerical study [8]. Results for the identification
of scalar parameters in nonlinear material laws with large deformations can be
found in [6]. A recent study on identification problems for Neo-Hooke material
with large deformations is presented in the paper [5].

In our work we will focus on the identification of parameter functions for com-
pressible material with large deformations. Therefore, the identification problem
will be formulated as an optimal control problem as suggested in the paper [2].
For the solution of the resulting constrained minimization problem Lagrange and
SQP methods will be implemented following the results of [7].

The paper is organized in the following manner. In section 2 a survey on the
large deformation theory is presented. We introduce a nonlinear PDE model for
the direct problem and focus on the material-depending definition of the 2nd
Piola-Kirchhoff stress tensor. The derivation of the stress tensor from special



energy density functions - referring to the material laws - is explained. In the
next section we deal with the inverse problem. Thereby, we discuss the variety
of arising identification problems and present a general solution framework with
SPQ methods. Concluding this section, the identification algorithm is applied
to linear elastic material with large deformations. Finally, an outlook on future
work and open questions is given.

2 Elastic large deformations

In the following section we sketch the PDE model for elastic large deformations as
it was presented in detail in the papers [11] and [12]. Thereby the considered dif-
ferential equations are derived in terms of tensor calculus. An extensive survey
on tensor analysis is given e. g. in the monograph [17]. In this study we as-
sume dealing with compressible material. For incompressible material additional
equations have to be introduced, see e.g. [6] and [11].

2.1 PDE model for the direct problem

The deformation of a body €2 is quantified by the displacement, which is defined
as follows.
Definition 2.1 (Displacement U of a body Q). Let Qg C R? be an undeformed
body and let Q, C R® be the same body after a deformation. A mass point at
position X € g is moved by the displacement to a position x € Q. Thus we
define

r=X+U(X)

with the displacement U(X) € R3.

Note, that for elastic material behavior the body returns to state €2 after remov-
ing loads. Throughout the paper we distinguish the deformed and undeformed
state by using capital letters for variables in undeformed state and lower case
letters in deformed state.

The governing equation describing the equilibrium of forces in a deformed body
is given by the elliptic PDE

divo+pf=0 VreQ. (1)

The complete boundary value problem additionally contains force loads referring
to Neumann boundary conditions and Dirichlet boundary conditions in the case
of fixed displacements at the boundary. In equation (1), o = o(z,U) denotes
an appropriately chosen stress tensor, which is depending on x and U. Further
variables are the density p = p(z) and the vector of volume forces f=Ffl ().

[2] Burger, M.; Miithlhuber, W.: Iterative reqularization of parameter identifica-
tion problems by sequential quadratic programming methods. Inverse Prob-
lems 18, 943-969, 2002.

[3] Fung, Y.-C.: Biomechanics: mechanical properties of living tissues. Springer,
New York, 2nd ed., 1993.

[4] Engl, H. W.; Hanke, M.; Neubauer, A.:Regularization of inverse problems.
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Referring to remark 3.2 the linearizations with respect to p are defined as

ao(U;Vip;q) = a(U;Vig)
ai(U; Vipig,Ap) = 0
a(U; W, VIp;q) = ao(U; W, V]q)

and therewith the system (34) is completely defined for linear elasticity.

4 Future work, ideas and problems

A couple of questions concerning the solution of [IP] is still open:

e The convergence analysis in [2] includes a large number of conditions (e. g
restriction of nonlinearity, choice of 7 for (44), and a lot of others) that have
to be fulfilled in order to guarantee convergence of the SQP iteration. In
this paper we omitted a discussion of such conditions, and if they coincide
with our framework.

e We also ignored the question, whether [IP] has a unique solution or not. In
the paper [15] the unique identifiability of material parameters for linear
elasticity with small deformations is shown, if the Dirichlet-to-Neumann
map is known. Up to now (see e. g. [1] and [5]) it is not clear, if this result
can be adapted for large deformations. But as a consequence, stepwise ap-
plying of loads with measuring of multiple displacement fields may improve
the results of the identification problem compared to single measurements.

e A convergence analysis for the Newton iteration in algorithm 2.1 may an-
swer questions on how to define At (or AU, Ap if the update of a(U; V|p)
via (35) is used) small enough.

e The identification algorithm was only applied for the linear material law
(10). For an application of nonlinear materials, the corresponding lineariza-
tions have to be introduced.

A numerical study referring to the contents of this paper will be presented in [13].

References

[1] Bonnet, M.; Constantinescu, A.: Inverse problems in elasticity. Inverse
Probl., 21(2): R1-R50, 2005.

26

As derived in [11], the weak solution of (1) is found as the solution of the following

variational problém.
Definition 2.2 (Variational problem for equation (1)). Find a displacement vec-
tor U (fulfilling Dirichlet boundary conditions on I'p,) as the solution of

/%:E(U;V)dﬂo:/pof Von+/g7~Vng YV e (Hi () (2)

Qo Qo g
with the variables:

. 72“ = %(U ): 2nd Piola-Kirchhoff stress tensor

e E(U;V): Fréchet derwative of the strain tensor E(U)
e po: initial density field

e §: given tractions on Neumann boundary Iy,

o V: test functions with Vr, = 0 on Dirichlet boundary I'p,

2
The tensors E(U), E(U;V), and T are symmetric tensors of second order.

Note, that (2) is defined in €y and therefore the model can be reduced to the
undeformed state. Thus, in contradiction to the general case, where curvilinear
coordinates, covariant and contravariant tensor basis have to be taken into ac-
count, we can simplify our problem to orthonormal coordinates in €25. Then the
covariant and contravariant tensor basis coincide with the standard basis.

We consider details of equation (2). The strain tensor E(U) for large deformations
is defined as

2E(U) = GradU + GradUT 4 GradU - GradUT | (3)

with A - B denoting the contraction of tensors. Thus, the Fréchet derivative
E(U;V) as a linearization of the strain tensor has to fulfill

E(U+V) = BU) + EU; V) + O(IV][?) |
which eventually leads to
2B(U; V) = GradV + GradV7T 4 GradU - GradV7T + GradV - GradUT . (4)
Due to (3) and (4), the PDE (1) is nonlinear in U even for linear material behavior.

In deformed state €2, a Neumann boundary condition means

—

fiy-o=g; on [y,



with given tractions § and outer normal vector 7i;. Transforming this to the
undeformed state, we derive

1
no-T=¢ on Ty, (5)

1 2 1
with the 1st Piola-Kirchhoff stress tensor 7' = T - FT. The tensor 7 is an un-

symmetrical, second order tensor and F = I 4+ Grad UT denotes the deformation
gradient.

The crucial point of the above equations is the definition of the 2nd Piola-

2
Kirchhoff stress tensor 7. With an appropriate choice of this tensor, the stress
tensor ¢ in (1) is replaced respecting specific material properties.

2.2 Material laws and the 2nd Piola-Kirchhoff stress tensor

For defining the 2nd Piola-Kirchhoff stress tensor we follow a quite abstract ansatz
as explained in [11]. Thus, with an energy density function ¥ we set the energy
functional

O(U) = [ U(G)d — f(U),
/

where f denotes the linear functional
10) = [ oof - van+ [ -vas,
Q v,
and G is the right Cauchy-Green tensor
G=F" - F=I1+2EU). (6)
Then minimizing ® over U yields

QU V) = 2—2(‘/) =0 VvV,

which is in fact the variational problem (2) with

0T (G)

2
T=2—:". (7)

2 2
Note, that induced by this ansatz the stress tensor 7' = T(E(U)) depends on
E(U). The energy density function ¥ includes material laws and has to be

We calculate linearizations of a(U; V|p). As deduced in [11], the first order lin-
earization with respect to U is given by

ao(U; W, V|p) = / {E(U;W) :C(p) : E(U; V)+(%(U).Gradw) :GradV}on.

Qo

The linearization of ao(U; W, V|p) with respect to U reads as

ao(U + AU W, Vp) = /{E(U+AU;W):<C:E(U+AU;V)

Qo

+((BE(U + AU) : C) - GradW) : GradV | d€

with
E(U + AU) = E(U) + E(U; AU) + O(||AU|1%)

and

E(U+AU;V) = E(U; V)—&-% ((Grad AU) - (Grad V)" + (Grad V) - (Grad AU)T) .
Hence it follows

ap(U 4+ AU; W, Vp) = ao(U; W, Vp)

+ / _E(U:, w):C: % ((Grad AU) - (Grad V)" + (Grad V) - (Grad AU)") ]dQO

+ / % ((Grad AU) - (Grad W)" + (Grad W) - (Grad AU)") : C : E(U; V)} dQ

+ / _((E(U; AU) : C) - GradW) : GradV] dQy
Qo

+ 0(lav]?)

and consequently
a1 (U; AU; W, Vp) = / [((E(U7 AU) : C) - GradW) : GradV
Qo

+((E(U; W) : C) - GradV) : GradAU
+((B(U;V) : C) - GradAU) : GradW | d€, .
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Common and natural stopping rules are e.g.

e terminate, if the residual norm is smaller than a given tolerance:

KO . HPUKU - Udata” S t0[7'cs

e terminate, if the norm of the updates in the Kyth iteration is smaller than
given tolerances:

Ko: |AU|| < toly, | Apl| < tol,

e terminate, if an a priori defined maximum number of iterations is reached:

KQ = Kmaw-

These stopping rules work quite well for well posed problems or noiseless data.
In the case of ill posed problems with noisy data, the stopping index has to be
defined appropriately with respect to the noise level §. This denotes an iterative
regularization method, which is discussed in detail in [2]. Under the assumption,
that the given data is corrupted by noise with a noise level §, i. e.

”Ugata - ’PU(I)T)” < 4 )
a suitable choice for the stopping index K| is given by the generalized discrepancy

principle
IPUky = Ugatall <78 < |PUk = Upuall - ¥k < Ko (44)

with an appropriately chosen 7 > 1. See [2] for details.

3.4 Parameter identification for linear elastic material

Now we to apply the identification algorithm presented above for the linear elastic
material law (10). According to (11), the 2nd Piola-Kirchhoff stress tensor holds

2
T=C:EU)
with a symmetrical material tensor C = C(p) = C(A, u). Note, that C is de-

pending linearly on the parameter p = (), ). Consequently, the semilinearform
a(U; Vp) is defined as

a(U:V1p) = /E(U) L C(p) : B(U; V) .

Qo
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appropriately chosen according to the considered material. Following the notation
of [11] and [12] we define

U(G) = ¥(a1, a9, 0a3) , (8)
where the dependence on G is formulated in terms of the invariants of G by using
1
ar = ap(G) = %tr Gt k=1,2,3.

Hence, for the invariants holds (see e. g. [17, p. 186]):
e 1st invariant: [ =tr G = a4
e 2nd invariant: 11 = £(a} — 2a)

o 3rd invariant: J11 = det G = #(a} — 6a1as + 6as)

2
For calculating T via (7) we apply the chain rule and derive

3

r= Z (Oak) 5

Obviously, 2 3¢ denotes a second order tensor with

Oay,
oG

ap(G+ AG) = a,(G) + ( > AG+O(|AG)?),

which means in detail
1
ap(G + AG) = Etr(G + AG)k

- %tr(G)k + %tr(k G AG) + O(|AGIP)

= w(G)+ G AG+O(|AG)P) .

Here we used the fact, that the trace operator can be written as a tensor con-
traction. Consequently

day.

k-1
el =¢
holds and hence X
2 (VY
T = 2; (87) (el (9)

Note, that in (9) for varying material laws only the derivatives gf; have to be

adapted with respect to the chosen energy density function W.

Several functions ¥ can be found in literature. Well known is the linear material
law of linear elasticity.



Definition 2.3 (Linear elastic material). For linear elasticity the function U is
defined as

3} A
\Ilzg(azfa1+§)+g(a%f6al+9) (10)

with material parameters X and pn (Lame’s constants).

The material law (10) is valid for small as well as for large deformations. The
formulation (10) is equivalent to

2

T = 2uB(U) + A((tr E(U))I) = C : E(U) (11)

with a 4th-order material tensor C = C(\, ). Here, A : B denotes a double
contraction of tensors. Expanding the linear theory, for hyperelastic materials
exist also nonlinear material laws. The following two energy density functions
originally base on the papers [14] and [16] and are widely used in recent studies
on hyperelasticity.

Definition 2.4 (Neo-Hooke and Mooney-Rivlin material). The Neo-Hooke ma-
terial is defined via

U = cyo(a; — In(det G) — 3) + Dy In?(det G) (12)

with parameters c1g and Ds. This is a simplification of the more general energy
density function for Mooney-Rivlin material

1
U = (,’10((141 - 3) + o1 |:*

5 (a? — Q(Lz)] — (c10 + 2c01) In(det G) + Dy In?(det G) (13)

with the additional parameter cy,.

The last nonlinear material we want to mention here, is the so called Modified
Fung material [3].

Definition 2.5 (Modified Fung material). For the Modified Fung material law,
the function V is defined as

¥ = G0 [alr @t D= _ 1] 4 P, In(det G) (14)
«

with parameters cyg, o, and Ds.

2.3 The 2nd Piola-Kirchhoff stress tensor for linear elasticity

In the following we give a detailed view on the explicit derivation of the 2nd
Piola-Kirchhoff stress tensor via formula (9). Hence, we have to calculate the

a1 (UL & V¥ pr, Ap) + w; by (AU, V) + ay (Ul AU &, Vi) + ao(Ug; €, Vi)
= wi<U(ffata - PZUL ,Pivl)lﬂ(ﬂo)
YWieZ i=1,..., Nata (42)

ao (UL Welp; Ap) + ao(US; AU, Wi py) = fF(W) — a(UL; Wilpy)
YWiEZ i=1,... N . (43)

which is a linear system of the dimension (2n4atq + 1) X (2n4ata + 1).

Concluding this section, we want to give a general scheme for the introduced
algorithm of solving [IP] via SQP methods.

Algorithm 3.1 (SQP identification algorithm for [IP]). The SQP iteration holds
the following scheme:

START set k:=0
choose initial guess Uy, pg
set the Lagrange multiplier {, = 0
choose regularization parameter o

REPEAT

SQP ITERATION
a) calculate a solution AU, Ap, ¢ of (34)
b) update Uy := Uy + AU, pey1 = pr + Ap, §1 :=§
c) k==Fk+1

UNTIL stopping rule fulfilled

In this context we discuss the choice of initial guesses and stopping rules for the
SQP iteration. The initial displacement field has to fulfill the given Dirichlet
boundary conditions. In particular, if the Dirichlet boundary conditions are
inhomogeneous, the initial value Uy has to be set appropriately. Thus it follows,
that all displacement updates AU can be restricted to homogenous Dirichlet
boundary, i. e. AU € Z. Therefore all the equations derived in this section hold
for inhomogeneous Dirichlet boundary, too. An adequate choice for Uy is given
by calculating Uy := U(po) as a solution of the forward problem (2) for an initial
material parameter py.

The initial parameter py should be chosen as close as possible to the exact solution
pt. As shown in [2], under some conditions the SQP iteration converges locally in
aball B, (UT) x B, (p") around the exact solution (UT, p') with py, p, being small
enough. We refer to [2] also for the question, which conditions have to be fulfilled
for the choice of the regularization parameter oy, such that well posedness of each
iteration step and convergence of the iteration is guaranteed.

Another important question is, how to find a stopping index Ky, such that the
SQP iteration can be terminated after the Kyth iteration with adequate results.
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e introduce variables &, &, € @ and set

(&(X)); =0 for (px(X)); > (C1); (39)
(€u(X)); =0 for (pr(X)); < (Cu); (40)

(minimization only over the active set)

e add in the first equation at the left hand side (= &Lbez((&, &u)lpr +Ap))

/(—51 +&u)qdS

Qo

e add an equation referring to the lower bound (= B%L;,O,(({l, &u)lpe + Ap))

— / Ap qdQy = /(pk — C)qdQy Vg € Q fulfilling (39)

Qo Qo

e add an equation referring to the upper bound (= %le((&, &u)lpk +Ap))

/AP qudQ = /(Cu — ) qudQo Vg, € Q fulfilling (40) .

Qo Qo

A solution (AU, Ap,&,&,&,) of (34) under the above modifications denotes the
SQP update for (25) with Lagrange multipliers & and &, enforcing the bounds of
the box constraints.

As a last modification of (34) we assume, that multiple measured displacement
fields U}, are available. Then the Lagrange functional is defined according to
Jsop in (25) as

Ndata

LunteUs€lp) i= 5 D [PV = Ulall3aca) + 0l €)= £(€)
=1

with 2nge, + 1 variables U = (Ul,... Utdata) ¢ = (£1, ... ¢ndata) and p (i =
1, ..., Ndata). For simplicity we omit the force measurements hf,,,, which can be
handled analogously.

Under the above assumptions, the adaption of the system (34) for Ly, is calcu-
lated as

Ndata

arby(Ap, q) + ; ay (UL Eklpr; Ap, q) + a1 (Ul AU, €L i @) + ao(UE; € |prs q)

= arby(q, P})

Vg eQ (41)
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derivatives % and % of the real function (10), which is not depending on as.
We derive
ov
da,
ov
day

I N
= 2+4(l11 3)

o=

and consequently
2 A A
T= —,u+§(a1—3) I+uG:u(G—1)+§(trG—3)l.

Replacing G = I +2E(U) and trG = tr (I + 2E(U)) = 3+ 2tr E(U) in the last
equation leads to

2

T = 2uE(U) + \tr E(U)) T,

which is exactly the well known formulation (11).

2.4 The 2nd Piola-Kirchhoff stress tensor for nonlinear
material laws

The definition of the 2nd Piola-Kirchhoff stress tensor via (9) can be applied in
an analogous way for all choices of energy density functions ¥ = W(ay, as, as).
For the Neo-Hooke material law the function (12) is written as

1 1, .
¥ = ¢ (a1 —In [é(a? — 6ajas + 6(13):| — 3) + Dy 1n? {g(af — 6ajas + 6a3):|

by using
1 .
detG = g(a‘f — 6ajas + 6ag) .
Thus, the derivatives are

v ( 3a? — 6ay
€10

6det G

3a? — 6ay

ov

87(1/2 = ((,‘10 — 2D2 ln(det G)) (dcath)

ov 1

P = (—c10 + 2D2 In(det G)) (m) ,

2

which completely defines 7. In the case of Mooney-Rivlin material the function
U emerges from an extension of the Neo-Hook function (12) with the additional
term

1
Uy = ¢oy {5((1@ — 2as) — 21In(det G)] .



Therefore, additional terms appear in the derivatives of ¥ and the calculation of
2
T is straight forward.

2
Remark 2.1. We mention, that alternative formulations of the Tensor T exist,
which are equivalent to (9). E. g. for Neo-Hook material the 2nd Piola-Kirchhoff
stress tensor can be written as

(@) =2 [e(r — G + D2mfde GG

Note, that for the above result we have to guarantee the existence of G~! and
that G~' is bounded, i.e.
167 <€ < oo

An alternative representation of the 2nd Piola-Kirchhoff stress tensor for Mooney-
Rivlin material is

2
T(G) == 2|cio(I = G™Y) + cou((tr G)I — G — 2G™) + Dy21n[det G]G*] .

2.5 Solution of the direct problem

We are interested in finding a solution U of the variational problem (2), which
denotes a weak solution of the corresponding PDE (1). In the following we
reformulate (2) as

a(U;VIp) = f(V) WV € (Hy())? (15)
with the functionals
(U Vp) = / T B(U: V) (16)
Qo
and
f(V):/pof~Von+/g-Vdso, (17)
Qo Ty,

0

Solving (15) leads in general to a nonlinear system, due to the fact, that a(U; V|p)
is only a semilinear functional, being nonlinear in U and linear in V. The func-
tional a(U; V|p) additionally depends on the material parameter vector p via the
definition of the 2nd Piola-Kirchhoff stress tensor. In the case of linear elastic

material, we set e. g.
P ( ) )
w)

Note, that the dependence of a(U;V|p) from p is also nonlinear for nonlinear
material laws.

e 2nd equation, right hand side
5 { - oWl - oot Winn |
Wew

Remark 3.5. If G is considered implicitly in (25) via the added constraint (27),
we have to introduce a Lagrange multiplier &g referring to this constraint. Then
the linear system (34) is extended by a fourth equation, which results from the
linearization with respect to &g.

Now we discuss the implementation of box conditions (26). The idea (see e.
g. [19]) is the following: in the Lagrange functional (28) for the minimization
problem (25) with box constraints (26) we add the term

z%ﬂ&amw:/mafm+@@f@mm,
Qo

with Lagrange multipliers & and &, referring to the lower and the upper bounds
C; and C,. Note, that for the components &, &}, pj,, of an optimal solution of
(25) with box conditions the complementary slackness conditions

(él*)j(pz(w - Cl)j =0, j=1... . Na

(EZ)](Cu - pZoz)j = 07 / = 17 oo Mpar
have to be fulfilled, i.e. for the lower bound constraint

e the lower bound for the jth component of p is active:

(Prow); = (C1); = (&), variable

e the lower bound for the jth component of p is inactive:

(if the box constraint is inactive, it can be omitted).

The distinction between active and inactive upper bounds is analogously. Thus,
the box constraints have only to be taken into account, if they are active and
therefore the Lagrange functional L., ((§/,&5)|p;,,) 18 only defined over the so
called active set.

We calculate derivatives of Ly, with respect to &, &,, and p (all other derivatives

and second order derivatives are zero) and modify the linear system (34) for a
given iterate (Ug, px,&x) in the following way:
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Due to the definition of Jg(AU, Ap) we replace U := Uy + AU and p := p, + Ap
in the above equations and get

aJ,

ong = [0kt AUWpe+ Ap) = fo(W)]ao(Us + AUV, Wpy + Ap)
aJ,

TA? = [a(Ux + AU; Wpr + Ap) — fo(W)]ao(Ux + AU; W1py + Ap; )

As mentioned in remark 3.3, these terms are still nonlinear in AU and Ap. We
continue for the derivative with respect to AU

[a(Uk + AU W pr, + Ap) = fo(W)]ao(Us, + AU; V. Wpi + Ap)
= ([(J,(Uk; W pr) + ao(Uk; AU, W |pg) + ao(Ux; W |px; Ap) — fg(W/)]
[a0(Uk; V., Wpk) + a1 (Us; AU, V, Wlpi) + a1 (Ux; V, W pw; Ap)])
~ [a(Uk; Wpk) + ao(Ur; AU, W pe) + ao(Ug; W pr; Ap) — fg(W)]ag(Uk; V, W \pk)
+[a(Us; Wlpr) = foW)] [a1(Ux; AU, V, W |p) + a1 (Ux; V, Wpk; Ap)]

and analogously for the derivative with respect to Ap
[a(Us + AU; Wps + Ap) — fg(W)] ao(Us + AU; Wps + Ap; )

~ [a(Us; W1pk) + ao(Us; AU, W py,) + ao(Ui; W pi; Ap) — fo(W)]ao(Us; Wpk; q)
+[a(Uk; Wlpr) — fo(W)] [a1(U; AU, Wi, q) + a1 (Ux; W lps; Ap, q)] .
(38)
Finally, we have to add terms referring to (37) and (38) in the first (= 9/0Ap)
and in the second (= 9/90AU) equation of the linear system (34):

e 1st equation, left hand side

Z {[ao(Uk; AU, W pg) + ao(Us; Wpr; Ap)] ao(Us; W lpr: q)

Wew

+[a(Ue; Wlpr) — fo(W)] [a1(U; AU, Wps. q) + ar(Us; W lpi; Ap, q)] }

e 1st equation, right hand side

5 { - s i) = Jo a0 Wi o)}

wew

e 2nd equation, left hand side

D { [ao(Ui; AU, Wpe) + ao(Us; Wipes Ap)]ao(Us: V. W)

wWew

[T W) — fo(W)] [ar (Us AU, V. Wpw) + s (U Vs Wipas Ap)] }
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In order to overcome the nonlinearity of (15), a Newton iteration with incremental
applying of loads is adapted (see e. g. [5] or [11]). We introduce a linearization
ao(U; V,W|p) of a(U;V|p) such that

a(U +W;V|p) = a(U; VIp) + ao(U; V, W p) + O([|[W?) . (18)
The idea presented in [11] is, to solve for ¢ € [0, 1] the auxiliary problem
a(Us; Vp) = tf(V) vV

via a Newton iteration with initial guess U;_a, and appropriately defined time
step At < 1. This means, that instead the full load (referring to f(V') or ¢t = 1,
resp.), only a load step is applied as a boundary condition of the PDE. Then
continue with setting ¢ := ¢ + At and repeating the Newton iteration. This
iteration process is done until ¢ = 1, such that in the last load step the original
equation (15) is solved.

Algorithm 2.1 (Newton linearization with stepwise applied loads). The algo-
rithm for solving the variational problem (15) holds the following scheme:

START define At < 1 and e < 1
sett=Atand U =0

DO WHILE t <1

NEWTON ITERATION
a) calculate a solution AU of
ao(U; AU, Vp) = tf(V) — a(U; VIp) YV
b) set U:=U+ AU
c) if |AU|/|IU|| <e: set t =t+ At
d) go toa)

END WHILE

Note, that for ¢ = 0 we choose Uy = 0 and thus E(0,V) = (V) denotes the
strain tensor for linear elastic small deformations, i.e. the Newton iteration starts
with linear elastic small deformations. The algorithm described above is used in
the nonlinear PDE solver of the MATLAB PDE toolbox [18]. The authors of [5]
mention, that in their study approximately 80 load steps with 6 Newton iterations
for each step were necessary for obtaining convergence of the algorithm. At one
hand, if At is chosen too large, the iteration process may diverge, but on the
other hand a considerable amount of numerical costs results from the repeated
call of the forward problem solver.



3 Identification of material parameters

3.1 Discussion of identification problems

For an application of the material laws (10)—(14) the parameters A, u, co1, 1o,
D5, and « need to be known. Due to the fact, that these parameters cannot be
measured directly, we have to solve an appropriate inverse identification problem,
where the material parameters are identified from given data. In particular for
mechanical inverse problems, the measurement data will denote given displace-
ments or forces at some measuring points.

In literature a wide range of studies on the identification of material parameters
can be found. In this context the full linear theory for small deformations and
linear elastic material behavior is well known even for the identification of param-
eter functions. We refer to the extensive survey [1] and the references therein and
additionally to the numerical study [8]. For large deformation material parameter
identification we mention e. g. the paper [6], where the identification of the scalar
parameters cig, ¢o1, Do, o for the material laws (12)—(14) was considered. In this
study a least square minimization with Gauss-Newton (Levenberg-Marquardt)
and without any regularization was used (multi parameter regularization was
mentioned as option). The identification based on simulated data with and with-
out noise and single as well as simultaneous identification of parameters is dis-
cussed. The examined model situations (compressible material) were a cylindric
tie bar and the 2D Cook membrane. Several measurement situations, e. g. single
measurements and measured stress-strain curves were presented. For the numer-
ical solution of the forward PDE the FE-code SPC-PM2AdNIMix was applied.
The results of the study were, that identification was possible and exact in the
noiseless and in the noisy case. Best results were reached for Neo-Hook and some
small problems arose for Mooney-Rivlin due to the increasing nonlinearity. The
recent paper [5] is devoted to the identification of parameter functions for a mod-
ified Neo-Hook material law with large deformations. The authors describe an
algorithm using Quasi-Newton methods with BFGS. Here, the objective func-
tional is defined as a residual norm with special weights. Additionally, methods
for improving the efficiency of the minimization algorithm are suggested. An
adaptive FE method is not used.

Up to now, only less studies on the identification of parameter functions for
nonlinear material and large deformations can be found in literature. One reason
may be, that despite the fact, that almost all presented results were obtained in
a simplified 2D framework, the computational cost turn out to be considerable.
This results from the nonlinearity of the PDE, which has to be eliminated by
an additional Newton linearization. Besides questions concerning the efficiency
of solution methods, it is a quite hard and currently not solved question, under

10

For calculating the SQP iteration update via (30) we have to find derivatives of

1 -
Jg(Uk + AU, Pr t+ Ap) = §||Q(Uk + AU‘])}C + Ap) — hd“t"'Hi2(f‘Do)

with respect to AU and Ap. These derivatives can be deduced from linearizing

1 - 1 -
;16Wlp) = hastall G2,y = 5 > (GUIP) = hdata; W)iz(fDU) (36)
wWew
1 . 2
= 33 [ = V) = i W
Wew

where the set W has to fulfill

W= (W€ PO 5 Wil =0
{{/Vl-h:DU }ien is an orthonormal basis of LQ(I:‘DD)} .

Note, that the W, are not an elements of the space of test functions Z =
(Hg())3. We set

foW) = FW) + (data, W) L2(7py)

and consequently for all V € Z and ¢ € @) a linearization of each summand in
(36) holds

[a(U + V; Wp) = fo(W))]? a(U; W1p) + ao(U; V. W1p) — fo(W)]?

Q

—

M| =

wwwm—MWW+%mwwmﬂ

a(U; Wp) = fo(W)]ao(U; V, W1p)

[a(U; Wlp + q) — fa(W)]? a(U; Wp) + ao(U; W1p; @) — fo(W)]°

Q

+ NI, NoI= 4 NN
—

N =

(a(U; Wp) — fo(W))? + ao(U; W p; Q)Q}
a(U; Wlp) = fo(W)]ao(U; W1p; q) ,

—

with
ao(U; V,Wp)> = O([IV|[?) and  ao(U; Wp; q)* = O(llq|l*) -
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the linear system (31) is finally formulated as

arby(Ap, q) + a1 (Ug; Eklpr; Ap, q) Vg e Q
+ay (Uy; AU, &lpi; q) + ao(Ur; Elpri @) = cuby(q, 1)
a1(Ug; &, V|p, Ap) + by (AU, V) YWez
+a1(Uk AU §k7 V|pk) + aO(Uk7§ V|pk) (Udafu PU, PV>L2 (Q0) (34)
) =

(U}H VV|]9k7 Ap) + ag(Uk, AU Wlpk (VV) - a(Uk IV‘pk) YW eZ

Remark 3.2. For a linear material law the functional a(U; V|p) is linear in p
and thereby the derivatives of A with respect to p can be simplified to

(A, V)zez = a(UsV]g)
(Ap(q,7),V)z=z = 0
(AW, q),V)zez = ao(Uy; W, V|q)
(Avp(g, W), V) 20z = ao(Us W, V]g) .

Remark 3.3. The calculation of a(Uy; V|px) is equivalent to the solution of
a nonlinear PDE. According to the linearization (18), a stepwise updating of
a(Uy; V|px) could be introduced, where we assume, that a(Uy; V|py) is known (e.
g. Up=0 = a(0;V]po) = 0) and

a(Up + AU Vpe + Ap) = a(Ui; Vpr) + ao(Ui; AU, V|pi) + ao(Us; V|pr; Ap)
+ a(Us; AU, Vpi; Ap) + O(|AU|1?) + O(|| Apl|*)

Consequently, we set the update formula
a(Up+AU; Vpr+Ap) = a(Us; Vpe) +ao(Us; AU, V|pi) +ao(Us; Vpr; Ap) . (35)

Thus, by this linearization strategy, the additional explicit calculation of the
functional a(Uy; V|px) may be omitted. Note, that this improves efficiency, but
an additional error arises as well, because formula (35) denotes an approximation.
For the forward operator calculation it works well, if the stepsize parameter At
is chosen appropriately. For the inverse problem this might be realized by using
a stepsize control in the SQP iteration, such that AU and Ap are small enough.
Remark 3.4. Often, the linear system (31) or (34), resp., is simplified by remov-
ing all the second order derivative terms.

In (28) we ignored additional force measurements, multiple measurements and
box constraints. Now we consider, how the systems (31) and (34) have to be
completed referring to these extensions. Let us first assume, that an additional
force measurement is introduced and thus the Lagrange function (28) is extended
by the term

1 -
Lg(Ulp) = §||g(U|p) - hdataHiz(fDU) :

18

what circumstances the large deformation identification problems can be solved
uniquely.

3.2 The inverse problem as a minimization problem

Let p = p(X) denote a spatially varying vector of n,,, material parameters

(X)
p(X) = 5 ;. XeQ,
Prpar (X)
with bounded parameter functions p; € L®(y), i = 1,...,ny,r. For estimating

an unknown parameter p, we have to solve the followmg inverse problem.
Definition 3.1 (Inverse parameter identification problem (IP)). Find for given
displacement data Ugeq a parameter p(X) referring to the chosen material law,
such that Ugare and p(X) fulfill the direct problem (15).

We mention, that often the inverse problem (IP) is formulated as finding a solu-
tion of the operator equation

Flp)=U.

Here, F denotes the explicit form of the nonlinear forward operator, assigning
the corresponding weak solution U of (15) to a given parameter p.

Additionally, force measurements at a part of the Dirichlet boundary T'p C I'p,
can be introduced. Thus, we assume the existence of a force density function h
and define the force measuring operator

GWUlp) = h =iy T(U)]z (19)

Dy’
where U is the solution of (15). Note, that for the numerical solution of [IP] we
will not need the explicit existence of E, due to the fact, that in practice only
integrals over h at some part of the Dirichlet boundary are of interest.
Remark 3.1. The operator G is strongly related to the so called Dirichlet-
to-Neumann map, which assigns the corresponding boundary loads to a given
boundary displacement. In the paper [15] it is shown, that knowledge of the
Dirichlet-to-Neumann map is sufficient for the unique solvability of the inverse
problem (IP) in the case of linear elastic small deformations. See also [2] for
a survey on uniqueness results, derived by analyzing the Dirichlet-to-Neumann
map.

A weak formulation of G can be derived, if we interpret (19) as a Neumann
boundary condition, being equivalent to the given Dirichlet boundary condition

11



on I'p. Thus, we find that a solution of

a(U; Vp) = f(V) + / h-VdS, YV € (H'(Q))? with V|I‘D0\f‘DO =0
fDO
will be equivalent to a solutuion of (15), if h is appropriately defined. Note the
crucial point in the last equation, that contrary to (15) the space of test functions

is slightly changed and consequently the Dirichlet boundary condition at I'p, is
removed.

In other words, for given U and p solving (15), % is defined as the solution of the
variational problem

/ RVdSy = aUsVIp) = £(V) WV € (H(Q0) with Vip, p, = 0. (20)
F'n,
The numerical solution of (20) is easy, due to the fact, that for given U it denotes

a postprocessing calculation and in the discrete case the right hand side turns
out to be the difference of two already known vectors.

The displacement data may denote a single displacement field, but it is also
possible to measure multiple displacement data for differing boundary conditions.
Thus, in general we assume

Udata = (Udlatm EERE) U;Ladta;a) . (21)

While stepwise applying loads, one can e. g. derive stress-strain curve multiple
measurements. In the following, the use of multiple measurements will be indi-
cated by a superscript 4 and according to (21) we suppose for the displacement

U:=(U',... Urdea)

Several strategies for solving (IP) may be of interest. Without claiming com-
pleteness we mention three different approaches:

e least squares minimization with Gauss-Newton (Levenberg-Marquardt), stud-
ied for the identification of scalar A\, u in the case of linear elastic small
deformations in [§]

e multi parameter regularization strategies (theory [9], numerical studies [8])

e application of optimal control strategies [19], solving a constrained min-
imization problem with sequential quadratic programming and Lagrange
techniques as discussed in [2], [7]

12

o P := 0: Levenberg-Marquardt algorithm
® D =P — pr, o := a = const: classical Tikhonov regularization
® P =D — Pr, a < ag_;: iteratively regularized Gauss-Newton method .

Then the solution of (30) is found as a solution of the linear system

(App(Ap, q) + A (AU, q), fk)z*
+ar(Ap, ) r2(00) + (Apa,§) 2+
(Avp(Ap, V) + Apu (AU, V), fk)z* z
<PAU PV>L2(QO) + <AUV f)z z = <UdaLa — PUk,PV>L2<QD) YWeZ
<.A Ap-i—.AUAU VV)Z z = (A(Uk\pk%W)Z*z YW e Z
(31)
which denotes the first order optimality conditions for (30). We calculate deriva-
tives of the implicit forward operator by linearizing the weak formulation (24).
Analogously to the first order linearization ao(U; W, V|p) of a(U; V|p) (with re-
spect to U) we define the first order linearization (with respect to p) ao(U; V|p; Ap),
such that

= (D, 9) £2(52) VgeQ

a(U; Vip+ Ap) = a(U; Vp) + ao(U; Vp; Ap) + O(|| Apl|*) (32)

and the second order linearizations a,(U; AU, W, V|p), ay(U; W, V|p; Ap), and
a1(U; Vp; Ap, q) via
ao(U + AU; W, V|p
ao(U; W, VIp+ Ap
ao(U + AU; Vp;q
ao(U; Vp+ Apsq

U; W, V[p) + a1 (U; AU, W, V|p) + O(| AU ||?)

U; W, Vp) + a1 (U; W, V|p; Ap) + O(|| Ap||*)

U; VIpiq) + ar(U; AU, Vp; q) + O(|AU|1?)

U VIpiq) + a (U VIp; Ap,q) + O(| Ap|*) . (33)

ap

¢0]

ag

= 2=

= =

Qg

Thus, the derivatives of A hold the weak formulation

(A, V) 2+ 2 ao(Ux: Vpr; @)
<AUW V)z Z = GO(U w, V|pk)
(Appla,7), V)zez = a1(Ux; Vipriq,7)
(Avv (W, Wo),V)ze z = ar(Up; Wy, Wa, V|py)
(AW, q),V)zez = ar(U; W, Vpg; q)
(Avp( @, W), Vg z = ar(Up; W, Vpr; q) -

Referring to the above calculations and using the abbreviations

bp(‘]ﬂ’) = <q77’>L2(QO) :/(JT dQy gq,req
Q0

by(V,W) = (PV,PW)r2q) = /(PV)(PW)dQO V.WeZzZ,

Qo
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The nonlinear system (29) is solved via a Newton iteration. Thus, the system
(29) is linearized for a given iterate (Uy, &, px) and in each Newton step a result-
ing linear system is solved to calculate an iteration update (AU, A, Ap). Due
to the Newton linearization, the second order directional derivatives of the La-
grange functional at the iterate (U, &k, px) have to be calculated. We define the
functionals

Ly @ Q=@
Lov : Z—2*
Ly @ Z—-Q"
Ly, : Q—=Z" = Ly, = Ly, (dual operator)

which holds the weak formulation

Lt @ = ([App(Uklpr)l(a,7), &) 22 Vg, r € Q
(LovV. W)z z = ([AvuUlpe) (V. W), &) 24,2 + (PV, PW) 210, YV, W € Z
(LpuVidigra = ([(Apu(Uklp)l(V20), &) 2+, 2 YW eZVgeQ
(Lupa, V)zez = ([Avp(Uklpr)(@, V), k) 2+ 2 YWeZVeeqQ.

In the following we simplify the notation and use the abbreviation
Agy = [A (Uklpr)]

for all derivatives. The second derivative of the operator A(U|p) at the point
(Ug, pi) is defined as

LA (Ulp))((V, @), (W, 7)) = Apy(a,7) + A (Ve @) + Auy(, V) + Avu (V. W)

for g,r € Q and V,W € Z. As discussed e. g. in [2] and [7], the Newton iteration
for solving (29) can be written as

U1 = Uy + AU, pey1 = pi + Ap, §a =§

with an iteration update (AU, Ap) solving the quadratic minimization problem

1
Jier (AU, Ap) = §||7’(Uk- + AU) = Udatal| 720y (30)
+ ([A"(Uklpr)] (AU, Ap), (AU, Ap)), &) z+.z + Ry (pr) — min

s.t. A(Uk\pk) + ApAp + AUAU =0

with the Lagrange multiplier £ referring to the linearized constraint. In (30) the
regularization term

a A
Ray (o) = 5189 = i

is added. Depending on the choice of the regularization parameter a; and the
initial guess p, several regularization methods may be implemented, e. g.
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Following the simple least squares minimization approach as discussed in [8], (IP)
can be formulated as an unconstrained minimization problem.

Definition 3.2 (Least squares minimization problem). The least squares mini-
mization problem referring to (IP) is defined as

1ndm i i i i i|| i i .
h®) =5 Y [WIPF ) = UnallEzapy + 919 U1P) = Ball2ar, — min .
i=1
(22)

Here, U is eliminated in the objective functional by using the explicit forward
operator F. The operator P denotes a linear projection operator. The weights w*
and ¥ should be chosen, such that all measurements contribute to Jj, in the same
order of magnitude. As mentioned in [5], additional measurement tensors could
be introduced in order to emphasize more accurate measurements over inaccurate
ones (if this is known). We omit such measurement tensors here.

The unregularized minimization problem (22) may have no stable solution in
the case of parameter function identification, due to an expected ill posedness of
the problem (IP). To overcome ill posedness, regularization terms can be added
to (22) (e. g. Tikhonov regularization). Another well known regularization
strategy in the case of multiple measurements is given by the multi parameter
regularization. See e. g. [9] for theory. A numerical study on multi parameter
regularization for (IP) with linear elastic small deformations is discussed in [8].
Definition 3.3 (Multi parameter regularization approach). For a multi param-
eter regularization approach the inverse problem (IP) is formulated as the con-
strained minimization problem

1 X .
Top(p) 1= 50 = BllZz 0, = min (23)
[P F'(p) = Utatall2(0) < 01
5.1, I1G'(U1P) = hatall 127 ) < 05
i = 17"'7ndata

with an initial guess p for the unknown material parameter.

In the following we will focus on a solution approach, which is widely used in
optimal control. We assume, that the explicit operator F is defined by the
implicit equation

A(Ulp) =0
with A(Ulp) fulfilling

(AUIp),V)z+.z = a(U; VIp) = f(V) . (24)

In this context, the notation (.,.)z- 7 stands for the duality product in the space
of test functions Z = (H{())? and its dual space Z*. Thus, A(U|p) € Z* is
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a linear functional in Z. Note, that the definition (24) is natural, since F is
implicitly defined via the variational problem (15). Then we formulate (IP) as a
minimization problem with U and p denoting the variables to be optimized and
the state equation (1) is considered as a constraint.

Definition 3.4 (Optimal control constrained optimization problem). With the
objective functional

1 Ndata

Jsap(U,p) =5 > [PV = UsssalBany + FIG UID) = Rl )| +Fa0)

[\

i=1

the inverse identification problem (IP) is formulated as the constrained minimiza-
tion problem

JSQ}J(U7 p) —  min

Utp
i=1,...,Ndata

Optionally, we can add in (25) the quite natural box constraints
O<C{SP(X)SC“,<007 (26)

if a priori information about lower and upper bounds Cj, C,, € R of the pa-
rameter p is known. Similar to the implicit forward operator A(U|p), the explicit
operator G can be replaced by setting b= G(Ulp) as a variable and optimizing
U, p, I under the additional constraint

H(U;hlp) =0 (27)
with
(U3 V) = [ R VASa = alUsVip) + (V)
T'p,
Note, that according to (20) here V refers to the space
Z2={V e (' ()" : Vi, =0} -

The term R, (p) denotes a regularization term with corresponding regularization
parameter «. Specific choices of R,(p) we will discuss later.

3.3 Solution of the constrained minimization problem

In this study we focus on the regularized solution of (IP) via the optimal control
minimization problem (25). Here, the idea is as follows: We apply a formal
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Lagrange principle for deriving the first order optimality conditions, which leads
to a nonlinear system. Then the resulting nonlinear system is solved iteratively
by using a Newton method and including regularization terms.

This method denotes a SQP method (sequential quadratic programming) as it is
well known in nonlinear optimization. See e. g. [10] for a convergence theory on
infinite dimensional optimization with SQP methods. The application of SQP
methods as a regularization method for identification problems was presented in
[2]. In [7] details on the implementation of SQP methods for implicitly defined
inverse problems can be found. Since (IP) can also be seen as an optimal control
problem for partial differential equations, we additionally refer to the book [19] for
details on optimal control and the formal Lagrange principle for such problems.

For simplicity we start with a single measurement (n4., = 1) and omit the force
measurements Nyaa (9 = 0). Then w. 1. o. g. the weight w my be assumed
as w = 1. Following the direct Lagrange approach in [7] we define the Lagrange
function referring to (25) as

1
L{U&lp) = 5IIPU — UdatallZ2 () + (AUP), §) 2+.2 - (28)

Note, that in the formal Lagrange principle the Lagrange multiplier £ € Z is
identified with a test function V' € Z and thus

1
L(U;€lp) = §H7DU — Udatal72(29) + (U5 €lp) = f(€) -

The first order optimality condition for a minimizer (U*,£*,p*) of (25) corre-
sponds in weak formulation to the nonlinear system

<LP7 Q>Q*xQ =0 VQ € Q
(LU, V>Z*,Z =0 YW eZz (29)
<L57 W>Z*,Z =0 YW eZ,

where the space of parameters is set as @ = (L>°(£))"". In this context we
assumed, that all Dirichlet boundary conditions are homogenous and hence U €
7. Consequently, the directional derivatives of the Lagrange function hold

Ly dloro = (AU P)a.£)z 2
(Lo, V)z-2 ([Av (U [p)]V,€) 2=z + (PV,PU" — Udata) L2(2)
(Le, W) 2=z (AU "), W) z-2

with the standard scalar product in L?(p)

(a7 b)[;(go) = / ab on .

Qo
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