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Abstract. We consider a variant of Heilbronn’s triangle problem by
asking for fixed dimension d > 2 and for fixed integers k > 3 with k < d+
1 for a distribution of n points in the d-dimensional unit-cube [0, 1]% such
that the minimum volume of a k-point simplex among these n points is
as large as possible. Denoting by Ay 4(n) the supremum of the minimum
volume of a k-point simplex among n points over all distributions of n

points in [0,1]¢ we will show that ¢y - (logn)/(?=F+2) jpk=1/(d=k+2) <
Aga(n) < c/n*=D/4 for 3 < k < d+ 1, and moreover Ay q(n) <
e nk=1)/d+(k=2)/(2d(d=1)) for | > 4 even, and constants cg, ¢}, cy > 0.

1 Introduction

For integers n > 3, Heilbronn’s problem asks for the supremum As(n) of the
minimum area of a triangle formed by three of n points over all distributions
of n points in the unit-square [0,1]2. For primes n, the points P, = 1/n -
(k mod n, k? mod n), k = 0,1,...,n — 1, show that As(n) = 2(1/n?). Komlés,
Pintz and Szemerédi [10] improved this to Ax(n) = 2(logn/n?), see [5] for a
deterministic polynomial time algorithm achieving this lower bound on As(n),
which is currently the best known. Upper bounds were proved in a series of pa-
pers by Roth [15-18] and Schmidt [19]. The currently best known upper bound is
due to Komlés, Pintz and Szemerédi [9], who proved Ag(n) = O(2¢VIe™ /n8/7)
for some constant ¢ > 0. We remark that for n points chosen uniformly at ran-
dom and independently of each other from [0,1]?, the expected value of the
minimum area of a triangle among these n points is ©(1/n?), as was shown by
Jiang, Li and Vitany [8].

A variant of Heilbronn’s problem considered by Barequet asks, given a fixed
dimension d > 2, for the supremum Ag44 4(n) of the minimum volume of a (d+
1)-point simplex among n points in the d-dimensional unit-cube [0, 1]% over all
distributions of n points in [0, 1]¢. He showed in [2] the lower bound Agy1 4(n) =
2(1/n?), which was improved in [11] to Agy1.a(n) = 2(logn/n?). In [14], a
deterministic polynomial time algorithm was given achieving this lower bound
on Ay 3(n). Recently, Brass [6] improved the known upper bound Agqq 4(n) =
O(1/n) to Agy1.a(n) = O(1/n4+D/CDY for odd d > 3. Moreover, an on-line
version of this variant was investigated in [3] for dimensions d = 3, 4.

Here we consider the following generalization of Heilbronn’s problem: given fixed
integers d, k with 3 < k < d+ 1, find for any integer n > k a distribution of n



points in the d-dimensional unit-cube [0, 1]¢ such that the minimum volume of a
k-point simplex among these n points is as large as possible. Let Ay 4(n) denote
the corresponding supremum values — over all distributions of n points in [0, 1]¢
— on the minimum volume of a k-point simplex among n points in [0, 1]%.

The parameter Az 4(n), i.e. areas of triangles in [0, 1]¢, was investigated by this
author in [12], where it was shown that c3 - (logn)'/ (=1 /n?/(d=1) < A3 4(n) <
c4/n?/¢ for constants c3, s > 0. Here we prove the following bounds.

Theorem 1. Let d,k be fixed integers with 3 < k < d+ 1. Then, for constants
Ck, Cjy > 0, which depend on k,d only, for every integer n > k it is

(log n)l/(d—k+2) C;c

R sy < Agaln) < —D7d fork odd (1)
(log n)l/(d—k+2) c%

Ck " 1)/ (d—F+2) < Apa(n) = P (h—1)/d+(k—2)/(2d(d—1)) for k even. (2)

For d = 2 and k& = 3, the lower bound (1) is just the result from [10]. For
k = d + 1, this yields the bounds from [6] and [11]. Indeed, our arguments for
proving Theorem 1 yield a randomized polynomial time algorithm, which finds
a distribution of n points in [0, 1]¢ achieving these lower bounds.

2 A Lower Bound on Ag4(n)

Fist we introduce some notation which is used throughout this paper.

Let dist (P;, P;) be the Fuclidean distance between the points P; and P;. A sim-
plex given by k points Py, ..., P, € [0,1]¢is the set of all points P; —|—Zf:2 i+ (P—
Py) with A\; >0,i=2,...,k, and Zf:g Ai < 1. The (k—1)-dimensional volume of
a k-point simplex determined by the points Py, ..., P, € [0,1]%,2 <k < d+1, is
defined by vol (Py,..., Py) == 1/(k—1)MT[}_, dist (Pj; < Py,...,Pj_1 >), where
dist (Pj; < P1,...,Pj—1 >) denotes the Euclidean distance of the point P; from
the affine space < P,..., Pj_1 > generated by Pi,..., P;_; with < P; >:= Py.
In our arguments we will use hypergraphs. A hypergraph G = (V, £) with vertex
set V and edge set £ is k-uniform if |E| = k for all edges E € £. A subset I CV
of the vertex set V' is independent if I contains no edges from £. The largest size
|| of an independent set in G is the independence number a(G). A hypergraph
G = (V,€) is linear if |EN E’| <1 for all distinct edges E, E’' € £.

First we prove the lower bound in (1), (2) from Theorem 1, namely that

Ak,d(n) > g - (logn)1/(d—k+2)/n(k—1)/(d—k+2) ) (3)

Proof. Let d, k be fixed integers with 3 < k < d+ 1. For arbitrary integers n > k
and a suitable constant a > 0, we select uniformly at random and independently
of each other N := n'*® points Py, P,,..., Py from [0, 1]

For certain values D; := N~ for some constants v; > 0, j = 2,...,k — 1,
and some value V; > 0, where all these will be fixed later, we form a random
hypergraph G = G(Ds,...,Dp_1,Vo) = (V,E U --- U &) with vertex set V =



{1,2,..., N}, where vertex i corresponds to the random point P; € [0,1]%, and
with j-element edges, j = 2,...,k. For j =2,...,k—1,let {i1,...,i;} € € bea
j-element edge if and only if vol (P;,,..., P;;) < D;. Moreover, let {i1,... i1} €
&k be a k-element edge if and only if vol (P;,,..., P, ) < Vp and {i1,...,ix} does
not contain any j-element edges £ € &; for j = 2,...,k — 1. An independent
set I C V in this hypergraph G yields |I| many points in [0, 1]¢ such that each
k-point simplex among these |I| points has volume bigger than Vj. Our aim is
to show the existence of a large independent set I C V in G. For doing so, we
will use a result on the independence number of linear k-uniform hypergraphs
due to Ajtai, Komlds, Pintz, Spencer and Szemerédi [1], see [7].

Theorem 2. [1,7] Let k > 3 be a fized integer. Let G = (V,E) be a k-uniform
hypergraph on |V| = n wvertices with average degree t*=* = k- |E|/|V|. If G is
linear, then for some constant cj > 0 its independence number a(G) satisfies

a(G) > cf - = -log Tt (4)

The difficulty in our arguments is, to find a certain subhypergraph of our random
non-uniform hypergraph G to which we can apply Theorem 2. For doing so,
we will select a random induced subhypergraph G* of G by controling certain
parameters of G*. For j = 2,...,k—1, let |BP;(G)| be arandom variable counting
the number of ‘bad j-pairs of simplices’ in G, which are among the N random
points Py,..., Py € [0,1]? those unordered pairs of k-point simplices arising
from &, which share j vertices. We will show that in the random nonuniform
hypergraph G the expected numbers E(|€;|) and E(|BP;(G)|) of i-element edges
and of ‘bad j-pairs of simplices’ arising from &, respectively, i,5 =2,...,k—1,
are not too big. Then in a certain induced subhypergraph of G, which will be
obtained by a random selection of vertices from V', we will delete one vertex
from each i-element edge F € &; and from each ‘bad j-pair of simplices’ arising
from &, 4,5 = 2,...,k — 1. This yields a k-uniform linear subhypergraph G* =
(V*, &) of G, thus G* fulfills the assumptions of Theorem 2 and then we can
apply it.

Lemma 1. Fori=2,...,k with2 <k < d+1 and random points Py,...,P; €
[0,1]¢ for constants ¢; > 0 and a real V > 0 it is

Prob (vol (Py,...,P,) <V)<cf- yd-it2 (5)

Proof. Let Py,...,P; be i random points in [0, 1]¢. We may assume that the i
points are numbered in such a way that for 2 < g < h <iitis

dist (Py;< Py,...,Py,_y >) >dist (Ppi< Pp,..., Py >) . (6)

The point P; can be anywhere in [0,1]¢. Given the point Py, the probability,
that its Euclidean distance from the point P, € [0, 1]¢ is within the infinitesimal
range [r1,r1 +drq], is at most the difference of the volumes of the d-dimensional
balls with center P; and with radii (1 + dr1) and r1, respectively, hence

Prob (r; < dist (P, Py) <1y +dr) <d-Cy- rf_ldrl ,



where throughout this paper C; denotes the value of the volume of the d-
dimensional unit-ball in R? with C; := 2.

Given the points P; and P, with dist (P;, P;) = 71, the probability that the
distance dist (Ps; < Py, P, >) of the point P3 € [0,1]¢ from the line < P;, P, >
is within the infinitesimal range [ro,79 + drs] is at most the difference of the
volumes of cylinders centered at the line < P, P» > with radii ro + dry and 7o,
respectively, and, by assumption (6), with height 2 -y = 2 - dist (P, P»), thus

Prob (ro < dist (P3;< Py, Py >) <ro+4dry) <2-11-(d—1)-Cq_q -rg_erg.

In general, by condition (6), given the points Py, ..., P,, g < i, with dist (Py; <
Py,...,Pj_1 >)=rs_q for f =2,...,g, the projection of the point P,y onto
the affine space < Pi,..., Py > must lie in a shape of volume at most 2f=1.p .
...-ry_1. Hence for g < i —1 we obtain

Prob (ry < dist (Py1;< P1,..., Py >) <rg+dry)
<29 by oL, rgo1-(d—g+1)-Cag_gta 'rgfgdrg .

For g =i — 1, however, to satisfy vol (P,..., P;) <V, we must have 1/(i —1)!-
H;ZQ dist (Py; < Pi,...,P;—1 >) <V, hence the projection of the point P; onto

the affine space < P, ..., Pi_; > must lie in a shape of volume 20271 -...-7;_
and the point P; has Euclidean distance at most % from< Pp,...,Pi_1 >,

which happens with probability at most

1. T2

(i—1)!-V )d‘i” .

i—2
2° -rl-...-rig-Cdi+2~(

Thus for some constants c¢f, ¢* > 0 we infer

271

Prob (VOI (Pl,...,PZ‘) SV)

Vd vd o S )L A2
</ / 52 Oy LI DV) ,

- i_2=0 1=0 (7"1 L. Tifg)d_i"—l

i—2

H (29_1 S S TR A B (d—g+ 1)'Cd_g+1 'Tg_g) dri_o...dr1 <

g=1

4 va vai-2
< ya—it2, / .. / H Tgl_zg_gdri,g .oodr
7‘71,2:0 T'1:0 g:1

<L ydTit? as2-i—2-g—3>0. O

Corollary 1. Fori=2,...,k—1 with2 < k < d+ 1 and constants ¢, ¢, > 0,
it is

E(|&)) < ¢, - Nivild=it2) and  E(|&|) <, -VEF2.NF L (7)

Proof. There are (N ) possibilities to choose i out of the N random points
Py,...,Py €0, 1]‘%7 and by (5) from Lemma 1 with V := N7 for i =
2,....k—1and V :=V for i = k the inequalities (7) follow. O



Lemma 2. Forj=2,...,k—1 with3 <k <d+ 1 and constants c'z’j > 0 it is

E(|BPJ(g)|) S C/Z,j . ‘/'02(d7k+2) A N2k—j+’}’j(d—k+2) . (8)

Proof. For j =2,... k—1, we show the upper bound O(V()Q(d*kﬁ) - N7 (d=k+42))
on the probability that 2k—j random points, chosen uniformly and independently
of each other in [0,1]%, yield a ‘bad j-pair of simplices’. Since there are (2,5\1],)
possibilities to choose 2k — j out of the N random points Py, ..., Py € [0,1]¢,
the upper bound (8) follows. There are (Qk,:j) choices for k out of 2k — j points
and (k) possibilities to choose the 7 common points, say the two simplices are
determined by the points Pi,..., P, and P,..., F;, Qiﬂ, ..., Q. By Lemma 1
we know that Prob (vol (Pi,...,P,) < Vo) <cf - Vod_ T2 I {Py,..., P} € &,
then by construction of our hypergraph G we have vol (P1,...,P;) > N~ and
we condition on this in the following. Given the points Pi,..., P;,Qjt1,...,Qq,
g =74,....,k — 1, with dist (Qf;< Pl,...,Pj,Q‘H,l,...,Qf,l >) = Tf, f =
j+1,...,g, weinfer for g < k — 2:

Prob (ry < dist (Qg41;< Pi,..., P, Qjt1,...,Qq >) <rg+dry)
S (VAP (d+1—g) Cayrg -7y 9dry,

since all points @4+1, which satisfy dist (Qg41;< Pi,..., P}, Qjt1,...,Qq4 >) <
r, are contained in a product of a (¢ — 1)-dimensional shape of volume at most
(v/d)9~! and a (d + 1 — g)-dimensional ball of radius 7.

For g = k — 1, having fixed the points Pi,..., P}, Qjt1,...,Qr-1 € [0,1]%, to
fulfill vol (Pi1,..., P, Qj41,.--,Qr) < Vo, we must have

(-1t
(k—1)!

k—2
-dist (Qka< Pla"'vpj)Qj-‘rh"'an—l >)'V01 (le-')Pj)'H’rg < ‘/07
9=J

and, using vol (Py,...,P;) > N~ this happens with probability at most




Putting all these probabilities together, we obtain for constants c3 ;, 3% > 0 the
following upper bound, which finishes the proof of Lemma 2:

Prob ({P4,.. Pk} {P1,...,P;,Qjt1,...,Qx}is a ‘bad j-pair of simplices’)
k— 1)!d—k+2
S ct . Vd—k+2 . / / Cd+2 k- ( .
) a0 (j — 1)ld—k+2
. d—k+2 _o
. J
<0k—2> H( (d+1- )Cd+lgrg )diQ dry <
[o=is 9=j
Vd Vd k=2
< CS*J . V02(d—k+2) . N (d—k+2) / 0 / ,] H k—g— Zdi 5.
Tk—2= Tj=
< c;j . VOZ(d_kJrQ) . N (d=k+2) ask—g—22>0. O

Using (7) and (8) and Markov’s inequality, there exist N = n!™® points in the
unit-cube [0, 1]¢ such that the corresponding hypergraph G = (V, & U -+ - U &)
on |[V| = N vertices satisfies for i,7 =2,...,k—land 3 <k <d+ 1

|g‘ < 2% - c/ Ni—"ﬁ(d—i-i-?)d (9)
Ek| < 2k - ¢}, - VETFT2 . NE (10)
|BPJ( )‘ <2k - CQ y ‘/02((1 k+2) N2k Jt+;(d— k+2) (11)

By (10) the average degree t*—1 := k |5k|/\V\ of G = (V EyU---UEL) among the
edges from &, satisfies t*=1 < 22 . ¢ SYETRRZ NE=T — b1 For some suitable
constant € > 0, we pick uniformly at random and 1ndependently of each other
vertices from V' with probability p := N¢/t; < 1. Let V* C V be the random
set of the chosen vertices, and let G* = (V*,& U--- U &) with £ == & N [V*]?,
i =2,...,k, be the resulting random induced subhypergraph of G. By (9) — (11)
we infer for the expected numbers of vertices, i-element edges and ‘bad j-pairs

of simplices’ in G*, ¢, = 2,...,k — 1, for constants ¢y, ¢;, 2,5, i, > 0:
d— k+2
E(lV*)=p-N>c¢ - N°/Vy "~
. ) . ) i(d—k+2)
(|5 |) |5|<p 9k . C . N? i (d—i+2) <¢;- N ~i(d 7,+2)/V0 E—1
d—k+2
E(&]) = |5k\ <ph2k-cf VIR LUNF < ¢ - NFEJV, T
) (=2)(d—k+2) _
E(|BP;(G1)) =p™ 7 |BP(G)| S ey Vo T NEEDm D),



By Chernoff’s and Markov’s inequality there exists an induced subhypergraph
G*=(V* & U---UE) of G, such that for i,j =2,...,k— 1L

d—k+2

V] > (er = o(1)) - N*/V, " (12)
. . i(d—k+2)
€7 < 2k - ¢; - NTET7(d=i42) jy (13)
d—k+2
671 < 2k e NV, (1)
|BPj(g*)| < 2k - o Vo k—1 .N(2k—g)a+w(d—k+2) ) (15)
Now we set for some suitable constant ¢* > 0:

Lemma 3. Forj=2,....k—1 and for firted0 <e < (j—1)/((2k—5—1)-(1+
0)) — 7 - (d— b+ 2) /(2K = — 1) it is |[BP,(@")| = o[V*).

Proof. Using (12), (15) and (16) with N = n'*®, where a,v; > 0 are constants,
j=2,...,k—1, we have

|BP;(G")| = o(|V7"])

(G—2)(d—k+2) . d—k+2
— VO k—1 . N(2k_])5+'}/j(d—k+2) _ O(NE/VO k—1 )
(G=1)(d—k+2) .
— VO k—1 . N(2k7]71)6+7j(d7k+2) — 0(:[)
= I+ (@k=i=De+y; ([d=k+2)=(=1) | |oe#=1 = o(1)
j—1 (d—k+2
=c< J _ +2) . O

2k—j—1)-(1+a) 2k—j—1

Lemma 4. Fori=2,...,k—1 and fired0 < & < ;- (d—i+2)/(i—1)—1/(1+a)
it is |EF| = o(|V*]).

Proof. By (12), (13) and (16), using N = n'™  we infer

&1 = o(IV"])
i(d—k+2) d—k+2

— Nie—w,i(d—i+2)/%T _ O(NE/VOﬁ)
(i—l)}ii;k+2)

= NODemmld=it2) /7 =o(1)
= (D= (d=i+2)+(-1) /160 1=F 5 = o(1)
Yi * (d —1 + 2) _ 1

i—1 1+a’

— < O
The assumptions in Lemmas 3 and 4 are satisfied for v; := (7 — 1)/((d — k +
5/2)(14+a)), j=2,....k—1, and € := 1/(4kd(1 + «)) and « := 1/(4kd), also
p = N¢/tg < 1 holds. In the induced subhypergraph G* = (V*,& U --- U &Y)
we delete one vertex from each i-element edge and from each ‘bad j-pair of



simplices’, i,7 = 2,...,k—1. Let V** C V* be the set of remaining vertices. The
on V** induced subhypergraph G** of G* is k-uniform, hence G** = (V**, ;)
with £ := [V**]*N &L, and fulfills [V**| = (1 —0(1)) - |V*| by Lemmas 3 and 4.
By (12) and (14) we have [V**| > ¢;/2 - Ne/V /B0 and |g04| < 167 <
2]@-0;6-N’€‘€/V()([F]€Jr2)/(k*l)7 hence G** has average degree tF~1 = k-|£;*|/|V**| <
(4k% - ¢ /c1) - NF=D= = t*=1 Now the assumptions of Theorem 2 are fulfilled
by the k-uniform subhypergraph G** of G, as it is linear, and with (4) we obtain
for constants ¢}, ¢, ¢1, ¢k, ¢* > 0:

a(G) > a(G*) > ¢ - M .logl/(k—l)t > ¢ - Hi | ~log1/(k_1) >
1
1

k/(k—1) (d—k+2)/(k—1) 5 =\ ¢
> ¢ ‘1 NE/V | log 4k~ - ck N (k=1 o
2 (4k? ~Ck)1/(k71) - N¢ c1

> logl/(kfl) n/%(d*k+2)/(k*1) as N = plta

> ¢ - (1)) AR/ (k=1) 1oel/(h=1) " >0,

logl/(k—l) n

where the last inequality follows by choosing in (16) a sufficiently small con-
stant ¢* > 0. Thus the hypergraph G contains an independent set I C V
with |I| = n. These n vertices yield n points in [0,1]¢, such that each k-point
simplex arising from these points has volume bigger than Vp, ie. Agq(n) =
2((logn)'/(d=k+2) /p(k=1)/(d=k+2)) "wwhich finishes the proof of (3). O

3 An Upper Bound on Ay 4(n)

Here we show the upper bounds in Theorem 1, namely that for fixed 2 < k
d +1 and constants ¢}, cy > 0 it is Ay q(n) < ¢} /n*=D/4 moreover Ay 4(n)
¢y [ntk=1)/d+(k=2)/(2d(d=1)) for k even.

<
<

Proof. We prove first that Ay 4(n) < ¢}, /n*~1/? for some constant ¢, > 0 and
2 < k < d+1. Given any n points Py, Py, ..., P, € [0,1]¢, for some value D > 0
we construct a graph G = G(D) = (V, E) with vertex set V = {1,2,...,n},
where vertex i corresponds to the point P; € [0,1]%, and edge set E with
{i,j} € E being an edge if and only if dist (P;, P;) < D. An independent
set I C V in this graph G = G(D) yields a subset I' C {Py, Pa,...,P,} of
points in [0,1]¢ with Euclidean distance between any two distinct points big-
ger than D. Each ball B,.(P) with center P € [0,1]¢ and radius r < 1 satisfies
vol (B,(P) N [0,1]4) > vol (B,(P))/2¢. The balls with radius D/2 and cen-
ters from an independent set I’ have pairwise empty intersection. As each ball
Bp 2(P) has volume Cyq-(D/2)%, we infer |I'|-Cy-(D/2)?/2¢ < vol ([0,1]%) =1,
and hence the independence number «(G) of G satisfies

4d

(17)



For D := ¢/n*/® with ¢ := (2- (k—1)-49/C;)*/?® a constant, the average degree t
of G(D) satisfies t > 1 for n > 2¢*1 hence by Turan’s theorem, a(G) > n/(2-t).
With (17) this yields

44 Cy

n
- > > E >
qud—a«”—2.t b= 5

n-D'>k—1. (18)

Hence there exists a vertex i1 € V and k — 1 edges {i1,i2},...,{i1,ix} € E
incident at vertex i;. By construction, each point P, € [0,1]¢, j = 2,...,k,
satisfies dist (P, P;;) < D, thus dist (P;;; < Py, Piy,..., Py, , >) < ¢/n*/¢ for
j =2,...,k, which implies vol (P;,,..., P;,) < (1/(k —1)!) - F=1/n=1/d e,
Ak,d(n) = O(l/n(kil)/d)

For even k > 4 we are able to prove a better upper bound. From (18) we obtain
|E| =n-t/2 > Cy-n?-D?/4%1 Now let ¢ := (d-4%+'/Cy_1)"/? and D := 1/n*/?.
We adapt an argument of Brass [6]. Each edge {i,j} € F determines a direction
(P;P;), which can be viewed as a vector of length 1. The minimum angular
distance between these directions is at most

d- Cd 1/(d-1) d-4d+1 1/(d-1) 1
_ord < (== < .
(Cd—l : |E|) - (Od_1~cd-n> = nt/@=D

Thus for some constant ¢(d) > 0 there exist (g) directions (P;P;), {i,j} € E,
with pairwise angular distance at most ¢ := ¢(d)/n'/(?=1). The corresponding
set E* C F of edges covers a subset S C V of at least k vertices G. Consider a
minimum subset E** C E* of edges, which covers a subset S* C S of exactly k
vertices. This set E** contains only independent edges and stars. We pick one
vertex from each independent edge E € E** and the center of each star. Let
S** C S* be the set of chosen vertices with [S**| = s < k/2.

For each vertex v € S*\ S** there exists an edge {v,w} € E** for some vertex
w € 5™, hence dist (P,, Py) < D. Thus for each vertex u € S*\ (S**U{v}) there
is some vertex t € S*™U{w} such that the angular distance between the directions
(P, P;) and (P, P,) is at most ¢. Thus, the Euclidean distance between the point
P, and the affine space generated by the points P,, r € S** U {v}, is at most D.
With D = ¢/n'/% and sin ¢ < ¢ for ¢ > 0, and (s — 1)! - vol (S**) < (Vd)*~! we
obtain for the volume of the simplex determined by the k points P,, s € S*, the
following upper bound, which finishes the proof of Theorem 1:

vol (PS*;S* c S*) < . (\/g)s—l .D. (D ) Sin¢)k_s_1 <

k—1)!
1
(k- 1)!

d(k:72)/4 . C(k)k/Zfl

< AR/ D (D - e(d) /n A R21

(k—1)!- n%+2dk(7d%1) .

4 Concluding Remarks

Our arguments together with an algorithmic version of Theorem 2, see [4], yield
a randomized polynomial time algorithm for obtaining a distribution of n points



in [0,1]¢, which shows Ay, 4(n) = 2((logn)/ F=1 /pk=1)/(d=k+2)) for fixed 3 <
k < d+ 1. It might be of interest to have a deterministic polynomial time
algorithm achieving this lower bound, as well as investigating the case k > d+1,
compare [13] for the case of dimension d = 2.
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