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ABSTRACT. We study a variant, in the context of the Erdés—-Ko—Rado Theorem for vector
spaces [4], of an extremal problem of Erdds and Rothschild [3], who considered edge-colorings
of graphs avoiding monochromatic triangles. For fixed positive integers r, k and ¢ with
1 < /¢ < r, and a family F of linear r-dimensional subspaces in a linear n-dimensional vector
space V, over the fixed finite field GF(q), let C(y ¢)(F) denote the number of k-colorings of
spaces in F for which the intersection of any two spaces in the same color class has dimension
at least £. Consider the function X(rk,¢,q)(7) = maxrcs, ,., Ck,e)(F), where the maximum
runs over all subfamilies of the family S, 4,» of all linear r-dimensional spaces in a linear
n-dimensional space V,, over GF(q). In this paper, we study the asymptotic behavior of the
function x(r,k,e,q)(n) and the corresponding extremal families.

1. INTRODUCTION AND MAIN RESULTS

A wide array of problems in combinatorics may be described as the quest for the largest
element in a given class of discrete objects satisfying some prescribed set of properties. For
instance, given a graph F, the famous Turdn problem [14] asks for the maximum number
of edges in an n-vertex graph that does not contain a copy of F as a subgraph. FErdds
and Rothschild [3] have proposed the following twist to this problem: instead of considering
graphs with no copy of F, they were interested in edge-colorings of n-vertex graphs with no
monochromatic copy of F. The aim is now to find n-vertex graphs with the largest number
of distinct such colorings.

A problem with the same flavor may be stated in the setting of finite vector spaces. Indeed,
a natural question asks about the maximum number of elements in a family of linear r-
dimensional subspaces (r-spaces for short) of a linear n-dimensional vector space V,,, for
which the intersection of any pair of spaces has dimension at least £. This problem has been
solved by Frankl and Wilson [4] and their solution is known as the Erdés-Ko-Rado Theorem
for vector spaces.

Here we address the Erdds-Rothschild version of this problem. Consider an n-space V,, over
GF(q), where as usual GF(q) denotes the finite field with ¢ elements. Let dim (U) be the
dimension of a linear vector space U. Given r < n, the number of r-spaces in V,, over GF(q)
is given by the Gaussian coefficient (Z)q = (an;T)_(‘i;(_qlrj)_"l'g?ig T_+11)
where 0 < ¢ < r, a family F of r-spaces in V,, is called £-intersecting if dim (F N F') > ¢ for

all F,F' € F.

~  For a fixed integers ¢, r,

Definition 1.1. Let F be a family of r-spaces in an n-space V,, over GF(q). A (k,{)-coloring
of F is a function A: F — {1,...,k} associating a color with each r-space in F so that any
two r-spaces Fi, Fy € F with the same color are (-intersecting. The number of (k,{)-colorings
of F is denoted by C, o) (F).
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Define S,, 4, to be the family of all r-spaces in an n-space V,, over GF(q). Given positive
integers n, q,r, £, k, where n > r > £ and ¢ is a prime power, we consider the function

X(rkt,q) (M) = Snax {Chupy(F) },
= n,q,'f'

that is, X(yk,¢,q) (1) is the maximum number of (k, £)-colorings over all families F of r-spaces in
an n-space over GF(q). A family F for which x(,1¢,q)(n) = C(i,¢)(F) is called (k, £)-extremal.

The problem of determining Xy .¢,q)() and the corresponding (k, £)-extremal families of
r-spaces in an n-space V;, over GF(q) is related with the Erdés-Ko-Rado Theorem for vector
spaces. This theorem is due to Frankl and Wilson [4], and was complemented by Tanaka [13],
who showed that, in the case n = 2r, there are exactly two non-isomorphic maximum families.
It is convenient to work with the following notation.

Definition 1.2. Let n > r be positive integers and let Vi, be a linear n-dimensional space
over GF(q), where q is a prime power. For a fized linear space L in V,, let E1(L,r) be the
family of all r-spaces in V;, that contain L. For a fixed linear space S in Vy, let E2(S,r) be
the family of all r-spaces in V, that are contained in S.

Theorem 1.3 (Erdds-Ko-Rado Theorem for Vector Spaces). Let q be a prime power, let ¢
and r be fized positive integers with £ < r and let n > 2r — ¢+ 1. Let F be an {-intersecting
family F of r-spaces in an n-space V,, over GF(q). Then, we have

|F| < max{ <Z:§>q <2T7a—€>q}‘ "

If n > 2r, equality in (1) only holds for a unique family F (up to isomorphism), which is
given by E1(L,r) for a fixed L-space L in V,,. For 2r — ¢ < n < 2r, equality in (1) is achieved
only by F = E(S,r) for some fixred (2r — £)-space S in V,. In the case n = 2r, there are
exactly two non-isomorphic extremal families F: either F is equal to the family E1(L,r) for
a fixed (-space L in Vy, or it is equal to E2(S,1) for some fixed (2r — £)-space S in V.

Given n, q,r, ¢, let &, 4, ¢ denote the set of extremal families given in Theorem 1.3. Note
that any family F € &, 4, ¢ leads to a natural lower bound on x(;. 1 ¢,4) (1), namely

X(r,k,L,q) (TL) > kl'f‘? (2)

as F is f-intersecting and therefore all r-spaces in F may be colored arbitrarily. When the
number of colors available is k € {2,3}, we show that (2) holds with equality.

Theorem 1.4. Let q be a prime power and fix positive integers n > r > £. For a family F of
r-spaces in an n-space Vy, over GF(q), the following facts hold.

(i) For each n > 2r — ¢+ 1, we have

Cla(F) < omax{ (729) (), } (3)

(ii) There exists a positive integer ng such that, for n > ng, we have

n—~e
Cap(F) < 3=t (4)
Moreover, a family F achieves equality in (3) or (4) if and only if F € Ep grp-

However, extremal /-intersecting families and (k, £)-extremal families do not coincide for
k > 4 colors. This dichotomy between the cases k € {2,3} and k > 4 has been observed for
several instances of forbidden graphs and hypergraphs [1, 9, 10, 15], as well as in the case of set
systems [6]. In this paper, we fully characterize (4, ¢)-extremal families when the dimension
n of the vector space V,, is large enough.
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Definition 1.5. Let n > r > £ be positive integers and let q be a prime power. Let F be a
family of r-spaces in an n-space V,, over GF(q). A subset C of £-spaces of V,, is called an
{-cover for F if, for each r-space F' € F, there exists an £-space L € C such that L C F. A
minimum ¢-cover for F is an £-cover for F of minimum cardinality. The family F is called
(C,r)-complete if it contains every r-space in V,, that contains some (-space in the {-cover C.

In particular, the family & (L,r) from Definition 1.2 has minimum /¢-cover of size one, as
it is covered by the set C = {L}, and this family is clearly (C,r)-complete.

Definition 1.6. Given positive integers £ < r < n and c, and a prime power q, let &, 4.
be the class of all (C,r)-complete families of r-spaces in V,,, where C is a set of {-spaces in
Vi satisfying |C| = c¢. Given a € {0,...,0 — 1}, we say that an element of &, g rp.c lies in
Enqrtica ify additionally, every pair of distinct (-spaces Fi, Fy € C satisfies dim(Fy N Fy) = a.

With this definition, note that, for n > 2r, we have &, 4,01 = &,,4,r¢, as all the extremal
families with respect to Theorem 1.3 are of the form &;(L,r) for some ¢-space L in V,.

Theorem 1.7. Let r > £ be positive integers and let q be a prime power. There exists ng > 0
such that, if n > ng and F is a family of r-spaces in an n-space V,, over GF(q), we have

n—~e
(i) Cup(F)>6- 4(”5)@ if and only if F € & qr02, t.e., F is (C,r)-complete with (-cover
of size two.

(ii) Clae)(F) = X(rae,q () if and only if F € & qrp20-1, i-e., F has an L-cover of size
two and the two cover elements intersect in a space of dimension (¢ —1).

n—~
The lower bound 6 - 4(“@)‘1 in Theorem 1.7 arises as follows. For an f-cover C = {t1,t2}
of size two in V,, consider the (C,r)-complete family F of r-spaces in V;,. We may generate
(4, £)-colorings of F by assigning two of the four colors to the cover element ¢;, and the other
two colors to tg, for which there are six possibilities. We color all r-spaces containing t;
arbitrarily with the first two colors, and all r-spaces containing to with the remaining colors.
Those r-spaces in V,, which contain ¢; U ¢35 can be colored with any of the four colors. Up

n—~e
to some minor overcounting, this gives 6 - 4(“‘2)‘1 distinct colorings. Clearly there are other
(4, £)-colorings of F to compensate for this overcounting .

Although Theorem 1.7 deals only with the case k = 4, several structural results used for
proving it hold for larger values of k > 5, as described in Section 5.

The results in this paper may be analyzed in the context of ‘stability’ as in Simonovits’s
Stability Theorem [11] for graphs. Roughly speaking, the problem of maximizing a function
f over a class A of combinatorial objects is said to be stable if every object that is very close
to maximizing f is almost equal to the object that maximizes f. In our framework, this can
be formalized as follows. Here, for two families A and B, we write A A B for their symmetric
difference (A \ B) U (B '\ A). Moreover, we say that two families 7 and F’ of r-spaces in
an n-space V,, are isomorphic if there is a one-to-one linear operator ¢: V,, — V,, such that
F e Fifand only if I/ = {¢(v): v € F} € F' for each F € F.

Definition 1.8. Let » > ¢ > 0, k and q be fived. The problem Py q,1e of determining
X(rk,0,q) (1) s stable if, for every e > 0, there exist § > 0 and ng € N such that the following
is satisfied. Let F* be a (k,{)-extremal family of r-spaces in an n-space V,, over GF(q), where
n > ng, and let F be a family of r-spaces in Vy, satisfying C o) (F) > (1 —0) - X(rk,0,9) (1)
Then |[E(F) N E(F')| <e- |E(F')| for some family of r-spaces F' that is isomorphic to F*.

Banil proofs of this and other results in this paper may be found at
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The proof of Theorem 1.4 implies that, if & € {2,3}, Py, 4,k is stable for every r, £ and
q. However, the proof of Theorem 1.7 leads to the conclusion that P, 4,4, is unstable unless
¢ =1, since the set of (4,¢)-extremal families is given by &, 4, r.2.¢—1, even though

i Clap)(F")
m ——————
n—oo X(r,4,0,q) (n)

for every F' € &, 4r:2. In other words, Cl0) (F ") has the same first-order asymptotic behavior
as long as F' is (C, r)-complete with minimum ¢-cover C of size two, regardless of the dimension
of the intersection of the cover spaces. This provides an instance of a natural problem that
is provably unstable, but which has a unique optimal solution up to isomorphism. We are
not aware of many problems that share this property, but we may cite 2] in the context of
multigraphs and [8] in the context of uniform hypergraphs.

=1

2. THE CASE OF TWO COLORS

The main objective of this section is to prove Theorem 1.4(i). Recall that we need to show
that, for all values of n, the (2, ¢)-extremal families of r-spaces in an n-space V;, over GF(q)
coincide with the extremal families with respect to the Erd6s-Ko-Rado Theorem for vector
spaces.

Proof of Theorem 1.4(i). Let F be a family of r-spaces in an n-space V,, over GF(q) and
consider a (2, ¢)-coloring of F. Let £ C F be a maximal /-intersecting subfamily of F. Due
to the maximality of &, for each r-space R € F \ &, there is an r-space E € £ such that
dim (RN E) < ¥, so that E and R have to be colored differently in any (2, ¢)-coloring of F.
This implies that the number of (2, £)-colorings of F is at most

9l€] < Qmax{ (::f)q’(%fg)q}_ (5)

Theorem 1.3 implies that there is always an ¢-intersecting family F that achieves this upper

bound, and hence F is not extremal if |£] < max{ (?:ﬁ)q, (2”;5)(1}. Thus we assume that in

(5) equality holds. To prove our result, we still need to show that F \ & = () whenever
Coo(F) = 281 = L (70,7,

For a contradiction, we suppose that there exists an r-space R in F\ € that is not {-intersecting
with some r-space in £. We will show that there are at least ¢? distinct r-spaces Wy, ..., W
in € that are not {-intersecting with R (see Lemma 2.1 below). Hence, for every (2, ¢)-coloring

of F, all r-spaces W1,..., W,z must be colored the same, which implies that we have at most

2l€l=a*+1  2l€l distinct (2, ¢)-colorings of F. Hence, for any extremal family F, we must
indeed have F \ € = (). The characterization of the (2, ¢)-extremal families for all values of n
and r follows directly from Theorem 1.3. g

To conclude the proof of Theorem 1.4 it remains to prove the following lemma.

Lemma 2.1. Let n,r, £ be positive integers with n > r > £, and let q be a prime power. Let
Vi, be an n-space over GF(q) and consider an (-intersecting family € of r-spaces in 'V, with
mazimum cardinality. If F is an r-space in V, that is not £-intersecting with some element
in &, then there exist at least ¢* distinct r-spaces in € with this property.

To prove Lemma 2.1, we use the following well-known facts. (A proof of this fact is an
immediate consequence of Lemma 1.1.2 in [5], for example.)

Lemma 2.2. Let g, h,r,n be nonnegative integers. Let V,, be an n-space over GF(q), contain-
ing linear spaces G and H with dimension g and h, respectively. Assume that dim (GNH) = 0.
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(i) The number of r-spaces in V,, that contain the g-space G is equal to

n—g
<7“ - g> "
(ii) The number of (n — g)-spaces S in V,, with dim (SN G) =0 is equal to
q=99,

(iii) The number of r-spaces R in V,, with G C R and dim (H N R) = 0 is equal to

q(r—g)h . (n - (g + h)) .
r—g q

Proof of Lemma 2.1. If n < 2r — £, then any two r-spaces in V,, are f-intersecting, hence we
may suppose that n > 2r — ¢. We consider two cases according to the extremal family.

First assume that the extremal family under consideration is the family & (L, r) consisting
of all r-spaces in V,, that contain a fixed ¢-space L in V;,, hence |&1(L,r)| = (:f:f)q and, by
Theorem 1.3, n > 2r. By assumption there exists an r-space F' € F and an r-space Ej € £
such that dim (Ey N F) =s < ¢ —1, hence dim (FN L) =a < ¢. Let D(1) be the family of
all r-spaces R in V,, that contain L, but do not contain any vector in F'\ L. Clearly, each
r-space R € D(1) C & satisfies dim (RN F) < ¢. We show that |D(1)| > ¢®>. Let H be an
h = (r — a)-dimensional subspace of F' with dim (H N L) = 0 and consider the family of all
r-spaces R of V,, that contain L and satisfy dim(R N H) = 0. Clearly, every such r-space lies
in D(1); moreover, we may use Lemma 2.2(iii) with given H and G = L to obtain

_ —(h+1¢) N n—(r+¢—a)
S  r=0hn (T ( _ (r=0(r—a) '
D) 24 ( o) = ),

Since r > £ and ¢ > a, we infer that ¢"~90 =) > ¢2 We also have
n—(r+l—a)>r—{0 < n>2r—a.

In particular, the inequality ("7(:37“)% > 1 follows from n > 2r, so that |D(1)| > ¢2, and
we are done in this case.

Next suppose that the extremal family under consideration is the family &(S,r) consist-
ing of all r-spaces in some fixed (2r — £)-space S in Vj,, hence |E3(S,r)| = (QT;e)q and, by
Theorem 1.3, 2r — ¢ < n < 2r. Let F be an r-space in V,, that is not ¢-intersecting with at
least one member of (S, r). Clearly, in this case we must have dim (FNS) =a < r. If
a < ¢, then F is not (-intersecting with any element of £(S, ), and the result follows because
(27«;6)(1 > (ril)q — (qr—H _ 1)/((] _ 1) > q2 for r > 2.

Therefore, we may assume that £ < a < r—1. Consider the family D(2) of all r-spaces in S
whose intersection with the space SN F has dimension at most (¢ —1). Any r-space R € D(2)
satisfies dim (RN F) < ¢, hence it suffices to show that |D(2)| > ¢*. For every nonnegative

integer ¢ < ¢ — 1 and every g-subspace G of F'N S, there are ¢("=9(a=9) . (zrqff;a)q distinct

r-spaces R in S such that FF N R = G (we apply Lemma 2.2(iii) for G and an associated
(a — g)-space H contained in F'N S whose intersection with G is the null vector). Since there
are (Z)q distinct g-spaces in F'N .S, we infer that

e 2r — 0 —a
D(2 . g(r—9)(a—9) < T >
D) > §j<g)q g )

g=0

a r—t41)a—ty1) (2r—L—a
(050) o (o), Q

V

v
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Now, since a < r — 1, we have (2:__5;1“)(1 > (::ﬁﬁ

have (gfl)q gD (a—t+1) > (ffl)q -q® > ¢? for £ > 1. Using these bounds in (6), we obtain

|D(2)| > ¢%, which finishes the proof of Lemma 2.1. O

)q > 1. Moreover, with a > ¢ and r > £, we

3. COLORING WITH THREE AND FOUR COLORS

In this section, we study the function (1 ¢q)(n) when the number of colors is k € {3,4}.
We start with a simple result stating that (k, ¢)-colorable families of r-spaces cannot have a
large minimum /¢-cover.

Lemma 3.1. Let ¢ < r < n and k be positive integers. Let F be a (k,{)-colorable family
of r-spaces in an n-space over GF(q). Then F has an {-cover C = {t1,...,t.} of cardinality
c< k(;)q such that dim ((t; U --- Ut.)) < kr.

Proof. The (k, £)-colorability of F implies that there cannot be more than & distinct r-spaces
in F that pairwise intersect in a space of dimension less than £. Hence, there exists a subfamily
F' C F with at most k distinct r-spaces such that every r-space in F is (-intersecting with
some 7-space in F’, and the set C = {t € (IZ)q; F € F'} is an {-cover for F with |C| < k(;)q

and dim (<Utec t>) < kr. O
Let n > r > £ and k be positive integers and consider a family F € S,, 4, with minimum
l-cover C = {t1,...,tc}. Let Vg := (t; U---Ut.) be the linear space generated by the ¢-cover
C, where dim (V) < kr by Lemma 3.1. We split the family F as F = F' UG, where F € F
is assigned to F' if dim (FNVg) = ¢, and F € G if dim (F NV¢) > £+ 1. The number of
(k, £)-colorings of F is clearly bounded by
Clrt)(F) < Clropy(F') - Clry (9)-

We may bound the size of G by
1G] < dim (V¢) n—»~—1 < kr n—~¢—1 , 7)
t+1 J \r—£-1), t+1) \r—£-1),

Cle)(G) < K9 < R (), G20, .

so that

The contribution of the (k, £)-colorings of G will be negligible, since, for n sufficiently large,
the upper bound (7) is much smaller than the largest possible size of F/, namely (k;)q- ("T:@T)q.

We focus on F'. Fix a (k,£)-coloring A of F'. Fori =1,...,¢, let 7/ C F' be the family
of all r-spaces in F’ containing the cover element ¢; € C. For each (-space t; € C, and each
color o € {1,...,k} we say that o is substantial for t; with respect to the coloring A if the

number of r-spaces in F; with color ¢ is larger than

()00, ®

We say that color ¢ is influential with respect to the coloring A if it is substantial for
some cover element ¢; € C. If color o is not influential with respect to A, then it is called
non-influential.

Lemma 3.2. Let A be a (k,0)-coloring of F. Let color o be substantial for the cover space
t; € C. Then, for n sufficiently large, each r-space F' in F with color o satisfies t; C F.
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Proof. Let ]-"Z’ » be the subfamily of all r-spaces in F, that have color ¢ and contain the cover
element ¢;. For a contradiction assume that the r-space F' € F is colored with o, but ¢; € F.
Fix a cover element t; satisfying ¢;; C F. Then, by Lemma 2.2(i), the number of r-spaces in
F,, that are (-intersecting with F" is at most

T_ r—dim (¢ Nty) n— 20+ dim (t; Nt;)
 \U—dim (t; Nty) G\7—20+dim (t;Nty) )

Taking the maximum over all possible sizes of dim (¢; N¢;) and choosing n sufficiently large,
we infer that

T< max <Z—m> (n—2§+m> _(r—ﬁ—i—l) (n—ﬁ—i) I
o<m<t-1\t—m/ r—20+m q 1 J\r—0—=1/,
which contradicts our assumption that color ¢ is substantial for the cover element ¢; € C. O

Lemma 3.3. Let F be a (k,{)-colorable family of r-spaces in an n-space V, over GF(q)
with minimum {-cover C = {t1,...,t.} of size c. Consider the class F*(o) of all subfamilies
F(o,A) C F with the property that F(o,A) is the family of all r-spaces colored o with respect
to a (k,l)-coloring A for which o is non-influential. Then, we have

F*(0)] < 2¢- (r ; £>:L < o), | <T " é)’;(?)q(rﬁl)q(f_f_i)q’

Proof. Let C = {t1,...,t.} be a minimum ¢-cover for the family F. For i = 1,..., ¢, there
are at most (rf e)q distinct r-spaces in F that contain the cover element ¢;. For every (k,¢)-

coloring A of F for which ¢ is non-influential, the color ¢ may appear at most L times among
the r-spaces covered by each cover element ¢;, hence

” = (7)),
'f(”§w§%JQ1<af>>

where the choice of each a; in the sum is within the set {0,1,...,L}. Recall that ¢ < k(;)q

by Lemma 3.1, and note that (;‘1) < n™ and that ZJL:O 27 < 22" for every x > 2. We infer
that, for n > r — ¢,

n O\ 2i=1 i L n \7
ol < Y (" —(( "
r—4{ , r—/{
(a1,...,ac) q j=0 q
cL k(" r—L0+1 n—~0—
< o n < Qk(Z)q. n (é)q( 1 )q(yfef )q
r—{ r—4

g

We will now use these results to prove Theorem 1.4(ii), which deals with (3, ¢)-colorings,
and Theorem 1.7(i), which involves (4, £)-colorings.

Proof of Theorem 1.4(ii). Let F € Sy 4, with minimum f-cover C = {t;,...,t.}. If ¢ =1,
Theorem 1.3 tells us that for n > 2r (and hence for large n)

Clpy(F) < 3070, (10)

Moreover for n > 2r this upper bound is achieved if and only if F is (C, r)-complete.
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We now suppose that ¢ > 2. Recall that F may be partitioned as 7' U G so that all the
r-spaces in F’ contain a single /-space in C and

3r L
Cin(F) < Cap(F) Cunlg) < 3len)y (o), Clan(F).

First consider colorings of F’ such that all three colors are influential. In light of Lemma 3.2,
there are no such colorings unless ¢ < 3. If ¢ = 3, the three colors must be assigned to distinct
cover elements and every r-space containing a cover element t; must be colored with the color
assigned to it, which gives at most six colorings of F’. If ¢ = 2, again by Lemma 3.2, we assign
the three colors to the cover elements ¢1 and ¢ so that each of them receives at least one color
(there are six ways of doing this) and we color the r-spaces containing a cover element ¢; with
one of the colors assigned to it, which gives at most

6.20-0),

(3, ¢)-colorings of F’. In particular, with (8) the number of (3, £)-colorings of F for which all
colors are influential is bounded above by

n—~

K —£— n— r—£_ 3r r—
o5, 0D, L0, _ (33M1<zﬂ>q | 2>< 0,

?

which is much smaller than 3(:‘5)4 for large n.

We now consider colorings for which a < 2 colors are influential (and at most three colors
are non-influential). Once a is fixed, we can choose the a influential colors in (2) < 3 ways,
and there are at most ¢? possibilities to assign these to the cover elements. This yields at

n—~
most 3¢? - 2(“2)4 ways of coloring r-spaces with influential colors. With Lemma 3.3, the
non-influential colors generate at most

(23<z>q (" £>3(2)q(’"‘f“)q(2252i)q> :

partial colorings of 7. Combining the number of partial colorings generated by influential
and non-influential colors, and taking into account that there are three choices for the value
of a, we obtain the following upper bound on the number of all (3, £)-colorings of F:

T r—0+1 n—~_0—1

3
02 oD, (23(2)%( . )3(e)q( \ )q(T_e-l)q> I GON =)

r—2¥ q

_ 962'2(::5)11‘29@11‘(726)5;(2)(101 )q(Z:e:I)q.3(eﬁl)q(’i:§:i)q, (11)

We claim that, for n sufficiently large, (11) is much less than (10). To see why this is true,
we use the following inequalities for 0 < r < n:

q(nfr)r < <n> <or. q(nfr)r' (12)
q

r
This implies that there is a constant D > 0 such that

r—/ - ’

n—_€—1

r—f— (r—£—1) ,(n—7)(r—£—1)

< n >( ¢ l)q < (2T7e'q(nir+e)(1_€)>2 q <anq(n—T)(7‘—€—1)
q
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so that, for a positive constant D’, the quantity in (11) is bounded above by

/ Dng(n—r)(r—t-1) &( 3r ) (?:f)q 6 (:Lif)q &( 3r ) (”rl:f)q
D q nq 3qn—é,1 L4+1/q | 2 < g gqn—é,l 0+1/q . 2

S (2>(?f)q,

a for large n. For this we used the lower bound in (12):

("=0)

which is much smaller than 3

Dn
(n—r)(r—£-1)
anq(nfr)(rféfl) qq )
<

(g)(?If)q - ((g)quﬂ(rflﬂ))q”*r

— 0 for n — oo. (13)

O

We shall now consider the case of k& = 4 colors. To prove Theorem 1.7(i), we use the
following strategy. We first show that, if a family allows a large number of distinct (4, ¢)-
colorings, then most colorings are such that all colors are influential. We then argue that
extremality is achieved for families whose minimum ¢-cover C has size two, and which are
(C, r)-complete.

Lemma 3.4. Let F be a family of r-spaces over GF(q). Let A be the class of all (4,£)-colorings
of F for which at least one of the colors is non-influential. Then there exist 0 < v < 1 and
ng such that, for n > ng, we have

A < 4(1*7)(::5)(1'

Proof. For a fixed family F of r-spaces over GF(q), consider the family A of (4, £)-colorings
of F for which at least one of the colors is non-influential. Let C = {t1,...,t.} be a minimum
(-cover of F and, as before, let ' denote the subfamily of F containing all r-spaces whose
intersection with Ve = (t; U---Ut.) has dimension ¢. The family G = F \ F’ is given by all
F € F with dim(F NVg) > £+ 1. Let A’ contain the restrictions of the colorings in A to F.
We have
4r n—~_0—1
IA] < 4191 . A < 4(e+1)q(r471)q A

We bound the number of (4, ¢)-colorings of A’. By Lemma 3.3 the number of possible

partial colorings of ' with color ¢ so that o is not influential is at most

20, < n >4(Z)q(’“ f“)q(’i_éf_i)q'
r—4 q

Let 1 < i < 4 denote the number of non-influential colors used in a partial coloring of A’.
Then there are at most

4 4i T r—0+1 n—~L£—1 1 T r—~0+1 n—~L—1
Z <4:> 2“(;),1 ‘ (T n g) Z(e)q( 1 )q(r—e—l)q <15. 216(2)(1 . <T n £> G(e)q( 1 )q(r—e—l)q (14)
i=1 q q
distinct partial colorings induced by non-influential colors.

Now suppose that we have j < 3 influential colors. By Lemma 3.2, all the r-spaces colored
with each influential color must be covered by the same cover element, so that we may assume
that influential colors are assigned to cover elements. If all colors are assigned to the same

n—~4
cover element, there are at most j(“e)q ways to color the r-spaces in F' covered by it.
Analogously, if we assign j; > 1 colors to the r-spaces that contain some cover space t; and
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j2 > 1 colors to the r-spaces that contain a second cover space to, then, once the colors are
fixed, the number of possible colorings of the r-spaces in F’ covered by t1 or t3 is at most
(0, (o),
N *J2 . (15)
. ("0 L : : L
Note that (15) is smaller than 3 ¢ whenever j; + j2 < 3. Finally, if we assign j; > 1 colors
to three cover spaces t;, ¢ = 1,2, 3, then j; = jo = j3 = 1, so that, once the colors are fixed,
there is a single way of using them to color the r-spaces in F’ covered by t1, to or t3, which
gives another six colorings.
Summarizing the above (and considering that the influential colors may be assigned in at
most ¢ ways, as at least one of the colors is non-influential), we infer that, for some v > 0,

n )16(2)q(r_f+l)q(f:§:11)q .3(::5)11 < 4(1*27)(714)(;

r—{
r—1{

Al < 157 216(2), . <
q

n—~
for n large enough. Clearly, the value of v may be chosen so that it also satisfies 49! < 47(’“—2)q

_ n—~
for n large, which implies our result, i.e., |A| < 4(1 7)(“4)11. U

Lemma 3.5. Let F be a family of r-spaces in an n-space Vy, over GF(q) with minimum £-cover

n—=~£
C = {t1,...,tc}, where n is large. Let F' and F; be defined as above. If C(4 ) (F) > 4(“‘3):1,
then for each cover element t; we have |F}| >4L,i=1,...,c.

Proof. Let F be a family of r-spaces in V,, with minimum ¢-cover C = {t1,...,t.}, and suppose
that |F.| < 4L. By (8) we know that

4r n—~£—1
Cla(F) < A m)e gy (),

and from now on we focus on an upper bound on C(y ¢ (F").

Let Ay be the family of all (4, ¢)-colorings of F’ for which at least one color is influential
for the cover element Z., and let Az contain all remaining (4,)-colorings, i.e., C(y 0 (F') =
|A1| + |Ag|. First consider colorings in Aj. Let F’ denote the family F'\ {F € F': t. C F},
that is, we omit from F’ all r-spaces which contain the cover space t.. Any coloring A of
F' induces a coloring A of F'. Let A; be the set of all such (4, £)-colorings A. 1If color o is
substantial for ¢, with respect to A, then it cannot be substantial for any other cover space t;,
i # ¢, hence, due to Lemma 3.2, color ¢ cannot be influential with respect to A. Therefore,
by Lemma 3.4 there is 0 < 7 < 1 such that

|]\1’ < 4(1*7)(::9(1
for n sufficiently large. Each coloring of A; corresponds to at most 44~ colorings of A; as
|Fl| < 4L by assumption. Since L < %(Z:f)q for n sufficiently large, we infer that
|A1] < 440 . |A1| < 4%(::5),14(1*7)(::5)(1 — 4(1*% (:Lif)q. (16)

Next consider the class Ay. For a fixed coloring A € Ag, let o be the color of some r-space
whose single subspace in the cover is the element ¢.. Since by assumption ¢ is not substantial
for t., by Lemma 3.2 it cannot be influential with respect to the coloring A. Lemma 3.4
applied to the family F’ tells us that

n—~_
Ay < 407G,

with the same value 7 as in (16). For n large, combining (16) and (17), we obtain
n—~£ 4 n—E)
q

n—~£
0(4,6)(]:/) = |A1] +]Ag] < 4(1_%)(7-4)4 + 4(1_7)(7»4)@, < 4(1_%)(7-4
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hence with (8) we conclude that
0(4 2)(]:) < 4191 ,0(4 g)(F/) < 4(5?1)(1(::5:%)(14(1_%)(::ﬁ)q < 4(1_%)(::f)q < 4(::f)q’ (18)
as required. O

Next we show that in a (4, £)-extremal family the size of a minimum ¢-cover is at most two.

Lemma 3.6. Let F be a family of r-spaces in an n-space over GF(q), where F has minimum

n—~_
C-cover C. For n sufficiently large, if Cy ) (F) > 4(“()'1, then |C| < 2.

Proof. Let F be a family of r-spaces in V;, with minimum ¢-cover C = {t1,...,t.}, where ¢ > 3.
By Lemma 3.5 we may assume that |F]| > 4L, i = 1,...,c. By the pigeonhole principle, for
each cover space t; there is a color o; that is substantial for ¢;. Each color is substantial for
at most one cover space, hence ¢ < 4.

If ¢ = 4, Lemma 3.2 tells us that in any (4, £)-coloring each family F/ is monochromatic for
1=1,...,c, so that, for n large, we have

n—~_0—1

4r )
C(4,E)(~F) S 4(2+1)q(r7471)q . 4' < 4(772)‘1.

If ¢ = 3, three colors are needed for the three families 77, F3 and F4 while the fourth color is
either non-influential or is used for coloring more than L distinct r-spaces in some family F;.
In the first case we may apply Lemma 3.4 with some 0 < v < 1 and in the second case we
use (8) to bound the number of colorings directly, so that, for n sufficiently large, we have

n—~e 4ar n—~_0—1 n—~¢ n—~{
0(476) (./_") S 4(1_’7)(7‘—2)(1 + 4(Z+l)q(r—2—1>q2(r—l)q . (g) . 3 < 4(7‘—4),;’
establishing our result. O

We are now ready to prove Theorem 1.7(i). To accomplish this task, we consider a particular
set of families of r-spaces and a particular class of colourings.

Definition 3.7. Let n > r > £ be positive integers, let q be a prime power, and fix a family C
of L-spaces in an n-space Vy, over GF(q). The (C,r)-complete family of r-spaces with {-cover
C, which we denote F, 4.rc), 15 the family of all r-spaces in Vy, that contain an -space in C.

Definition 3.8. Let F be a family of r-spaces in an n-space V,, over GF(q) with {-cover
C = {t1,...,t.}. A star coloring of F is a (k,{)-coloring such that, for every color o, all
the r-spaces in F with color o contain some fized element t; = t;(c) of the £-cover C. A
(k,£)-coloring of F that is not a star coloring is called a non-star coloring.

Proof of Theorem 1.7(i). By Lemma 3.6, we know that we may restrict our attention to fam-
ilies with minimum ¢-cover C satisfying |C| < 2. For an f-cover C, let F(, 4, c) be the (C,7)-
complete family of r-spaces in an n-space V,, over GF(q) with ¢-cover C. Clearly, if |C| = 1,

n—~e
we have C(4 0 (Fngrc)) = 4(’““’)Q. Thus our result follows if we show that, for an arbitrary
set C = {t1,ta2} of f-spaces in V,,, where n is sufficiently large, we have

n—~0
C’(472) (f(n,q,r,C)) >6- 4<T?£)q7 (19)

n—~e
and if we show that Cy ¢ (F) <6 4(“2)(1 whenever F is not (C,r)-complete.

Let dim (¢;Ntg) = y < £—1. We shall first consider star colorings of the (C, r)-complete fam-
ily F(nqrc)- To construct the colorings, we may first assign colors to the cover elements and
then use them to color the r-spaces containing each cover element. The (C, r)-completeness of
Fn,qrc) implies that, for large n, there must be at least one substantial color for each cover
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element, so that we may assign two colors to each cover space, or three colors to one cover
space and one color to the other.

Let Ff = {U € F;t1 C U,ta ¢ U} and F5 = {U € F;t1 ¢ U,ta C U} be the sets
of r-spaces containing exactly one of the cover spaces. We begin with the case where two
colors are assigned to each cover space, which can be done in (g) ways. We first assume that

y > 2¢ — r, which implies that there exist r-spaces in F containing t; U f2, namely (’::%I;’)q
n—20+y
of them. The number of 4-colorings of the r-spaces that contain t; U to is 4(”2”?’)‘1. We

n—L\ _ (n—20+y
may color the r-spaces in F; in 2(“")‘1 (T’Q“y)q ways (the same holds for r-spaces in F3).

Note that, in this argument, the colorings for which both F| and F3 are monochromatic are
(n—2€+y)
q

r—20+y

counted exactly twice, so that we need to subtract the term (g) -2-4 . This amounts

to

@ 2070, (), ), Ga), @ L9 4GB, Z . 4020, — 19 4G5, (o)

colorings. In the case when y < 2¢ — r, that is, in the case when dim ({t; Ut3)) > r and no
—2+yy

:—2e+g)q -

We now consider the star colorings for which three colors are assigned either to F} or to

r-space contains both cover spaces, the same formula holds observing that (

F5. The number of ways of assigning the colors is 2(3), and we need to count the number of
3-colorings of the r-spaces in F; (or in F3) for which the three colors are used, as the other
colorings have already been counted in the case where two colors were assigned to each cover
space. By inclusion-exclusion, we see that there are

2@ <3(’:_f)q—<:_§ﬁz)q _ 59070, (), 3> AG5E), (21)

such colorings. Again, this formula holds for all values of y, but it does not depend on y if

y < 20 — r, since (Zf:gﬁg)q = 0 in this case.

Combining equations (20) and (21), we deduce that the number T'(y) of star colorings of
F is given by
n—~_ n—20+y

T(y) — 6 . 4(7"74),1 —12. 4(7‘—28+y)q +
+ 8 (3(::§)q_(7:§§1—5)q -3. 2(7::5),;_(1;:551_5)(1 + 3> 4(2:5515)(1

S )
n—20+y n—~ n—20+y
n—~ 4 (r722+y)q 2 (rfé)q_(r72é+y)q 3/2
+ 8.30-), () 1—3<> RN — T
3 3 S0, -G,

We know that y < ¢ —1 and that the term within brackets in (22) lies between 7/8 and 1 for
n sufficiently large, so that

n—2€+y)
q

64 17600 (1) (st
3

n—2£+y)
q

7(y) < 6-40 453070, <§) (et -

Hence, for large n, we have T'(y—1) < T'(y) for every y, with equality if and only if ("‘2“3’)(1 =

r—20+y
0, that is, if and only if there are no r-spaces containing t; Ute when dim (¢1Nt3) = y. Observe

that, fory =¢—1, we haver — 20 +y =17 —{£—1 > 0, so that (?:Sﬁg)q > 1 in this case. (In

particular, T'(¢ — 1) > T'(¢ — 2).) Therefore T'(y) is maximum for y = ¢ — 1 and minimum for
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n—~
y = 0 for n sufficiently large. Since T'(0) > 6 - 4(“[)'1, the number of distinct (k, £)-colorings

n—~
of Fngrc) is at least 6 - 4020,
To conclude our proof, we argue that, if F has minimum ¢-cover C = {¢1,t2}, but is not

n—~¢
(C,r)-complete, then it has fewer than 6 - 4(“‘5)‘1 distinct (k, £)-colorings.

By Lemma 3.5 we may assume that the number of r-spaces covered exclusively by each t;
is bigger than 4L. Let R be an r-space containing t; € C such that R ¢ F. Let F| be defined
as before. Let A be a (4,¢)-coloring of F. At least one color, say o, appears more than L
times in F by the pigeonhole principle. By Lemma 3.2 all r-spaces in F that are colored o
by A must contain ¢;, so the coloring A may be extended to a (4, ¢)-coloring of F U {R} by
assigning o to R. For the particular coloring A that colors all r-spaces in F; with color 1 and
all r-spaces in F} with color 2, we have at least three possibilities to color R, namely with
color i € {1,2} or with color 3 or 4, hence Cy ¢ (F U{R}) > C(44)(F). Moreover, Lemma 3.4
implies that the great majority of colorings of a (4,¢)-extremal family are such that every
color is influential. It is easy to see that most colorings assign two colors to each of the cover
elements. This implies that, for most of the colorings of F considered above, we have at least
two different ways of extending these to a coloring of F U {R}. In particular, it is easy to
prove that

Clap)(FU{RY}) > o - Cryp(F).

| W

This implies that Cy 4 (F) < %C(M) (Fngrc)). For large n, our result follows from the

inequality

n—~_4—1
n—~ n—~ 4 (77271) _ n—~_
0(4,2) ("T_‘(n,q,r,C)) <6- 4(r_£>q +8: 3(T_e)q <3> q + 4(1 A/)(T_e)qa
which is a consequence of the upper bounds on star colorings and non-star colorings given (23)
and Lemma 3.4, respectively. O

4. UNIQUENESS OF THE EXTREMAL CONFIGURATION FOR FOUR COLORS

In this section, we shall prove Theorem 1.7(ii), that is, we shall establish that the ¢-spaces
in the minimum /¢-cover of a (4, ¢)-extremal family of r-spaces in an n-space V,, over GF(q)
intersect in a space of dimension /-1, i.e., F € &, 4 ¢2¢—1- To this end, we count the number
of (4, £)-colorings of a family F of r-spaces in an n-space V,, over GF(q) with high accuracy.

Proof of Theorem 1.7(ii). We now show that for a cover C = {t1,t2} of ¢-spaces, if dim (¢1 N
t2) =y < £ — 1, then the (C,r)-complete family F* = F, ;c) is not (4, )-extremal. To this
end, we find an upper bound on the number of non-star colorings of F*, and we show that
this number is smaller than the gap between T'(¢ — 1) and T'(¢ — 2), where T'(y) is the number
of star colorings of F* = F,, 4 ,.cy when dim (t1 Nt2) = y.

For a non-star coloring A, there exists at least one pair (X, Z) of r-spaces X,Z € F* of
the same color such that dim (X N Z) > ¢ with ¢; C X and t3 C Z, but t; Ute € X and
t1 Uty Z Z. Let dim (X Nty) = p2 +y and dim (Z Nt;) = p1 + y, where we may assume
p1 < ps by symmetry, thus

p+y<l{—1 and po+y<{—1 (24)

Note that, since X contains the vector space ((X N Z) Ut1), we have r > dim(X N Z) +

dim(t;) —dim(t; NZ) > €+ ¢ — (p1 +y) = 20 — p; — y. Similarly we obtain r > 20 — py — y.
Let

Fi(Zz) = {UeF ticUt, g UAU)=A(2)} (25)

.FQ(X) = {UGJ:*HQCU,tl§ZU,A(U)=A(X)}. (26)
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Lemma 4.1. There exist constants C' > 0 and ng > 0 such that, for all integers n > ng, we
have

\F1(2)] < Cgtr—2tmty) and | Fo(X)| < Cqlr=26tp2ty), (27)

Proof. Every r-space U in F1(Z) contains t; and satisfies dim(U N Z) > ¢. The number of
(-spaces W in Z that contain the (p; + y)-space Z Nty is at most (T_(p1+y)) . The number of

r—(20—p1 —y)

The second may be derived similarly, namely

Fa(X)] < (7“— (p2+y)>q<n— (25—292—2/))(1

—(p1+y)

g_(pl‘i‘y) q
r-spaces U in V,, that contain the space (t; U W) is at most (?:gﬁ:ﬁ 11:5))) . Thus, with (12)
q
there is a constant C' > 0 such that
|f1(Z)’ < <7’ - (pl + y)) <n - (2€ —DP1— y)) < an(r—2€+p1+y)_
q q

IN

CgMr—20+p2+y)
{—(p2+y)) \r—(20—p2—y) 1

O

Next, with the r-spaces X and Z fixed, subfamilies G; C F1(Z) and Go C F»(X) may be
assigned the same color as Z and X, provided that dim (X' N Z’) > ¢ for all r-spaces X' € G;
and 7' € Go.

By (12) the r-spaces X and Z may be chosen in at most (Z:f)j < 922t o(n=r)(2r=20) <

q"> 29 ways, the subfamilies G1 and G» may be fixed in at most 2V1(X+F2(X) ways and

their color may be chosen in four ways. With Lemma 4.1 we deduce that, for n large (recall
that p1 < p2), the total number of choices for X, Z, F1(Z) and Fa(X) is at most

4g"2r=20 ol (DHIF(X)] < ggn(2r=20) 9Cq(r—26P1ty) 4 Ognir—2ttpaty)

< 4qn(2,~_23) .220qn(r—2l+p2+y). (28)
Having fixed the color of X and Z and of all r-spaces in G; U Go, we may use this color only
for r-spaces containing t; U to, which appear if 7 > 2¢ — y. We may finish the coloring in two
ways.

On the one hand, we may use the remaining three colors for a star coloring of the set of
uncolored r-spaces. This can be done in at most

2 <g> . 2(235)(1_(?:gﬁg)ﬂ(?:gﬁg)q — 6 . 2(::§)q+(::3515>q (29)

ways; hence, with (28) and (29), for n sufficiently large, the number of such non-star colorings
is at most

24qn(2r—2€) . 22C'q"(r_2e+p2+y) . 2(::5)(14_(?:;515)(1. (30)

On the other hand, assume that there is a second pair of r-spaces (X1, Z1) colored differently
from (X, Z) where X1, Z; € F* with dim (X;NZ;) > £ and t; C Xy, to C Z1, but t1Ute € X3
and t; Uty € Z1. Also assume that dim (X7 Nt2) = p) +y and dim (Z; Nt1) = p} + y, say
Py < ph, where A(X1) = A(Z1). Let the families F;(Z;) and F2(X;) be defined as in (25)
and (26). As above, r-spaces in subfamilies G| C F1(Z1) and G5 C F2(X1) may be assigned

the same color as X; and Z;, provided that dim (X’ N Z") > ¢ for all r-spaces X' € G} and
Z" € Gh. The pair (X1, Z1) may be chosen in at most (’;:Dz < @220 ways and there are
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three choices for the color. Again by Lemma 4.1 with p}j < pl, for n sufficiently large, we have
that, for some constant C’ > 0,

3qn(27"—2€) . 2|.7:1(Z1)|+|]:2(X1)‘ < Sqn(QT—ZZ) . QC/qn(r—2£+P/1+y)+C/qn(7~—2€+pl2+y)

S Sqn(27‘72£) . 220/(]”(T72£+p,2+y) . (31)

Combining (28) and (31) gives us, for n sufficiently large, at most

n—20+
4qn(2r—2€) ) 22cq"<r*25+102+y> .9.3. qn(Qr—Qe) . 22C'q"<T—2‘f+P'z+y> ‘4(7“—21’.—&-3)(1

_ ggqnlr—at) | 920qn i) pacrgnr 2t (IS (32)
such non-star colorings, since the two colors not used so far can be taken for those remaining
r-spaces not containing t; Uto in at most two ways. Indeed, if we use one of the two remaining
colors for another pair (Xs, Z3) of r-spaces that is distinct from the pairs (X, Z) and (X1, Z1),
where t1 Uty € X9 and ¢ty Uty € Zo, then by Lemma 4.1 with (24), for some constant C* > 0
this color can be used for at most C*¢™"~~1) distinct r-spaces containing ¢; but not s, or
to but not t1, respectively. However, this leaves at least (:}:ﬁ)q — (C + C" + C*)gtr—t=1)
uncolored r-spaces containing ¢ or to, but not t; Uts, which cannot be colored properly with
a single color.

Hence, combining (30) and (32) with the inequalities po+y < /—1 and ph+y < £ —1 given
in (24), we have that, for some constant C* > 0, for n sufficiently large, the total number of
non-star colorings of F™* is bounded above by

n—~e n—2¢
24qn(27"72€) . 220qn(r—2€+p2+y) . 2(T*Z)q+(7‘7§£ig)q
+24qn(4r_4€) ) 220qn(r72£+p2+y)+20/qn(r—22+p/2+y) ) 4('::;51;/)11
n—~ n—~0— n—~—
< 4. 9O Y <qn(2r2£) (20, + (i), + gnlar—40 '4(,~_g_i)q>

n—~{
_ 2(1+o(1))(r4)q' (33)

For fixed p; and py (respectively p) and p)) the number of possibilities for choosing the
intersections X Ntg, and Z Nty, and X Nta, as well as Z; Nty, where dim (X Nt2) =p2 +y
and dim (Z Nty) = p1 +y as well as dim (X7 Nt2) = ph +y and dim (Z; Nty) = p) + y is
bounded from above by a constant, which affects the upper bound (33) by at most a constant
factor.

The non-star colorings are not enough to bridge the gap between T'(¢ — 1) and T'(¢ — 2), as
by (23) and with ("+1)q = (Z)q + gkt ( " )q we have for n sufficiently large that

k+1 k+1
n—~—0—1 n—~—0—2
n—¢ 4 (r—z—l) n—¢ 4 (T—Z—Q)
T(-1)-T(-2) > 730 <3) " g.30m0, <3> ’
n—_—1
n—~ (7‘— — )
- 3(T‘)q-<§> o (o é?( 42)
(0,
(e,
Since 7 — Tﬁgif(n,e%) > 1 for r > ¢ and n sufficiently large, we have
q \r—¢—1 q

T(C— 1)~ T(¢ —2) > 300 (4> (=im), |

which, for large n, is much larger than the upper bound in (33).
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Therefore, the number of (4, £)-colorings of F* is maximized for y = ¢ — 1, which finishes
the proof of Theorem 1.7(ii). O

5. FINAL REMARKS

For every k € {2,3,4} and all integers 1 < ¢ < r, we have found the (k, £)-extremal families
of r-spaces in an n-space V,, over GF(q), provided that n is sufficiently large. When k = 2,
our results hold for all values of n.

We briefly discuss how to extend our arguments to the case of k > 5 colors. We are coloring
r-spaces in an n-space over GF(q), where each color class is /-intersecting. Suppose that we
have a family F of r-spaces in an n-space with an ¢-cover C = {t1,...,t.}. A star coloring of
F is a (k,¢)-coloring such that, for every color o, all the r-spaces in F with color o contain
some fixed element t; = t;(o) of the ¢-cover C.

We know from the proof of Theorem 1.7 that the size of the f-cover is bounded by a
function of r, k and ¢, and, we may show that the bulk of the colorings of a (k, ¢)-extremal
configuration consists of star colorings. Moreover, along the lines of the proof of Theorem 1.7,
it may be proved that extremality is achieved by (C, r)-complete families. Because of this, we
may restrict our attention to (k, ¢)-colorings where we assign each color to a cover element ¢;,
and we use the set of colors associated with ¢; to color the r-spaces containing it. In particular,
if s; colors go to cover space t;, i = 1,...,c, we generate

C n—~

H Si(rfl)q (34)

i=1
star colorings of this type (ignoring r-spaces that contain at least two cover elements). If we
maximize this quantity in terms of ¢ and the integral vector s = (s1,...,S.) subject to the
constraint s; + - -+ + s, = k, it is not hard to see that a maximum is achieved when ¢ = [k/3]
and s has as many components equal to 3 as possible, while the remaining components are
equal to 2. In other words, the components of s are all equal to 3 if £ = 0 (mod 3), exactly
two components are equal to 2 if K = 1 (mod 3), and exactly one component is equal to 2 if
k =2 (mod 3). For a proof of this fact, see Lemma 2.4 in [6].

In light of this, and based on the results [6], we pose the following conjecture, which
generalizes the results obtained in this paper. For integers k > 2 and 1 < /¢ <r < n, let C be
a set of cardinality ¢ whose elements are (-spaces in an n-space V,, over GF(q). The family
Fuqrke is a (C,r)-complete family of r-spaces in V;, for which |C| = ¢ = ¢(k) = [k/3] and all
distinct f-spaces in C have pairwise intersection of dimension zero.

Conjecture 5.1. Let 1 </ <1 and k be fized integers. Then the following holds.
(i) If k>5 and r < 20 —1, then

X(rk,0q) () = (1 +0(1)) - Cppe oy (Frgr k)
(ii) If k> 5 and r > 20 — 1, then

X(r,k,é,q) (n) = C(k,é) (fn,q,r,k,l)-

The conclusions of Conjecture 5.1 are known to hold in the case of set systems (see [6]).
Moreover, it might turn out that the family F, k¢ is not extremal in case (i). In fact, we
have seen that, for k = 4, among all the (C, r)-complete configurations with minimum ¢-cover
of size two, the maximum number of (k, £)-colorings is achieved for ¢-spaces whose intersection
has the largest possible dimension. If the parallelism between set systems and vector spaces
were to hold further, the family %, 4, ¢ would never be extremal in case (i), which would
then imply that the problem P, 4, 1 ¢ is unstable whenever k > 5 and r < 2/ — 1.

We would also like to mention that the problem considered in this paper, which has been
addressed earlier in terms of graphs [1, 3], hypergraphs [9, 10] and set systems [6], appears
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naturally in other contexts as well. For instance, it could be viewed in the framework of lat-
tices or partial orders, such as the power set lattice, the linear lattice, or any other, where the
elements are colored with a fixed number of colors and we wish to avoid a fixed (monochro-
matic) substructure. Again, we ask for configurations achieving the largest number of such
colorings.

1.

2.

10.

11.

12.

13.

14.
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