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1 Introduction

Some relevant problems such as the biharmonic problem or the plate problem
can be described by a partial differential equation of fourth order. The weak
formulation of any such problem features functions from the Sobolev space H2.
Thus, the functions themselves as well as their first and second generalised de-
rivatives have to be square-integrable over the considered domain. The natural
approach to solving such problems numerically by the finite element method is to
use conforming finite elements. This means that the FE basis functions belong
to a finite-dimensional subspace of the appropriate space H2. This is fulfilled for
FE basis functions which are globally C!-continuous.

One example of C'-continuous elements is the reduced Hsieh—-Clough—Tocher
(rtHCT) element, which goes back to [1]. It is a triangular element with piecewise
cubic shape functions defined on three subtriangles. The shape functions are con-
structed in such a way that the resulting global basis functions are C''-continuous.
The element uses the values of the function and both first derivatives at all three
vertices as degrees of freedom, which sums up to 9 in total. Global C*-continuity
is achieved by inner C'-continuity and the condition that the restriction of any
shape function to any element edge has to be linear. The splitting into three
subtriangles may be based on an arbitrary interior point. For simplicity we only
consider the barycenter of the whole element as splitting point, which is also the
most popular choice in the literature.

The goal of this article is to show the following remarkable property. While the
second derivatives of rHCT shape functions based on a barycenter splitting may
jump across internal edges, they do not jump at the barycenter of the element.
We suppose that this property also holds at an arbitrary splitting point, but we
have not checked if this is actually true. Only the proof for the barycenter is
given in the course of the article.

Our practical motivation for this article comes from remarks 7.10 and 7.11 in [3].
The above property was used there to get rid of nodal jump terms in the construc-
tion of an a posteriori error estimator for rHCT elements for plate and laminate
problems, but no proof was given.

2 Shape functions

There exist several approaches to the definition of rHCT shape functions. They all
lead to the same functions eventually; only the formulations differ. We consider
the method given in [2], which was also the basis for the implementation used
in [3]. The construction of shape functions from [2] is recapitulated in this section.



Consider a split of the original triangle 7" with the vertices
a; = [xJ'?yj]Ta J=123
based on the barycenter
_ T._ 1
ap = [Tp, yp) = §<a1 +as + ag).

Shape functions that belong to node a; of the triangle 7" are written as a row
vector

Ui(a) = [\ (a), v (a), 1P (a)]

and the full vector of all shape functions takes the form
V(a) = [¥i(a), Us(a), V3(a)]

at an arbitrary point a = [x,y]". Shape functions with superscript (0) are related
to the function value at the respective node and those with superscripts (1) and
(2) are related to the function derivative with respect to x and y at the respective
node.

In order to shorten the following expressions we introduce some abbreviations
which will be used throughout the article. We use x; ; and y; ; to denote z; — x;
and y; — y;, respectively. This implies z; ; = —x;; and y; ; = —y;,. Furthermore,
all indices k,k — 1,k +1 run from 1 to 3 and k£ £ 1 is always understood implicitly
as

kxl = ((k£1-1) mod3)+1

to stay in the admissible index set {1,2,3}. Formulas that use k as an index are
valid for £ = 1,2, 3.

The outer edges of the element are denoted by E, and the inner edges by f.
Their orientation is as given in Figure 1, which leads to the formulas

B, = Tk—1,k+1 and f = Tb .
Yk—1,k+1 Yk,b

We define normals of the outer edges with the same length by

—Yk—1,k+1
Nk = Y e .
Th—1,k+1

The subtriangle containing Ej is denoted Tj. The Jacobians of the mappings
from the reference triangle to the three subtriangles, confer also section 3, are

| Tk+1,b Tk—1,b
Jp = -
Yk+1b  Yk—1b



»
Figure 1: Triangle T" with splitting at the barycenter

Their determinants

p=det Jp = Try1pYr—1b — Th—1,bYk+1,b
are equal due to the use of the barycenter as the splitting point.
The final shape functions are constructed to fulfil three propositions.

1. The functions ¥ are cubic polynomials in each subtriangle, are continuous
within 7', and fulfil

\I}j(ai) = []—’ 07 0] 5ij

010

Vj(a) = lo 0 1

] 0;; Vi,7=1,2,3
with the Kronecker delta
1 i
by=4_ 7
0 i#j.
2. The normal derivatives of all functions are linear along outer element edges
with respect to the local line coordinate.

3. The functions are C''-continuous inside 7.

The final shape functions are defined with the help of basic functions and some
transformations in order to assure the above propositions. We shortly repeat the
results here, the whole derivation can be found in [2].

The formulas for all shape functions on subtriangle T}, read
Uiln, = ®y Hy, My,
Ui, = & Hy, + 3 OF T + Do Hy, M1, (1)
Ui il = O, Hy, + B OFHT + do Hy, My,



with the basic functions

given on the reference triangle
T={29"€R*:2>0,9>0,2+§<1} (3)

and the auxiliary terms

1 0 0 1 0 0 1 0 0
Hk:: 0 JT =10 Tk+1b Yk+1b| = 0 f/;r-i-l )
0o <k 0 Tr_1p Yr—1p 0 fi,
Bl 1 [ 6E;Ifk—1 ]
g | |? _3MNk+2’Ek|2fkfl_ 7
T 1| —6E} frr1 ]
‘ |Ex? | 30Nk + 2| Bg[* fira |
6
k
— ,
BN
3 fl 3 Tip Yip
S=-63 f3|=-6|3 x21 You|,
3 fF 3 x3p Y3
T N P A IS B IS SRS S
= 544 Y2,3 9OUY31 Y12 = 54 %Nl %NQ %N37

31’372 31‘173 31’271
Iy = ek—l(biH)T + €k+1(bz—1)T + 6k(b’£+1 + bZ—1 + Ck)T>

My = —S'Ty.

The e; in the formula for T} denote the j-th unit vectors with (e;); = d;;.

3 Transformation of second derivatives

The shape functions (1) are formulated with the help of the basic functions (2),
which are given on the reference triangle (3). Each of the three subtriangles is
mapped to the reference triangle by an affine linear mapping like illustrated in



a = XT1
as L

0 ay 1 7 as

Figure 2: Mapping between the reference triangle and T

Figure 2. Inner edges are mapped to the axes of the reference triangle. This can
be formulated as

a=xr(a) =Jya+ap, a=xr(a)= X}kl(a) =J,a—ay,) foracT,

with the Jacobian

x x
= frr1 foaa] = [ FALD Tk 1b]
Yk+1b  Yk—-1b

associated with the subtriangle 7.

The derivatives with respect to the coordinates z and y can be obtained from
the derivatives with respect to the master coordinates Z and ¢ via a simple
transformation. It can be written for the second derivatives as

(D2¥|5)(@) = Fx (D2¥]1,)(@). (4)
with the matrix differential operators

. [82 92 aQ]T [32 92 aZ]T
5 2 —

Do = - -
27 022 9209 042 02’ 0xdy’ Oy?

and an appropriate transformation matrix £}. The transformation matrix takes
the form

| (Jr)3, —2(J)21 (k)22 (k)31
Fi = E —(Jk)12(Jk)22 (Jk)lQ(Jk)m + (Jk)11<Jk)22 _(Jk)H(Jk)ﬂ
L (0 —2(Jr)11(Jr)12 (L)%
. i —2Yk—1,pYk+1,b Yis1p
= E —Tk-1bYk-1b Tkr1,bYk—1b T Th1b¥Yk+1b —Thk+1bYk+1b
Ti 1 —2Zk-1pTh+1b T3 1p

as shown in section 8.3 of [3].



4 Second derivatives at the barycenter

The barycenter of the complete triangle has the master coordinates ay, = [0,0]T
for all three subtriangles. Our hypothesis that the second derivatives of the shape
functions do not jump at the barycenter therefore reads

(D2¥|7y) (@) = (D2¥|g, ) (@) = (D2¥|z,)(an).

This is a comparison of 3 x 9 values evaluated on 3 subelements, which gives 81
values which are to be shown as being 3 same sets of 27 values per set. After
splitting the vector ¥ into the vertex related parts Wy, Wy, W3, one can use (1)
(reformulated such that now the index of W, is constant and the index of T, varies)
and (4) to write
A = (D7) (@) = Fy (D2Wk|r, ) (@) = Fy (Do®o) () Hy My,
B = (DaWelg, ) (@) = Fyer (DaWyln, ) (@)

= Fys1 (Do®2)(ap) His1 + Frsr (DaB) (@) (0f11) " + Frr (Da®o)(an) Hysr M,
= (DaWi|1,_, ) (@) = Fry (DoWylp,_, ) (a)
= Fi1 (Do®1)(an) Hy—1 + Fi1 (Do) () (08 )T + Fi_y (Da®y) () Hy—1 M,

’Tk+1

Q

for any fixed k£ from 1 to 3. It remains to show A = B = ()} this is done in the
following by evaluating all necessary terms.

The second master derivatives of all basic functions at the barycenter are

) —6 —4 0 - 6 —2 0
<D2¢0)<db): —6 -2 =2 5 (ng)l)(db): O 0 0 y
6 0 -4 0 0 0
. 0 0 0 L [0
(qu)g)(db): 0 0 0 5 (Dgﬁ)(db): 1 .
6 0 —2 0
This yields
o 1 [ 6yl%—1,b _291%—1,10 0]
Fi(Dy®y)(ar,) = — | —6zr-1pYk-1b 2Zp-1pYk-1p O],
H 622 — 22 0
k—1,b k—1.b |
A 1 i 6y,3+17b 0 —291%+1,b ]
Fy(Do®2)(an) = — | —6Trs10¥k+1b 0 2Zp110Yk+1b | 5
a L 61’%+1,b 0 _217%+1,b
o 1 [ —2Yk—1 bYk+1b
Fie(D2f)(an) = —5 | Tha1b¥k—1b + Tho1bYk41b | 5
H i —2%}—1 bTh+1,b




and

E(Dy®y)(a,)

. —6(Yk—1,b—Yk+1,b)>
==

o
—6(Th—1,b—Th+1,b)°
2
1 ’Gyk—1,k+1
= z 6Tk 1 kr1Yk—1,k+1

a2
6% 1 k+1

For the next steps we recall

*4yi_1,b+4yk+1,byk71,b

6(2k—1,b—Tkt1,b) (Yk—1,b=VYk+1,b) 4Tk—1,bYk—1,b—2(Th—1,bYk+1,bFTTk+1,bYk—1,b)

—4$i71’b+4xk+1,b1‘k—l,b

4yk+1,byk—1,b*4yz+1’b
42541, bYk+1,b—2(Th—1,bYk+1,bTTh41,bYk—1,b)
4$k+1,bl’k—1,b—4xﬁ+1’b

—4Yk—1,bYk—1,k+1
2%k —1,bYk—1,k+11T2Tk—1 k+1Yk—1,b
—4Tk 1, bTh—1,k+1

AYk41,bYk—1,k+1

—2Tk 41, bYk—1,k+1— 2Tk —1,k+1Yk+1,b

ATk 41,bTh—1,k+1

1 0 0 1 0 0
_ _ T
B= TppYk—1b — Tho1p¥kr1y and  Hy = |0 Tppip Ykrap 0 frp
T
0 Zp—1bp Yr—1b 0 feq
This yields
2
. —6yi_1 k41 —4pYk—1 k11 0
N 1
Ek(Dz(I)o)(ab)Hk:p OTp—1 k1 Yh—1k+1  2HTh—1 k41 —2MUYk—1k+1] 5
2
_6mk71,k+1 0 Apw 1 g
- P 2 T
A . 6yk—1,b —29k—1,bfk,bT
Fii1(D2®2)(an)Hy1 = 22 | 70Tk—1b¥k-1b  2Tk-1bYk-1b
2 2 T
69%—1,1) _2$k—1,bfk,b
- 2
. Ye—1b T
=z —ZLk—1,0Yk—1b (C) )
2
Tk-1b
- P 2 T
o . 6yk+1,b _2yk+1,bflc,b_|_
Fi1(Do®y)(an)Hy—1 = 22 | 76Tk byt 2Tk 1Yk 10 S 6
2 2 T
695k+1,b _ka+1,bfk,b
- 2
. Yr+1,b -
=z —Tk+1,0Yk+1,b (C) )
2
Li+1b
=2k bYk—1b
A Avia vk AT 1 kAT
Er1(D2f)(an) (k1) = 37 |Tr—16¥kb + TrpYr—1b | (0g1)
i —2%% bTh—1b
—2Yk11,bYk,b
A Avia vk AT 1 kAT
Ek—l(Dﬁ)(ab)(bkq) = TkbYk+1,b T Tht1,bYk,b (bk,l) .
— 2%k 41,bTkb




Next we use Ny + Niy1 + Ni_1 = 0 to reformulate M} as

M, = —S'Ty,
T 1

T [3N, 3N, 3N31 (@k—l(biﬂ)T +epr (b)) + ek(bﬁﬂ + by + ) )
u u u

(c* + 20y +26F_,)T

" _% (Nk(Ck +0f )T+ N (b)) + Nkfl(blle)T)
I (ck + 2b£+1 +2b5_1)7

o _% (Nk(ck)T - Nk+1<bllz+1)T - Nkl(b]gl)T)] |

With these intermediate results, we are now ready to formulate the rows of A,
B, and C as linear combinations of the row vectors (c*)T, (bf )7, and (bf_;)7.
Denote the i-th row of A by A;., for B and C respectively.

We first consider A;., By., and (. and get
Ay = (Ek (ﬁQ&)o)(@b)ﬂkMO _
54# ( 61 o1 (" + 200y + 205_)T
— 1251 g1 (—Ur1 k1 + Yrpoabig + yk+1,kb§,1)T>
= ﬁyk—mﬂ (yk—l,k+lck + 22Uk 1 kbf g + 2yk,k—1b£71)Ta
By = (Ek+1 (Do®s) () Hy1 + Frsr (DaB) (@) (0 11)"
+ Er1 (ﬁQ@O)(db)HkﬂMk)l:
= %yi 1 b(Ck)T - %%—1 bYk b(blli-i-l)-r
+ 54# ( Gykk (" + 205 k1 T 205_1)
- 12yk,k71<_yk71,k+1c + yk,kflb]’z_kl + yk+1,kb£_1)>T
= ﬁ ((991%71,10 — Yrp1 T 2Yk k1 Yk—1,4+1)C"
+ (= 18Yk—1,0Yb — 4V k_1)bisa
+ (=205 41 — 2yk,k—1yk+1,k)bﬁ—1)1—’
C. = (Ek_l (Dy®1)(an,) Hy,—1 + Fr1 (Do) (@) (0F_ )T
+ Fr1 (ﬁ2@0)(@b)ﬁk—1Mk)1:
= ﬁyiﬂ ()T = %yk prrn(bf_ )T
+ s (= 6uR (4 2B + 20 )

k k T
— 12y 1k (—Ur_1ps1c” + Yk k—1b5 11 + yk+1,kbk71)>



= ﬁ ((93/]%+1,b - yl%Jrl,k + 20k 1 K Yk1k41)C

+ (=205 1 — 2Yk+ 1.6k k—1)Df 1
N
+ (—18YkpYrs1p — 4yl§+1,k)b§71) :

The definition of a;, as barycenter yields

Ykb = Yk — Yo = Yo — 5 (U + Yrr1 + Y1) = 20k — SUks1 — SYk1
= %(yk,kﬂ + Yrk—1)-

We consider the coefficients of (¢*)T, (bf,,)T, and (bf_;)" in By, without the
common factor of 1/(9u?) with the help of the above formula and get

9241371,13 - yl%,kq + 22Uk k—1Yk—1,k+1
= (Y1 T Yb-161)" = Yoot + 2Uh k- 1Yk—-1,6+1
= Yo 1k + 2kt kYk—1k41 T Y11 — Yk T 2Ukk—1Uk—1k41
= yl%—l,k-l—la
—18yk—1,bYkb — Wi o1
= —2(2yk—1 — Yk — Y1) (290 — Vi1 — Y1) — 4y — Y1)’
= —8ye—1Yk + Wr—1Vk+1 + Wi 1 + Wi — 2UkYr+1 — 2YkYk—1
+ Ay Yk — 21 — 29k Yr-1 — 40 + Syre—1 — Ui,
= —2UYk—1 + 2Up+1Yr—1 + 2YrYry1 — 2yZ+1 = 2Uk—1,k+1Yk+1,k>
—23113,1671 — 22Uk k—1Yk+1,k

= = 2Uk -1 Yk ho—1 T Ykt1,k) = —2Ukt1h—1Yk k-1 = 2Uk k-1 Yh—1,k+15

which are the same coefficients as in A;.. Therefore, it holds By. = A;.. Similarly,
Cy. = A;. follows from

Wit1b — Y1k + 20kt 1 kY141
= (Yrs1k + Yrt1p-1)” — yiﬂ,k + 2Uk1 1 kYk—1,k+1
= Yirrk T 201 kYh Lk 1+ Ui i1 — Yirg T 29kt 1k Yk Lkt
= yl%—l,k-i—la
21k — 2k kY1
= _2yk+1,k(yk+1,k + yk,kq) = _zyk+1,kyk+1,k71 = 2yk71,k+1yk+1,ka
— 18k Y+ 1,6 — Wis1
= =22y — Yk+1 — Y1) QY1 — Yhm1 — Uk) — 4(Yrt1 — yr)”
= —8Yrlkr1 + 4kYr-1 + 4 + W1 — 20k Yr-1 — 2Wks1Vk
Ay 1Yhi1 = 291 — 20k 1Yk — 4 + SUkyk — AU
= 2Ulk—1 — 2Uk¥k1 — 21+ 2Yn1Ykt1 = 2Yh—1 o1 Y1 -



As. = Bs. = (5. follows analogously with y replaced by z; a double ‘—’ cancels
out.

Finally, we consider As., Bs., and C5. and get

Ay = (Ek (Dy®y) (an,) Hy, Mk)

2:
1 k k kAT
= @(6$k—1,k+1yk—1,k+1(c + 2054, + 205 4)
k k N
+ 621 k41 (—Yr—1k+1C" + Ykh—10541 + Yer1ubi_1)
k k kAT
— 6Yk—1,641 (Th—1 41C" — Tp—1bq — Thprubi_1) )

1 k k
W( — T 1 o1 Y= 1,h+1C F (Thm 1 k1 Yk kot 1 T Tl o1 Yh—1,641) D

T
k
+ (T o1 Yh—1,k + xk—l,kyk—l,k+1)bk_1) )

By = (Ekﬂ (Do®s) () Hir1 + Frra (D2f8) () (b 1)"
+ Frp1 (ﬁQ(i)O)(db)ﬂk+le)

2:

= —;12171@71,byk71,b(0k)T + #(kal,byk,b + xk,bykq,b)(biﬂ)T

sz (6kp-1yrs1 (26, + 25 )
+ 628 k-1 (—Yre1 501" + Yrp1bf 1 + Yrr1xbf_1)
+ 6Yp 1 (o1 pr1C + Th 1O + Sl?k+1,kb];§_1))T
= ﬁ ((—9$k71,byk71,b + Trp— 1Yk k-1 — Thk—1Yk—1k+1 — mkfl,k+1yk,k71)ck
+ (k-1 bYeb + Tk pYk—1b + 4Ik,k71yk,k71)b;§+1
+ 2Tk p—1Yk k-1 T Thh—1Ykt1k + $k+1,kyk,k—1)b£_1)Ta
Co. = (Fy1 (Dy®1) (@) Hy 1 + Fiy (Do) (@) (bf_)T
+ Fry (f)2a)0)(ab)ﬂk71Mk>

2:
1 AT | 1 kT
= —pﬂfkﬂ,bykﬂ,b(c )+ p(iﬂkﬂ,byk,b + T Uit 1,0) (Ui_1)
1 k k k
+ 52 <6$k+1,kyk+1,k(c + 20541 + 2bp )
k k k
+ 6Tk k(= Yo-1k+1C" + Yk k—10511 + Yesr1ub5_1)
T
k k k
+ 6Yr1k(—Th—1541¢" + T porbpyy + $k+1,kbk_1))
1 9 k
= 9,2 (=9%k11bYk+1b + Tht 1 kYkt 1.5 — Tht 1 kYk—1,k41 — Tho1,k+1Yk+1,k)C
k
+ (2%p1 kYt 1,k + Tht1 kYk k-1 + xk,kflyk+1,k)bk+1

-
+ (9$k+1,byk,b + 9%k LYk41p + 4«Tk+1,kyk+1,k)b£71) .

10



As above, a comparison of coefficients gives

9% 1bYk—1,b + Tk k—1Yk k-1 — Thk—1Yh—1,k+1 — Th—1,k+1Ykk—1
= —(Th-1k + Tho1.h41) Yb—16 + Yb-1k41) + T k—1Yk k-1
— Tk k—1Yk—1,k+1 — Tk—1,k+1Yk k-1
= —Tk-1,kYk—1,k — Thk—1,kYk—1,k+1 — Th—1k+1Yk—1,k — Tk—1,k+1Yk—1 k+1
+ Thk—1Yk k-1 — Thk—1Yk—1,k+1 — Th—1k+1Yk k-1
= —Tk—1,k+1Yk—1,k+1,
9Tk—10Ykb + 9Tk pYk—1,b + 4Tk 1Yk k—1
= (2zp-1 — Tp — Tp11) (2Yk — Yr+1 — Y1)
+ (22 — Tpy1 — To—1) (2Ur—1 — Yo — Y1) + 4@k — 2p—1) (Y — Yr—1)
= AT Yk — 2Tk 1Yks1 — 2Th—1Yk—1 — 2TkYk T ThYrt1 T TrYr—1
= 2% 1Yk + Tt 1Yk+1 T Thp1Yk—1
+A4TkYk1 — 2T 1Yk—1 — 2Tk 1Yk—1 — 228Uk + Th1 Yk T Tho1Yk
= 20kYkt1 T Tp1Ykr1 T Tho1Yk4
+4zryr — 4rpyr—1 — 4Tp—1Yx + 4Tk 1Yr—1
= (Th—1Yk — Tha1Yht1 — Tht1Yk + Thp1Yh+1)
+ (TkYk—1 — Thlkt1 — Thr1Yh—1 + Thr1Yk41)
= Th-1,k1Yk k1 T Thk1Yk—1,k+1,
20 k- 1Yk k-1 T Thk—1Yk41,k T Tho 1k Yk k-1
= Tt Yk k-1 + Ykt1.k) + (Thk—1 + Tht1.k) Yk h—1
= Thk-1Yk+1,k-1 T Tha1,k—1Yk k-1

= Th—1kYk—1,k+1 T Th—1,k+1Yk—1,k>
which shows Bsy. = A,.. Similarly, one gets

—9$k+1,byk+1,b + Tt 1 kYk+1,k — Tht1 kYk—1k+1 — Th—1k+1Yk+1k
= —(Trs1h + Thr1h—1) (Ybt1k + Yot1h-1) + Tht1 kYk+1,k
— Th+1,kYk—1,k+1 — Tk—1,k+1Yk+1,k
= —Th+1,kYk+1,k — Th+1,kYk+1,k—1 — Tht1,k—1Yk+1,k — Th—1k+1Yk—1k+1
+ Tpa1 kY1 — Thal kYk—1,k+1 — Th—1k+1Yk+1,k
= T Tk—-1,k+1Yk—1,k+1,
2Tkt 1 kY4 1,k T+ Tht Lk Yk =1 T Thk—1Ykt1,k
= Tt k(Y1 ke + Yr—1) T (Thr1 ke + Thom1) Y1,k
= Th1 kYk+1,k—1 T Tha1l k—1Yk+1k

= k-1 k+1Ykk+1 T Thk+1Yk—1,k+1,

11



k1, 0Ykb T Tk pYk+1,b + 4Tp g1 K Yk+1k

= (2Tp11 — T — 1) (2Yk — Yrt1 — Y1)
+ 20k — Ty — Th-1) (2Yk41 — Yk — Yk-1)
+ 4(Tp1 — ) (Yrt1 — Yi)

= ATk 1Yk — 20k Ykt1 — 20k 1Yk—1 — 20kYk + ThYkr1 T TrYr—1
— 2%k 1Yk + Tk—1Yk+1 T Th—1Yk—1
+ ATk Yk+1 — 2Tk1Yk+1 — 2Tk—1Yk+1 — 20kYk T Th1Yk + Th-1Yk
— 20k Yk—1 + T 1Yk-1 + Th—1Yk—1
+ Ak 1Yk — ATk1Ye — 4TkYk + 4Ty

= (Th—1Yr—1 = Th1Yrt1 — TaYh—1 + ThYrt1)
+ (Th-1Yk—1 — Th1Yk — Thp1Yh—1 T Thi1Vk)

= Th-1kYk—1k+1 T Tho1 kt1Yk—1,k>
which shows C5. = As..

In summary we have shown A = B = C or

(Do Wklr,)(an) = (DoWi|r,) (@) = (DaWi|ry) (@) Yk =1,2,3.

This proves the stated hypothesis

(Do¥|7y)(an) = (D2¥|z,)(an) = (D2¥|z,)(an).
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